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Preface

A great variety of science and engineering disciplines have significant interest
in scattering of light and other electromagnetic radiation by small particles. For
example, this subject is important to climatology because the Earth’s radiation
budget is strongly affected by scattering of solar radiation by cloud and aerosol
particles. Another example is remote sensing of the Earth and planetary atmo-
spheres, which relies largely on analysis of the parameters of radiation scattered
by aerosols, clouds, and precipitation. The scattering of light by homogeneous
and layered spherical particles composed of isotropic materials can be computed
readily using the conventional Lorenz–Mie theory or its modifications. However,
many natural and artificial small particles have nonspherical overall shapes or
lack a spherically symmetric internal structure. Examples of such nonspherical
particles are mineral and soot aerosols, cirrus cloud and contrail particles, liquid
cloud particles with asymmetrically located inclusions, hydrometeors, snow and
frost crystals, particles composed of anisotropic materials, ocean hydrosols, in-
terplanetary and cometary dust grains, planetary ring particles, particles forming
planetary and asteroid surfaces, and biological microorganisms. It is now well
recognized that the scattering properties of nonspherical particles can differ dra-
matically from those of “equivalent” Mie spheres. Therefore, the ability to accu-
rately compute or measure light scattering by nonspherical particles in order to
clearly understand the effects of particle nonsphericity on scattering patterns is
very important.

Electromagnetic scattering by nonspherical particles was considered in some
detail in the classical monographs by van de Hulst (1957), Kerker (1969), and
Bohren and Huffman (1983), as well as in a collection of papers edited by Schuer-
man (1980a). However, the rapid advancement in computers and experimental

xix



xx Preface

techniques as well as the development of improved analytical and numerical
methods over the past two decades has resulted in a much better understanding
and knowledge of scattering by nonspherical particles that has not been system-
atically summarized. Furthermore, papers on different aspects of this subject are
contained in dozens of various scientific and engineering journals, a fact that of-
ten leads to an inefficient use of the accumulated knowledge and unnecessary
redundancy in research activities. Therefore, the primary aim of this collective
treatise is to provide a systematic state-of-the-art summary of the field, including
analytical and numerical methods for computing electromagnetic scattering by
nonspherical particles, measurement approaches, knowledge of typical features
in scattering patterns, retrieval and remote sensing techniques, nonspherical parti-
cle characterization and practical applications. Considering the widespread need
for this information in optics, geophysics, remote sensing, astrophysics, engineer-
ing, medicine, and biology, we hope that the book will be useful to many graduate
students, scientists, and engineers working on various aspects of electromagnetic
scattering and its applications.

The framework for this book was conceived during the organizing of an inter-
national conference, “Light Scattering by Nonspherical Particles: Theory, Mea-
surements, and Applications.” This conference was held 29 September to 1 Octo-
ber 1998 at the NASA Goddard Institute for Space Studies in New York and was
sponsored by the National Aeronautics and Space Administration, the American
Meteorological Society, and the American Geophysical Union in cooperation with
the Optical Society of America. Leading experts in respective areas were invited
to give designated review talks and write review chapters that formed this volume.
Although the book is the product of a number of authors, a concerted effort was
made to present the material with a unified notation and consistent terminology
in order to create a coherent work.

The volume opens with a foreword written by Professor H. C. van de Hulst and
is divided into five parts with 20 chapters. Part I (Chapters 1–3) provides a general
introduction to the book. Chapter 1 formulates the subject of the book and intro-
duces basic definitions and a unified system of terminology and notation, which
are systematically and consistently used throughout most of the text. Chapter 2
gives a concise overview of electromagnetic scattering by nonspherical particles,
describes the extent to which various aspects of this subject are covered by the
book, and provides essential references in a few areas not reviewed in a dedicated
chapter. Chapter 3 uses first principles to derive general relationships for matrices
describing electromagnetic scattering by small particles. These relationships can
be employed for theoretical purposes as well as for testing scattering matrices that
have been obtained numerically or experimentally.

Part II (Chapters 4–7) describes several widely used techniques for computing
electromagnetic scattering by nonspherical particles based on numerically solving
Maxwell’s equations. Chapter 4 reviews the method of separation of variables as
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applied to the spheroidal wave equations and its implementation in scattering of
a uniform plane wave with an arbitrary incidence direction by a single spheroid.
Appropriate rotational–translational addition theorems are then used to formulate
the solution for systems of spheroids. Numerical results computed with a specified
accuracy are useful for evaluating simpler, approximate analysis methods. Chap-
ter 5 introduces the discrete dipole approximation, provides a clear statement of
the precise nature of the approximation, explains how calculations based on this
approximation may be performed, describes the public-domain DDSCAT pack-
age of Draine and Flatau, and briefly mentions practical applications. Chapter 6
presents a general formulation of the T -matrix approach, describes an efficient an-
alytical method for computing orientation-averaged scattering characteristics, dis-
cusses methods for calculating the T matrix for single and composite/aggregated
particles, and reviews practical applications. Chapter 7 outlines the finite differ-
ence time domain method, describes current efforts aimed at optimizing the com-
puter CPU and memory requirements and at improving the numerical accuracy,
and discusses applications of the method to computations of scattering properties
of aerosol and cloud particles.

Part III (Chapters 8–11) deals with light scattering by aggregated, heteroge-
neous, and randomly shaped particles. Chapter 8 presents a review of theoretical
and applied studies of electromagnetic scattering and absorption by compound
systems of spheres. Both aggregates of two or more spherical particles and spher-
ical particles with one or more arbitrarily located spherical inclusions are con-
sidered. Chapter 9 reviews plausible derivations of classical effective medium
approximations for heterogeneous particles as well as approximations extended
to inclusion sizes beyond the limit of Rayleigh scattering and establishes their
ranges of applicability by comparing approximate results with exact theoretical
computations and laboratory measurements. Chapter 10 describes a hybrid ap-
proach for computing electromagnetic scattering by a large particle with multiple
internal inclusions. This approach uses the Lorenz–Mie theory to compute single
scattering on an inclusion and a Monte Carlo solution of the radiative transfer
equation to describe multiple scattering inside the host particle. Chapter 11 de-
scribes how the shapes of small irregular particles can be modeled using multi-
variate lognormal statistics resulting in Gaussian random spheres and cylinders. It
then uses the Rayleigh, Rayleigh–Gans, and geometric optics approximations as
well as volume integral equation, discrete dipole approximation, and perturbation
series methods to compute scattering by such particles in different size parameter
ranges.

Part IV (Chapters 12 and 13) deals with laboratory measurements of electro-
magnetic scattering by nonspherical particles. Chapter 12 describes a success-
ful experimental setup developed and built at the Free University, Amsterdam,
for measuring all 16 elements of the scattering matrix in the visible part of the
spectrum and discusses results of measurements for a representative selection of
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natural particle samples. Chapter 13 introduces the microwave analog technique
and briefly reviews previous microwave analog measurements. It then describes a
modern, fully automated, broadband microwave scattering facility developed and
built at the University of Florida and discusses a large collection of measurements
obtained with this facility.

Applied aspects of electromagnetic scattering by nonspherical particles are
discussed in Part V (Chapters 14–20). Chapter 14 explains the basic physical
principle of the lidar backscatter depolarization technique, evaluates its current
cloud and aerosol capabilities and limitations, and describes how this technique
has contributed to our knowledge of the composition and structure of a variety
of cloud and aerosol types. Chapter 15 describes theoretical computations and
measurements of single and multiple scattering of visible and thermal radiation
by ice cloud crystals and discusses effects of ice particle nonsphericity on results
of remote sensing retrievals and studies of the cloud direct radiative forcing of
climate. Chapter 16 reviews centimeter and millimeter wave scattering character-
istics of nonspherical hydrometeors, such as hailstones, graupel, snowflakes, rain-
drops, and ice crystals, and describes the use of this information for distinguishing
habits of hydrometeors and estimating their mass and precipitation rate with radar.
Chapter 17 reviews the radiative transfer theory necessary for modeling precipita-
tion at microwave frequencies and examines the effect of partially and randomly
oriented nonspherical hydrometeors on results of remote sensing retrievals based
on measurements of microwave brightness temperature of upwelling radiation by
satellite radiometers. Chapter 18 examines the scattering from irregularly shaped
particles in the ocean (microorganisms and mineral matter) and in the marine
atmosphere (resulting from the desiccation of sea spray and contributions from
land), as well as the highly complex scattering associated with sea ice. Chapter 19
discusses scattering properties of interplanetary dust grains and particles forming
cometary comas and surfaces of atmosphereless solar system bodies. The chap-
ter reviews results of observational studies as well as modeling results based on
state-of-the-art techniques for computing scattering by nonspherical and aggre-
gated particles. Chapter 20 reviews biophysical and biomedical applications of
electromagnetic scattering, with some emphasis on the polarization state of the
scattered light, discusses two techniques (flowcytometry and ektacytometry) that
are in routine use in biomedicine, and introduces a theoretical framework for in-
terpreting experimental scattering data.

Although the individual authors were primarily responsible for their chapters,
the chapters are not completely self contained. The form of each chapter has been
standardized to the extent possible, redundancy has been minimized, and a unified
list of references appears at the back of the book. In each chapter, equations are
numbered in one sequence throughout and referred to as Eq. (1), Eqs. (3)–(5), for
example. Similar rules apply to numbering of figures and tables.
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Hints from History: A Foreword

Hendrik Christoffel van de Hulst
Leiden Observatory
Leiden
The Netherlands

I. Lorenz–Mie Theory
II. Limits of Applicability

III. Mie Theory: Detailed Results
IV. Strategy for Nonspherical

Particles
A. Agree on Terminology and

Notation and, Where Useful,
on Method

B. Aim at Effective Mutual
Verification

C. Read between the Lines
D. Save Interim Results and Make

Them Available

I. LORENZ–MIE THEORY

Nearly 20 years ago a book fully devoted to scattering by nonspherical par-
ticles appeared (Schuerman, 1980a). I have no clear memory of the conference
preceding it, but I cherished the book. At that time, the microwave analog method
seemed to stand out in clarity and reliability over the courageous attempts of var-
ious numerical methods.

The balance has now shifted. Taking advantage of the rising tide of computer
development, authors from many countries have developed numerical methods
with great ingenuity and admirable perseverance. I shall not say much about this
subject, for it will be reviewed in great detail later in this monograph.

xxv
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Instead, my intention is to look back to over half a century ago, when Mie
scattering was getting ripe for a similar review of analytical and numerical results.
I am aware that many readers of this book were not even born at that time. Yet, a
look at this ancient history may yield certain hints for choosing a wise strategy in
dealing with light scattering by nonspherical particles.

With nostalgia I think back on the year before my thesis, 53 years ago, when I
never tired of entering yet a different library or making a glossary of the notations
used by yet a different author. A pleasant surprise was that the Utrecht University
library, after some insistence on my part, managed to dig up from the basement
the thesis of Peter Debye, written almost 40 years earlier in 1908. The Mie paper
of the same year impressed me less and the still earlier Lorenz solution had not
yet been rediscovered.

What got me started on this subject was some advice from Jan Oort. One day,
I told him what I was doing for my then intended thesis, which aimed at explain-
ing the extinction curve of interstellar dust. He said, “You cite the results which
Schalén and Greenstein have computed by means of the Mie theory. But have you
ever looked at that theory yourself?” I had not, so I started right away. This subject
had so many intriguing aspects that the one chapter on Mie theory I had planned
for my thesis developed into many. Finally, under some pressure of time to accept
a postdoctoral position, I decided to make this the sole topic of my thesis and to
postpone the astrophysical applications until later.

In the years that followed, I had many opportunities to give talks about Mie
scattering at various departments, physics, astronomy, meteorology, chemistry,
and engineering, throughout the United States and elsewhere. In each place I
learned something new about the details that could be misunderstood. Gradually,
this experience prepared me for writing a book, which appeared in 1957 and was
reprinted in 1981 (van de Hulst, 1957). Of course, the development did not stop
at that time, but this is all I need in the way of introduction.

II. LIMITS OF APPLICABILITY

In the majority of applications, the assumption of homogeneous spherical par-
ticles is highly unrealistic. That much was clear from the start to all serious re-
search workers. Meteorologists studying raindrops and chemists working with
latex spheres were free from this criticism. Even so, meteorologists should be
aware that hailstones sometimes have eccentric layers of different composition,
and I remember at least one paper discussing the distortion of the rainbow because
a falling raindrop is not exactly round. More outrageous was the assumption of
spherical shape for interstellar dust. One early author computed Mie scattering by
many kinds of metal particles (e.g., zinc spheres). I read those papers with a smile,
suspecting that the only reason for making this assumption was that metal spheres
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require a smaller size, and hence a shorter computation, to come anywhere near a
curve resembling the observed extinction curve.

Another assumption, which is crucial for particles that are large compared to a
wavelength, is the smoothness of the surface. The many rapidly shifting peaks and
valleys in the Mie curves for large particles clearly arise from interference effects.
Yet anyone who has tried to arrange a demonstration experiment with light show-
ing interference effects knows how much cleaning and adjusting is necessary to
make the demonstration successful. How would interstellar dust particles grown
over millions of years by accretion ever acquire a polished surface? In fact since
1949, the year of the accidental discovery of interstellar polarization, we have
known that they must be nonspherical, while the galactic magnetic field prevents
fully random orientation.

The upshot of these objections is that the efforts of most scientists applying
Mie computations to a problem in nature were unwarranted. They introduced
the assumption of a smooth sphere merely to make the problem manageable and
hoped that the answer would not be too far from the truth. Perhaps now, half a
century later, we have reached a time in which more realistic assumptions about
the shape can be effectively introduced in the calculations.

III. MIE THEORY: DETAILED RESULTS

Let me return briefly to the Mie theory. About 1956 I noticed that authors at
conferences started to be apologetic, saying: “I won’t bother you with details, for
of course you can compute those yourself.” This gave me about 10 years (1946–
1956) to collect from many sides a great deal of useful details and interim results
that had been published in articles and even in thick volumes of tables. These
included:

(a) The final results of Mie computations, in particular, the extinction curve
and the scattering pattern. The extinction is the real part of a complex
function. It is often helpful to plot that complex function, rather than the
extinction alone. This is a typical example of the use of an interim result.

(b) The values of the coefficients an and bn, which can (for nonabsorbing
spheres) also be represented by two real angles, αn and βn.

(c) The complex Riccati–Bessel functions (see Fig. 1), which were used in
the calculations of items (a) and (b).

From this abundant collection of data, I could freely select those that fit in the
didactic concept of my book. In fact, that book contains very few calculations of
my own.

I would like to show one illustration, which I made some 10 years ago, plotting
numbers from an old book of tables of Riccati–Bessel functions. The function
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Figure 1 Complex Riccati–Bessel function ζn(x) plotted for x = 20 (solid curve) and partially for
x = 160 (dashed curve).

plotted in the complex plane is ζn(x) = ψn(x)+ iχn(x). In both curves, the size
parameter x is fixed, and the order n is an integer, running in principle from 1
to infinity. The full curve, for x = 20, shows a spiral around the unit circle,
widening with increasing n. At n + 1/2 = x it reaches a transition point, which
is also an inflection point. Beyond this point the imaginary part goes to infinity
and the real part to zero. Of the dashed curve, plotted for the eight times higher
value, x = 160, only four points at both sides of the transition point are shown.
The pattern is entirely similar, on a scale proportional to x1/6, that is, 21/2 larger
than the other curve.
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The interpretation is found in the conversion of the Mie solution for large x
into ray optics. The transition point stands for rays tangential to the sphere; for
smaller n the rays hit the sphere; and for larger n they miss it. Of course, Debye
knew all this 90 years ago, but to see the transition so clearly displayed was new
to me. It is aesthetically pleasing to see in Fig. 1 that the transition point lies at
the top of an equilateral triangle with one corner at the origin. Once seen in the
figure, all these properties can also be derived (with some effort!) from the exact
formulas.

In more recent work on Mie theory two developments please me most:

(a) The many papers, mainly by Gouesbet and co-workers, on scattering of a
focused (laser) beam that illuminates the sphere eccentrically

(b) The glare points (in some papers wrongly called rainbows) showing under
which angles the most intense radiation exits from a sphere fully
illuminated by a distant source

Items (a) and (b) are in a sense reciprocal, but to my knowledge a clear analysis
of their interrelation has not yet been given.

IV. STRATEGY FOR NONSPHERICAL PARTICLES

The aim of the preceding summary of Mie scattering is to extract possible
hints about what to do with nonspherical particles. Such hints may help to in-
crease both the ease and the practical use of the computations. Experience shows
that such lengthy computations have multiple uses and users with different needs.
First, there may be the immediate “client,” who may wish to have just one num-
ber or one curve. Second, later analysts may wish to interpolate between various
assumptions, and for that purpose need more detailed numbers. Here are the hints
that I have collected, but more might be apparent after reading this book.

A. AGREE ON TERMINOLOGY AND NOTATION AND,
WHERE USEFUL, ON METHOD

This is obvious and to a large extent is being done already. It may be advisable
to define special guidelines for cases with narrowed-down assumptions, such as:

• Particles with axial symmetry
• Particles of any shape in random orientation
• Particles with sharp edges
• Porous particles
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B. AIM AT EFFECTIVE MUTUAL VERIFICATION

In Mie theory this happened by itself, for many authors selected the refrac-
tive indices 1.5 (glass), or 1.33 (water), or 1 + ε (particles in biological tissues).
The numerous parameters of irregular particles make such a chance coincidence
very unlikely. Yet, mutual verification of the results obtained by different persons,
and particularly by different methods, remains strongly advisable. Selecting some
standard problems for this purpose might be wise.

C. READ BETWEEN THE LINES

An impressive body of computational results is gradually being built. With de-
termination and good luck, this may yield extra information by interpolation, that
is, by “reading between the lines.” A well-known example from Mie scattering is
that the extinction curves for different refractive indices, when plotted versus x
times (refractive index −1) instead of x, reveal a striking common pattern. Look-
ing for similar extras, however hidden, in the scattering by nonspherical particles
may be equally rewarding.

D. SAVE INTERIM RESULTS AND MAKE THEM AVAILABLE

Several examples of useful “interim results” in Mie computations were men-
tioned in the preceding section. Presumably, the trick of plotting the complex
function, of which the extinction is the real part, can be applied directly to non-
spherical particles. In the angular distribution of scattered light, the first “cus-
tomer” may be content with a plot of intensity versus angle. Future research,
however, may profit far more from the complex amplitudes or from the devel-
opment in generalized spherical functions. And such key quantities as albedo and
asymmetry parameter should never be forgotten. To keep options of future use
open, for example, for interpolation between different assumptions on size, com-
position, or shape, authors are advised to save key interim data and to make them
available either in print or in electronic file.

I hope these few hints may prove useful.
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I. INTRODUCTION

The literature on electromagnetic scattering by small particles is extremely
diverse and often contains discrepancies and inconsistencies in the definition
and usage of terms and notation. This situation is not unexpected because alter-
native terminologies have been developed somewhat independently by physical
scientists, antenna engineers, astrophysicists, and geophysicists. Some of the dif-
ferences are trivial, but others can cause serious confusion. Among typical dif-
ferences are the use of right-handed versus left-handed coordinate systems, the
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use of different definitions of Stokes parameters, and the use of the time factor
exp(−iωt) versus exp(iωt), where i = (−1)1/2, ω is the angular frequency, and
t is time.

This book is written by experts with diverse scientific backgrounds, and it
is essentially impossible to maintain the use of a universal and comprehensive
convention on terms and notation throughout all individual chapters. However, it
is also clear that publishing all chapters under the same cover and making sure
that the entire book is useful to the reader requires a substantial degree of uni-
formity and unification. Thus, the primary aim of this chapter is to introduce a
minimal system of basic terminology and notation that will be consistently used
in the remainder of the book as a “reference frame.” All deviations from this
system in individual chapters will be explicitly indicated, the relation of newly
introduced and alternative quantities and definitions to the basic ones will be ex-
plained, and the reader will be warned when different conventions may lead to
confusion.

II. INDEPENDENT SCATTERING

Because all aspects of light scattering by small particles and its applications
cannot be entirely covered in one book, we will limit our treatment to scatter-
ing by individual particles within the framework of Maxwell’s equations and
linear optics. As a first restriction, we will consider only time-harmonic quasi-
monochromatic light by assuming that the (complex) amplitude of the electric
field fluctuates with time much slower than the time factor exp(−iωt). Second,
we will assume that light scattering occurs without frequency redistribution; that
is, the scattered light has the same frequency as the incident light. This excludes
phenomena such as Raman scattering or fluorescence. Third, we will consider
only scattering in the far-field zone, where the propagation of the scattered wave is
away from the particle, and the scattered field is polarized transverse to the prop-
agation direction and decays inversely with distance from the particle. Fourth,
and most important, we will consider only independently scattering, randomly
positioned particles. This means that particles are separated widely enough, so
that each particle scatters light in exactly the same way as if all other particles
did not exist. Furthermore, there are no systematic phase relations between par-
tial electromagnetic waves scattered by different particles, so that the intensities
(or, more generally, Stokes parameters) of the partial waves can be added with-
out regard to phase. In other words, we will assume that each particle is in the
far-field zones of all other particles, and that scattering by different particles is
incoherent.

The assumption of independent scattering greatly simplifies the problem of
computing multiple light scattering by a collection of particles (e.g., by a cloud
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of water droplets or ice crystals) because it allows the use of the radiative transfer
equation (Ishimaru, 1978, Chapter 7; Tsang et al., 1985, Chapter 3; Ulaby et al.,
1986, Chapter 13; Fung, 1994, Chapter 1). It should be noted, however, that even
for tenuous collections of randomly positioned particles, scattering in the exact
forward direction is always coherent and causes attenuation of the incident wave
as it propagates through the medium (e.g., van de Hulst, 1957, Chapter 4; Bohren
and Huffman, 1983, Chapter 3). Furthermore, so-called self-avoiding reciprocal
multiple-scattering paths always interfere constructively at the exact backscatter-
ing direction and cause a coherent intensity peak (Tsang et al., 1985, Chapter 5;
Barabanenkov et al., 1991). The latter phenomenon is called coherent backscat-
tering (or weak photon localization) and is not accounted for explicitly by the
classical radiative transfer theory. Fortunately, the angular width of the backscat-
tering intensity peak caused by weak photon localization is proportional to the
ratio wavelength/(photon transport mean free path) and thus is negligibly small
for tenuous particle collections such as clouds, aerosols, and precipitation.

It is not always easy to determine what minimal separation makes scattering by
a collection of particles independent. Exact scattering calculations for randomly
oriented two-sphere clusters composed of identical wavelength-sized spheres sug-
gest that particles can scatter independently when the distance between their cen-
ters is as small as four times their radius (Mishchenko et al., 1995). Even though
this result is not necessarily a universal rule and may be expected to be inappli-
cable for decidedly subwavelength-sized particles, it can be considered a simple
approximate condition for independent scattering by particles comparable to and
larger than a wavelength.

Although the subject of this book is incoherent far-field scattering, the com-
putation of single-scattering properties of some particles may require an explicit
treatment of coherent and near-field effects. Indeed, scattering particles are not al-
ways single homogeneous bodies such as spheres or spheroids and in many cases
exist in the form of clusters of small monomers. Because cluster components form
a specific configuration and are in close proximity to each other, each component
affects the fields scattered by all other components. Therefore, electromagnetic
scattering by a cluster must be computed using special techniques such as those
described in Chapters 4–8. At a large distance from a cluster, however, it acts as a
single scatterer and, as such, is also a subject of this book.

III. REFERENCE FRAMES AND
PARTICLE ORIENTATION

To describe the scattering of a plane electromagnetic wave by a nonspher-
ical particle in an arbitrary orientation, we must first specify the directions of
the incident and scattered waves and the orientation of the particle with respect
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Figure 1 Laboratory coordinate system.

to a reference frame. Let this reference frame be a right-handed Cartesian co-
ordinate system L with orientation fixed in space, having its origin inside the
particle. In what follows, this coordinate system will be referred to as the labo-
ratory reference frame. The direction of propagation of a transverse electromag-
netic wave is specified by a unit vector n or, equivalently, by a couple (ϑ, ϕ),
where ϑ ∈ [0, π] is the polar (zenith) angle measured from the positive z axis,
and ϕ ∈ [0, 2π] is the azimuth angle measured from the positive x axis in the
clockwise sense, when looking in the direction of the positive z axis (Fig. 1).
The ϑ and ϕ components of the electric field are denoted as Eϑ and Eϕ , respec-
tively. The component Eϑ = Eϑϑ lies in the meridional plane (plane through the
beam and the z axis), whereas the component Eϕ = Eϕϕ is perpendicular to this
plane. Here, ϑ and ϕ are the corresponding unit vectors such that n = ϑ × ϕ.
Note that Eϑ and Eϕ are often denoted as Ev and Eh and called the vertical
and horizontal electric field vector components, respectively (e.g., Ulaby et al.,
1986, Chapter 13; Tsang et al., 1985, Chapter 3; Ulaby and Elachi, 1990, Chap-
ter 1).

To specify the orientation of the particle with respect to the laboratory refer-
ence frame, we introduce a right-handed coordinate system P fixed to the particle
and having the same origin as L. This coordinate system will be referred to as
the particle or body reference frame. The choice of the particle frame is, in prin-
ciple, arbitrary, although in many cases it is naturally suggested by the particle
shape. For example, for axially symmetric particles it is useful to choose the body
frame such that its z axis coincides with the axis of particle symmetry. Now it
is convenient to specify the orientation of the particle with respect to the labo-
ratory frame L by three Euler angles of rotation α, β, and γ that transform the

'
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Figure 2 Euler angles of rotation α, β, and γ transforming the laboratory reference frame L{x, y, z}
into the body frame of the scattering particle P {x′, y′, z′}.

coordinate system L{x, y, z} into the coordinate system P {x ′, y ′, z′} as shown in
Fig. 2 (Arfken and Weber, 1995, Chapter 3). The Euler rotations are performed as
follows:

a. Rotation about the z axis through an angle α ∈ [0, 2π] reorienting the y
axis such that it coincides with the line of nodes (line formed by the
intersection of the xy and x ′y ′ planes).

b. Rotation about the new y axis through an angle β ∈ [0, π].
c. Rotation about the z′ axis through an angle γ ∈ [0, 2π].

An angle of rotation is positive if the rotation is in the clockwise direction, when
looking in the positive direction of the rotation axis.

IV. AMPLITUDE MATRIX

Consider a monochromatic plane electromagnetic wave with electric field vec-
tor

Einc(R) = (
Einc
ϑ0ϑ inc + Einc

ϕ0 ϕinc) exp
(
iknincR

) = Einc
0 exp(iknincR)

= Einc
ϑ ϑ inc +Einc

ϕ ϕinc (1)

incident upon a nonspherical particle in a direction ninc; here, k = 2π/λ is the
free-space wavenumber, λ is the free-space wavelength, and R is the radius vector
with its origin at the origin of the laboratory coordinate system. Throughout most
of the chapter, we assume and suppress the time factor exp(−iωt). Because of
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the linearity of Maxwell’s equations and boundary conditions, it must always be
possible to express the scattered electric field linearly in the incident electric field.
In the far-field region (kR � 1, R = |R|), the scattered wave becomes spherical
and is given by (Tsang et al., 1985, Chapter 3)

Esca(R) = Esca
ϑ

(
R,nsca)ϑsca + Esca

ϕ

(
R,nsca)ϕsca, nsca = R

R
, (2)

REsca(R) = 0, (3)[
Esca
ϑ

Esca
ϕ

]
= exp(ikR)

R
S
(
nsca; ninc;α, β, γ ) [Einc

ϑ0
Einc
ϕ0

]
, (4)

where S is a 2×2 amplitude matrix that linearly transforms the electric field vector
components of the incident wave into the electric field vector components of the
scattered wave. The amplitude matrix depends on the directions of incidence and
scattering as well as on the size, morphology, and composition of the scattering
particle and on its orientation with respect to the laboratory reference frame as
specified by the Euler angles of rotation α, β and γ . The amplitude matrix is the
primary quantity that defines the single-scattering law. If known, it enables one to
compute any other light-scattering characteristic of the particle.

Note that both van de Hulst (1957) and Bohren and Huffman (1983) assume
that the incident light always propagates along the z axis of the laboratory co-
ordinate system and introduce the amplitude matrix as the one describing the
transformation of the electric field components defined with respect to the scat-
tering plane, that is, the plane through the directions of incidence and scattering.
Their amplitude matrix can be considered a particular case of the S matrix de-
fined in Eq. (4) and corresponds, apart from a scalar, to the choice ϑ inc = 0 and
ϕinc = ϕsca. One should also take into account that van de Hulst decomposes
the electric vectors of the incident and scattered light using unit vectors l = ϑ

and r = −ϕ, whereas Bohren and Huffman (1983) use the same unit vectors as
van de Hulst but denote them by e‖ and e⊥, respectively. Therefore, our electric
field components are translated into those of Bohren and Huffman (1983) by the
formulas E‖ = Eϑ and E⊥ = −Eϕ . This also leads to a sign difference in the
off-diagonal elements of the amplitude matrix.

It should be pointed out that the choice of the laboratory reference frame with
the z axis along the direction of the incident light can sometimes be inconvenient
in computations for nonspherical particles because any change in the direction of
light incidence also changes the orientation of the particles with respect to the
reference frame. Therefore, it is often preferable to use a fixed (laboratory) co-
ordinate system to specify both the directions of propagation and the states of
polarization of the incident and scattered light and the particle orientation (Tsang
et al., 1985, Chapter 3). An important advantage of this approach is that the labo-
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ratory coordinate system can be chosen such that it most adequately represents the
physical mechanism of particle orientation and is especially convenient in solving
the radiative transfer equation.

Our choice of the exponent sign in the time factor exp(−iωt) causes the imag-
inary part of the refractive index to be nonnegative. This convention is used in
many books on optics and light scattering (e.g., Born and Wolf, 1970; Bohren
and Huffman, 1983; Barber and Hill, 1990) and is a nearly universal choice in
electromagnetics (e.g., Jackson, 1975; Tsang et al., 1985) and solid-state physics.
However, van de Hulst (1957) and Kerker (1969) use the time factor exp(iωt),
which implies a nonpositive imaginary part of the refractive index. It is important
to remember that once a choice of the exponent sign has been made, it must be
used consistently in all derivations. To distinguish the use of the exp(−iωt) and
exp(iωt) time factor conventions in different chapters of this book, the latter will
be written in the form exp(jωt) and, accordingly, j will be used to denote the
imaginary unity.

V. STOKES PARAMETERS

Photometric and polarimetric optical instruments cannot measure the electric
field associated with a beam of light but rather measure some quantities that are
quadratic combinations of the electric field components. Therefore, it is conve-
nient to introduce the so-called Stokes parameters of a monochromatic transverse
electromagnetic wave as

I = EϑE
∗
ϑ +EϕE∗

ϕ, (5)

Q = EϑE
∗
ϑ −EϕE∗

ϕ, (6)

U = −EϑE∗
ϕ −EϕE∗

ϑ, (7)

V = i
(
EϕE

∗
ϑ −EϑE∗

ϕ

)
, (8)

where the asterisk denotes the complex conjugate value. Note that despite some
difference in notation, our definition of the Stokes parameters is identical to that
of van de Hulst (1957, Chapter 5) and Bohren and Huffman (1983, Chapter 3),
whereas the definition of the Stokes parameterU by Tsang et al. (1985, Chapter 3)
has the opposite sign. All Stokes parameters have the same dimension: energy per
unit area per unit time per unit wavelength. The first Stokes parameter is equal,
up to a factor common to all four parameters, to the net monochromatic energy
flux. The Stokes parametersQ and U describe the state of linear polarization and
V describes the state of circular polarization of the wave. A detailed discussion
of the polarimetric definitions can be found in Bohren and Huffman (1983) and
Hovenier and van der Mee (1983) (see also the Appendix at the end of this chap-
ter). For further use, it is convenient to define the Stokes vector as a 4 × 1 column
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having the Stokes parameters as its components as follows:

I =
⎡⎢⎣
I

Q

U

V

⎤⎥⎦ . (9)

The Stokes parameters are always defined with respect to a reference plane,
in our case the meridional plane of the beam. If the reference frame is rotated
through an angle η in the anticlockwise direction when looking in the direction
of propagation, the transformation of the old Stokes vector I into the new Stokes
vector I′ is given by a 4 × 4 rotation matrix L (see the Appendix):

I′ = L(η)I =
⎡⎢⎣

1 0 0 0
0 cos 2η sin 2η 0
0 − sin 2η cos 2η 0
0 0 0 1

⎤⎥⎦ I. (10)

As follows from the definition of the Stokes parameters, for an elementary
monochromatic plane or spherical electromagnetic wave

I2 ≡ Q2 + U2 + V 2. (11)

However, light beams that are commonly measured are incoherent mixtures of
many elementary plane waves of the type given by Eq. (1). Because there are no
permanent phase relations between these elementary waves, the Stokes parame-
ters obey the fundamental property of additivity: The Stokes parameters for the
mixture are sums of the respective Stokes parameters of the elementary waves
(Chandrasekhar, 1950, Chapter 1; Tsang et al., 1985, Chapter 3). In this case the
identity of Eq. (11) is replaced by the inequality

I2 ≥ Q2 + U2 + V 2. (12)

The ratio p = [Q2 + U2 + V 2]1/2/I ≤ 1 is called the degree of polarization and
is equal to unity for fully polarized light, whereas the ratios [Q2 + U2]1/2/I and
V/I are called the degrees of linear and circular polarization, respectively. If U
vanishes, the ratio −Q/I is also often used as a measure of the degree of linear
polarization. For unpolarized (natural) light,Q = U = V = 0.

The Stokes vector defined by Eqs. (5)–(9) is one of many possible representa-
tions of polarization, and alternative definitions of the Stokes parameters can be
found to be more convenient for specific applications. For example, radar engi-
neers often use so-called modified Stokes parameters, whereas physicists widely
employ the so-called circular polarization representation and the density matrix.
The relationship between different representations of polarization is discussed,
for example, by Hovenier and van der Mee (1983), Ulaby and Elachi (1990), and
Dolginov et al. (1995).
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VI. PHASE MATRIX

As follows from the definitions of the amplitude matrix and the Stokes param-
eters, the transformation of the Stokes parameters of the incident plane wave into
those of the scattered spherical wave owing to light scattering by a single particle
is given by

Isca = 1

R2 Z
(
nsca; ninc;α, β, γ )Iinc

= 1

R2 Z
(
ϑsca, ϕsca;ϑ inc, ϕinc;α, β, γ )Iinc, (13)

where Z is the 4 × 4 phase matrix with elements

Z11 = 1

2

(|S11|2 + |S12|2 + |S21|2 + |S22|2
)
, (14)

Z12 = 1

2

(|S11|2 − |S12|2 + |S21|2 − |S22|2
)
, (15)

Z13 = − Re
(
S11S

∗
12 + S22S

∗
21

)
, (16)

Z14 = − Im
(
S11S

∗
12 − S22S

∗
21

)
, (17)

Z21 = 1

2

(|S11|2 + |S12|2 − |S21|2 − |S22|2
)
, (18)

Z22 = 1

2

(|S11|2 − |S12|2 − |S21|2 + |S22|2
)
, (19)

Z23 = − Re
(
S11S

∗
12 − S22S

∗
21

)
, (20)

Z24 = − Im
(
S11S

∗
12 + S22S

∗
21

)
, (21)

Z31 = − Re
(
S11S

∗
21 + S22S

∗
12

)
, (22)

Z32 = − Re
(
S11S

∗
21 − S22S

∗
12

)
, (23)

Z33 = Re
(
S11S

∗
22 + S12S

∗
21

)
, (24)

Z34 = Im
(
S11S

∗
22 + S21S

∗
12

)
, (25)

Z41 = − Im
(
S21S

∗
11 + S22S

∗
12

)
, (26)

Z42 = − Im
(
S21S

∗
11 − S22S

∗
12

)
, (27)

Z43 = Im
(
S22S

∗
11 − S12S

∗
21

)
, (28)

Z44 = Re
(
S22S

∗
11 − S12S

∗
21

)
. (29)

In general, all 16 elements of the phase matrix are nonzero. However, the phase
matrix elements of a single particle are expressed in terms of only seven inde-
pendent real constants resulting from the four complex elements of the amplitude
matrix minus an irrelevant phase (van de Hulst, 1957, Chapter 5). Therefore, only
7 of the phase matrix elements are independent, and there are several relations
among the 16 quantities Zij , i,j = 1, . . . , 4 (Chapter 3).
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Note that van de Hulst (1957, Chapter 5) and Bohren and Huffman (1983,
Chapter 3) always direct the incident light along the z axis of the laboratory refer-
ence frame and introduce the scattering matrix to describe the Stokes vector trans-
formation provided that both Iinc and Isca are defined with respect to the scattering
plane. Therefore, the matrix denoted by F in Section 5.14 of van de Hulst (1957)
and the matrix denoted by S in Section 3.3 of Bohren and Huffman (1983) are,
apart from a scalar, a particular case of the phase matrix Z corresponding to the
choice ϑ inc = 0 and ϕinc = ϕsca. Note also that the use of the exp(iωt) versus
the exp(−iωt) time factor convention in actual computations of the phase matrix
causes an opposite sign in numerical values of the elements in the fourth row and
the fourth column except the Z44 element.

For a small volume element dv comprising randomly positioned particles, the
waves scattered by different particles are random in phase, and the Stokes pa-
rameters of these incoherent waves add up. Therefore, the phase matrix for the
volume element is the sum of the phase matrices of the individual particles:

Z =
∑
n

Zn = n0〈Z〉dv, (30)

where the index n numbers the particles, n0 is the particle number density, and
〈Z〉 is the ensemble-averaged phase matrix per particle.

VII. TOTAL OPTICAL CROSS SECTIONS

The phase matrix describes the angular distribution of the light scattered by a
particle. Scattering and absorption of light by the particle also change the char-
acteristics of the incident beam after it passes the particle. For a nonspherical
particle in a fixed orientation, the extinction cross section Cext describes the total
attenuation of the incident beam resulting from the combined effect of scatter-
ing and absorption by the particle and is defined as follows: The product of the
extinction cross section and the incident monochromatic energy flux is equal to
the total monochromatic power removed by the particle from the incident beam.
The extinction cross section has the dimension of area, depends on the particle
orientation and the direction and the polarization state of the incident beam, and
is expressed in the elements of the extinction matrix given by Eqs. (35)–(41) as
follows:

Cext = 1

I inc

[
K11I

inc + K12Q
inc + K13U

inc + K14V
inc]. (31)

Similarly, the product of the scattering cross section and the monochromatic
incident energy flux gives the total monochromatic power removed from the in-
cident beam resulting solely from light scattering by the particle. The scattering
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cross section has the same dimension as the extinction cross section and also de-
pends on the particle orientation and the direction of incidence and the state of
polarization of the illuminating beam. As follows from Eq. (13), the total scatter-
ing cross section is given by

Csca = 1

I inc

∫
4π
dnscaI sca(nsca), (32)

with

I sca = Z11I
inc + Z12Q

inc + Z13U
inc + Z14V

inc. (33)

Finally, the product of the absorption cross section Cabs and the incident
monochromatic energy flux is equal to the total monochromatic power removed
from the incident beam as a result of absorption of light by the particle and is
equal to the difference between the extinction and scattering cross sections:

Cabs = Cext − Csca. (34)

VIII. DICHROISM AND EXTINCTION MATRIX

A nonspherical particle in a fixed orientation can change not only the energy
characteristics of the incident beam after it passes the particle, but also its state of
polarization. This phenomenon is called dichroism of the scattering medium and
results from different values of extinction for different polarization components
of the incident light. Two well-known manifestations of dichroism are interstellar
polarization (change of polarization of starlight after it passes a cloud of interstel-
lar dust grains preferentially oriented by cosmic magnetic fields) (Martin, 1978)
and cross polarization of radio waves propagating through partially aligned non-
spherical hydrometeors (Oguchi, 1983; Chapter 16). Because of dichroism, the
full description of the light extinction process requires the introduction of the so-
called 4 × 4 extinction matrix K. According to the optical theorem, the elements
of the extinction matrix are expressed in the elements of the forward-scattering
amplitude matrix as follows (Tsang et al., 1985, Chapter 3):

Kjj (n) = 2π

k
Im

[
S11(n,n)+ S22(n,n)

]
, j = 1, . . . , 4, (35)

K12(n) = K21(n) = 2π

k
Im

[
S11(n,n)− S22(n,n)

]
, (36)

K13(n) = K31(n) = −2π

k
Im

[
S12(n,n)+ S21(n,n)

]
, (37)

K14(n) = K41(n) = 2π

k
Re

[
S21(n,n)− S12(n,n)

]
, (38)
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K23(n) = −K32(n) = 2π

k
Im

[
S21(n,n)− S12(n,n)

]
, (39)

K24(n) = −K42(n) = −2π

k
Re

[
S12(n,n)+ S21(n,n)

]
, (40)

K34(n) = −K43(n) = 2π

k
Re

[
S22(n,n)− S11(n,n)

]
, (41)

where we have omitted for brevity the arguments α, β, and γ specifying parti-
cle orientation. All extinction matrix elements have the dimension of area. For a
small volume element dv comprising randomly positioned particles, the extinc-
tion matrix is the sum of the extinction matrices of individual particles:

K =
∑
n

Kn = n0〈K〉 dv, (42)

where 〈K〉 is the ensemble-averaged extinction matrix per particle.
The physical meaning of the extinction matrix is as follows. Consider a parallel

beam of light propagating in a direction n through a medium filled with randomly
positioned, sparsely distributed particles. Then the change of the Stokes vector of
the beam along the light path is described by the equation

dI(n)
ds

= −n0〈K(n)〉I(n), (43)

where the pathlength element ds is measured along the direction of propagation n.

IX. RECIPROCITY

A fundamental property of the amplitude matrix is the reciprocity relation (van
de Hulst, 1980, Section 3.2.1; Tsang, 1991, Appendix A)

S(−n′; −n;α, β, γ ) =
[
S11(n; n′;α, β, γ ) −S21(n; n′;α, β, γ )

−S12(n; n′;α, β, γ ) S22(n; n′;α, β, γ )
]
. (44)

Reciprocity is a manifestation of the symmetry of the light-scattering process
with respect to an inversion of time, directly follows from Maxwell’s equations,
and holds for any particle in an arbitrary orientation. The only requirement is
that the dielectric, permeability, and conductive tensors be symmetric. Using
Eqs. (13)–(29), (35)–(41), and (44), we easily derive the reciprocity relations for
the phase and extinction matrices:

Z(−n′; −n;α, β, γ ) = QZT(n; n′;α, β, γ )Q, (45)

K(−n;α, β, γ ) = QKT(n;α, β, γ )Q, (46)
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where

Q = Q−1 = QT = diag[1, 1,−1, 1], (47)

and T denotes matrix transposition. Another consequence of reciprocity is the
so-called backscattering theorem (van de Hulst, 1957, Section 5.32):

S21(−n; n;α, β, γ ) = −S12(−n; n;α, β, γ ). (48)

This theorem along with Eqs. (14), (19), (24), and (29) leads to the following
general property of the backscattering phase matrix:

Z11(−n; n;α, β, γ )− Z22(−n; n;α, β, γ )
+ Z33(−n; n;α, β, γ )− Z44(−n; n;α, β, γ ) = 0. (49)

Owing to the property of additivity, Eqs. (45), (46), and (49) hold not only for a
single particle in an arbitrary orientation, but also for ensemble-averaged phase
and extinction matrices.

Because of the fundamental nature of reciprocity, Eqs. (44)–(46), (48), and (49)
are important tests in computations or measurements of light scattering by non-
spherical particles: Violation of reciprocity means that the computations or mea-
surements are incorrect or inaccurate. Alternatively, the use of reciprocity in com-
puter calculations can substantially shorten the central processing unit (CPU) time
consumption because one may calculate light scattering for only half of all scat-
tering geometries and then employ Eqs. (44)–(46) for the reciprocal geometries.

X. ENSEMBLE AVERAGING

Natural scattering media are usually mixtures of particles with different sizes,
shapes, orientations, and refractive indices. Therefore, in practice the phase and
extinction matrices must be averaged over the particle ensemble. Computation
of ensemble averages is, in principle, rather straightforward. For example, for
homogeneous ellipsoids with axes a ∈ [a1, a2], b ∈ [b1, b2], and c ∈ [c1, c2] and
the same composition, the ensemble-averaged phase matrix per particle is

〈Z(n; n′)〉 =
∫ a2

a1

da

∫ b2

b1

db

∫ c2

c1

dc

∫ 2π

0
dα

∫ π

0
dβ sin β

∫ 2π

0
dγ

× p(α, β, γ ; a, b, c)Z(n; n′;α, β, γ ), (50)

where Euler angles α, β, and γ specify particle orientations with respect to the
laboratory reference frame, and p(a, b, c;α, β, γ ) is a probability density func-
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tion satisfying the normalization condition∫ a2

a1

da

∫ b2

b1

db

∫ c2

c1

dc

∫ 2π

0
dα

∫ π

0
dβ sin β

×
∫ 2π

0
dγp(a, b, c;α, β, γ ) = 1. (51)

It is often assumed that the size/shape and orientation distributions are statistically
independent. Then the total probability function is simplified by representing it
as a product of two functions, one of which, ps(a, b, c), describes the particle
size/shape distribution and the other one, po(α, β, γ ), describes the distribution
of particle orientations:

p(a, b, c;α, β, γ ) = ps(a, b, c)po(α, β, γ ), (52)

each normalized to unity. As a consequence, the problems of computing
size/shape and orientational averages are separated. Similarly, it is often conve-
nient to separate averaging over sizes and shapes by assuming that particle sizes
and shapes are statistically independent. For example, the shape of a spheroidal
particle can be specified by its aspect ratio ξ (along with the designation of ei-
ther prolate or oblate), whereas the particle size can be specified by the radius
of the equal-volume sphere r . Then the probability density function ps can be
represented as a product

ps(a, b, c) = p(ξ)n(r), (53)

where p(ξ) describes the distribution of spheroid aspect ratios and n(r) is the
distribution of equivalent-sphere radii. Again, both p(ξ) and n(r) are normalized
to unity.

In the absence of external forces such as magnetic, electrostatic, or aerody-
namic forces, all orientations of a nonspherical particle are equiprobable. In this
practically important case of randomly oriented particles, the orientation distri-
bution function is uniform with respect to the Euler angles of rotation, and we
have

po,random(α, β, γ ) ≡ 1

8π2
. (54)

An external force can make the orientation distribution axially symmetric with
the axis of symmetry given by the direction of the force. For example, interstellar
dust grains can be axially oriented by a cosmic magnetic field (Martin, 1978),
whereas nonspherical hydrometeors can be axially oriented by the aerodynamic
force resulting from their finite falling velocity (Liou, 1992). In this case it is
convenient to choose the laboratory reference frame with the z axis along the
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external force direction so that the orientation distribution is uniform with respect
to the Euler angles α and γ :

po,axial(α, β, γ ) = 1

4π2
p(β). (55)

Particular details of the particle shape can also simplify the orientation distri-
bution function. For example, for rotationally symmetric bodies it is convenient
to direct the z axis of the particle reference frame along the axis of rotation, in
which case the orientation distribution function in the laboratory reference frame
becomes independent of the Euler angle γ :

po(α, β, γ ) ≡ 1

2π
po(α, β). (56)

XI. SCATTERING MATRIX AND
MACROSCOPICALLY ISOTROPIC AND
SYMMETRIC MEDIA

By definition, the phase matrix relates the Stokes parameters of the incident
and scattered beams defined relative to their respective meridional planes. Unlike
the phase matrix, the scattering matrix F relates the Stokes parameters of the inci-
dent and scattered beams defined with respect to the scattering plane, that is, the
plane through the unit vectors ninc and nsca (van de Hulst, 1957, Chapter 5; Bohren
and Huffman, 1983, Chapter 3). The simplest way to introduce the scattering ma-
trix is to direct the z axis of the laboratory reference frame along the incident beam
(ϑ inc = 0) and superpose the principal azimuthal plane with ϕinc = ϕsca = 0 with
the scattering plane. Then the scattering matrix F can be defined as a matrix pro-
portional to the phase matrix Z(ϑsca, ϕsca = 0;ϑ inc = 0, ϕinc = 0). In general,
all 16 elements of the scattering matrix are nonzero and depend on the particle
orientation distribution with respect to the incident and scattered beams.

The concept of the scattering matrix is especially useful when external forces
are absent or do not cause scattering particles to become partially or perfectly
aligned. In this case all orientations of the particles are equiprobable and the
particles are randomly oriented in three-dimensional space. If, furthermore, each
particle has a plane of symmetry and/or particles and their mirror particles are
present in equal numbers, then such a scattering medium is called macroscopi-
cally isotropic and symmetric. Because of symmetry, the scattering matrix F for
macroscopically isotropic and symmetric media is invariant with respect to the
choice of the scattering plane and depends only on the angle between the incident
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and scattered beams; that is, the scattering angle� = ϑsca ∈ [0, π] (van de Hulst,
1957). We thus have

F(�) = 4π

Csca
〈Z(�, 0; 0, 0)〉, (57)

where the average scattering cross section per particle is given by

Csca = 2π
∫ π

0
d� sin�〈Z11(�, 0; 0, 0)〉, (58)

and the proportionality constant 4π/Csca in Eq. (57) follows from the traditional
normalization condition on the phase function, Eq. (65). Note that for macro-
scopically isotropic and symmetric media, the average scattering cross section is
independent of the direction and polarization of the incident beam. The extinction
matrix is also considerably simplified: It becomes independent of the direction
and polarization of the incident beam and is diagonal with diagonal elements be-
ing equal to the average extinction cross section per particle:

〈K(n)〉 = diag[Cext, Cext, Cext, Cext]. (59)

The average absorption cross section Cabs = Cext − Csca is also independent of
the direction and polarization state of the incident light. The probability that a
photon incident on a small volume element will survive is equal to the ratio of
the scattering and extinction cross sections and is called the albedo for single
scattering� :

� = Csca

Cext
. (60)

The scattering matrix for macroscopically isotropic and symmetric media has
the well-known block-diagonal structure (van de Hulst, 1957)

F(�) =
⎡⎢⎣
a1(�) b1(�) 0 0
b1(�) a2(�) 0 0

0 0 a3(�) b2(�)

0 0 −b2(�) a4(�)

⎤⎥⎦ , (61)

so that, in general, only eight elements of the scattering matrix are nonzero and
only six of them are independent. Furthermore, there are special relations for the
scattering angles 0 and π (van de Hulst, 1957; Mishchenko and Hovenier, 1995):

a2(0) = a3(0), a2(π) = −a3(π), (62)

b1(0) = b2(0) = b1(π) = b2(π) = 0, (63)

a4(π) = a1(π)− 2a2(π). (64)
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The (1, 1) element of the scattering matrix a1(�) is called the scattering function
or phase function and satisfies the normalization condition

1

4π

∫
4π
dnsca a1(�) = 1

2

∫ π

0
d� sin�a1(�) = 1. (65)

The quantity

〈cos�〉 = 1

2

∫ 1

−1
d(cos�) a1(�) cos� (66)

is called the asymmetry parameter of the phase function and is positive for parti-
cles that scatter predominantly in the forward direction, negative for backscatter-
ing particles, and zero for symmetric phase functions with a1(π −�) = a1(�).

Rotationally symmetric particles have an additional property (Mishchenko and
Travis, 1994c; Hovenier and Mackowski, 1998)

a4(0) = 2a2(0)− a1(0). (67)

The structure of the scattering matrix further simplifies for spherically symmetric
particles (i.e., homogeneous or radially inhomogeneous spherical particles com-
posed of isotropic materials with refractive index depending only on the distance
from the particle center) because in this case a1(�) ≡ a2(�) and a4(�) ≡ a3(�).

Equation (10) can be used to express the phase matrix for macroscopically
isotropic and symmetric media in terms of the scattering and rotation matrices as
follows (Hovenier and van der Mee, 1983):〈

Z
(
nsca,ninc)〉 = 〈

Z
(
ϑsca, ϑ inc, ϕsca − ϕinc)〉

= Csca

4π
L(π − σ2)F(�)L(−σ1), (68)

where the scattering angle � and the angles of rotation σ1 and σ2 are shown
in Fig. 3 and can be calculated from ϑ inc, ϑsca, and ϕinc − ϕsca using spherical
trigonometry:

cos� = cosϑsca cosϑ inc + sinϑsca sinϑ inc cos
(
ϕinc − ϕsca), (69)

cos σ1 = cosϑsca − cosϑ inc cos�

sinϑ inc sin�
, (70)

cos σ2 = cosϑ inc − cosϑsca cos�

sinϑsca sin�
. (71)

The first equality of Eq. (68) emphasizes the fact that for macroscopically
isotropic and symmetric media the phase matrix depends only on the difference
of the azimuthal angles of the scattered and incident beams rather than on their
specific values.
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Figure 3 Illustration of the relationship between the phase and scattering matrices.

In computations of light scattering by a macroscopically isotropic and sym-
metric medium, an efficient approach is to expand the elements of the scattering
matrix as follows (de Haan et al., 1987):

a1(�) =
smax∑
s=0

αs1P
s
00(cos�), (72)

a2(�)+ a3(�) =
smax∑
s=2

(
αs2 + αs3

)
Ps22(cos�), (73)

a2(�)− a3(�) =
smax∑
s=2

(
αs2 − αs3

)
Ps2,−2(cos�), (74)

a4(�) =
smax∑
s=0

αs4P
s
00(cos�), (75)

b1(�) =
smax∑
s=2

βs1P
s
02(cos�), (76)

b2(�) =
smax∑
s=2

βs2P
s
02(cos�), (77)

where Psmn(x) are generalized spherical functions (Gelfand et al., 1963), and the
upper summation limit, smax, depends on the desired numerical accuracy. For
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givenm and n, the generalized spherical functionsPsmn(x)with s � max(|m|, |n|)
form a complete orthonormal set of functions on the interval x ∈ [−1, 1]. Taking
into account the orthogonality relation∫ +1

−1
dxP smn(x)P

s ′
mn(x) = 2

2s + 1
(−1)m+nδss ′, (78)

where δss ′ is the Kronecker delta, we have from Eqs. (72)–(77)

αs1 =
[
s + 1

2

] ∫ +1

−1
d(cos�)P s00(cos�)a1(�), (79)

αs2 + αs3 =
[
s + 1

2

] ∫ +1

−1
d(cos�)P s22(cos�)

[
a2(�)+ a3(�)

]
, (80)

αs2 − αs3 =
[
s + 1

2

] ∫ +1

−1
d(cos�)P s2,−2(cos�)

[
a2(�)− a3(�)

]
, (81)

αs4 =
[
s + 1

2

] ∫ +1

−1
d(cos�)P s00(cos�)a4(�), (82)

βs1 =
[
s + 1

2

] ∫ +1

−1
d(cos�)P s02(cos�)b1(�), (83)

βs2 =
[
s + 1

2

] ∫ +1

−1
d(cos�)P s02(cos�)b2(�). (84)

Note that generalized spherical functions are closely related to Wigner’s d func-
tions used in the quantum theory of angular momentum (e.g., Hovenier and van
der Mee, 1983; Varshalovich et al., 1988, Chapter 4). General properties of the ex-
pansion coefficients in Eqs. (72)–(77) are discussed by van der Mee and Hovenier
(1990).

If the expansion coefficients appearing in Eqs. (72)–(77) are known, then the
elements of the scattering matrix can be easily calculated for practically any num-
ber of scattering angles with a minimum expense of computer time. Thus instead
of specifying the elements of the scattering matrix for a large number of scattering
angles and using interpolation to calculate the scattering matrix in intermediate
points, one can use a limited (and usually small) number of numerically signifi-
cant expansion coefficients. This also makes the expansion coefficients especially
convenient in ensemble averaging: Instead of computing ensemble-averaged scat-
tering matrix elements, one can average a (much) smaller number of expansion
coefficients. An additional advantage of expansions (72)–(77) is that they enable
one to employ the addition theorem for generalized spherical functions and di-
rectly calculate the Fourier components of the phase matrix appearing in the
Fourier decomposition of the radiative transfer equation for plane-parallel scat-
tering media (Kuščer and Ribarič, 1959; de Haan et al., 1987). The Fourier de-
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composition is used to handle analytically the azimuthal dependence of multiply
scattered radiation.

Because, for each s, Ps00(x) is a Legendre polynomial Ps(x), Eq. (72) is the
well-known expansion of the phase function in Legendre polynomials, which is
widely employed in the scalar radiative transfer theory, that is, when the polariza-
tion of light is ignored and only the radiance of multiply scattered light is con-
sidered (Chandrasekhar, 1950; van de Hulst, 1980; Liou, 1980; Lenoble, 1993).
Note that

〈cos�〉 = α1
1

3
. (85)

XII. MULTIPLE SCATTERING AND RADIATIVE
TRANSFER EQUATION

The quantities introduced previously can be used to describe not only sin-
gle scattering of light by independently scattering particles, but also multiple
light scattering by a large collection of such particles. The general radiative
transfer equation for a nonemitting medium comprising sparsely and randomly
distributed, spherical or arbitrarily oriented nonspherical particles is as follows
(Tsang et al., 1985, Chapter 3):

dI(n)
ds

= −n0〈K(n)〉I(n) + n0

∫
4π
dn′〈Z(n,n′)〉I(n′), (86)

where the four-component column I is the specific intensity vector (radiance vec-
tor) of multiply scattered light propagating in the direction n, and the pathlength
element ds is measured along the unit vector n. The first term on the right-hand
side of this equation describes the change of the specific intensity vector caused by
extinction, whereas the second term describes the contribution of light illuminat-
ing a small volume element from all directions n′ and scattered in the direction n.
It is important to realize that although we use the same symbol I to denote the
Stokes vector of a transverse electromagnetic wave in Eq. (9) and the specific in-
tensity vector in Eq. (86), their dimensions are different. Whereas the elements of
the Stokes vector have the dimension of monochromatic energy flux, those of the
specific intensity vector have the dimension of monochromatic radiance: energy
per unit area per unit time per unit wavelength per unit solid angle (Hansen and
Travis, 1974). The radiative transfer equation must be supplemented by boundary
conditions appropriate for a particular physical problem. For example, in the case
of light scattering by planetary atmospheres, a standard model is a plane-parallel
system illuminated from above by solar radiation. General solutions of Eq. (86)
for plane-parallel scattering media are discussed by Mishchenko (1990).
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For macroscopically isotropic and symmetric scattering media, the radiative
transfer equation can be substantially simplified as follows:

dI(n)
dτ

= −I(n)+ �

4π

∫ +1

−1
d(cosϑ ′)

∫ 2π

0
dϕ Zn(ϑ

′, ϑ, ϕ′ − ϕ)I(ϑ ′, ϕ′), (87)

where dτ = n0Cext ds is the optical pathlength element, and

Zn(ϑ
′, ϑ, ϕ′ − ϕ) = 4π

Csca
〈Z(ϑ ′, ϑ, ϕ′ − ϕ)〉 (88)

is the normalized phase matrix [cf. Eq. (68)]. The dependence of the normalized
phase matrix on the difference ϕ′ − ϕ rather than on ϕ′ and ϕ enables efficient
analytical treatment of the azimuthal dependence of the multiply scattered light
using Fourier decomposition of the radiative transfer equation in azimuth. Numer-
ical methods for solving Eq. (87) for the plane-parallel geometry are reviewed, for
example, by Hansen and Travis (1974) and Lenoble (1985).

Equation (87) can be further simplified by neglecting polarization and replac-
ing the specific intensity vector I by its first element (i.e., radiance I ) and the
normalized phase matrix Zn by its (1, 1) element (i.e., the phase function). Al-
though ignoring the vector nature of light and replacing the rigorous vector ra-
diative transfer equation by its approximate scalar counterpart has no rigorous
physical justification, this simplification is widely used in atmospheric optics and
astrophysics when only the radiance of multiply scattered light needs to be com-
puted. Analytical and numerical solutions of this scalar radiative transfer equation
are discussed by Sobolev (1974), van de Hulst (1980), Lenoble (1985), Goody and
Yung (1989), and Yanovitskij (1997).

For media with thermal emission, the right-hand side of Eq. (86) contains an
additional term Ka(n)Ib(T ), where T is the temperature of the particles, Ib(T ) is
the Planck blackbody radiance, and Ka(n) is an absorption coefficient vector with
components

Ka1(n) = n0〈K11(n)〉 − n0

∫
4π
dn′〈Z11(n,n′)〉, (89)

Ka2(n) = n0〈K21(n)〉 − n0

∫
4π
dn′〈Z21(n,n′)〉, (90)

Ka3(n) = n0〈K31(n)〉 − n0

∫
4π
dn′〈Z31(n,n′)〉, (91)

Ka4(n) = n0〈K41(n)〉 − n0

∫
4π
dn′〈Z41(n,n′)〉 (92)

(Tsang, 1991). Numerical solutions of the vector radiative transfer equation for
media with thermal emission are discussed in Chapter 17.
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XIII. APPENDIX: GEOMETRICAL
INTERPRETATION OF STOKES PARAMETERS
AND THE ROTATION TRANSFORMATION LAW
FOR I , Q, U , AND V

The main purpose of this appendix is to show how the ellipsometric char-
acteristics of a monochromatic transverse electromagnetic wave can be derived
from the Stokes parameters defined by Eqs. (5)–(8). Our discussion closely fol-
lows Chandrasekhar (1950), van de Hulst (1957), and Hovenier and van der Mee
(1983).

Consider a monochromatic plane electromagnetic wave with electric field vec-
tor [cf. Eq. (1)]

E(R) =
[
Eϑ
Eϕ

]
=
[
Eϑ0
Eϕ0

]
exp(iknR − iωt) (A1)

propagating in the direction n = ϑ × ϕ. Introducing a real electric vector ξ =
Re(E) and writing Eϑ0 = aϑ0 exp(i�ϑ0) and Eϕ0 = aϕ0 exp(i�ϕ0) with real
positive aϑ0 and aϕ0, we have

ξϑ = aϑ0 cos(�ϑ0 + knR − ωt), (A2)

ξϕ = aϕ0 cos(�ϕ0 + knR − ωt). (A3)

We now consider a fixed point,O, in the beam and rewrite Eqs. (A2) and (A3) in
the form

ξϑ = aϑ0 sin(ωt −�1), (A4)

ξϕ = aϕ0 sin(ωt −�2), (A5)

with �1 = �ϑ0 + knR − π/2 and�2 = �ϕ0 + knR − π/2. Using Eqs. (5)–(8),
we find for the Stokes parameters

I = a2
ϑ0 + a2

ϕ0, (A6)

Q = a2
ϑ0 − a2

ϕ0, (A7)

U = −2aϑ0aϕ0 cos(�1 −�2), (A8)

V = 2aϑ0aϕ0 sin(�1 −�2). (A9)

At the location O in the beam, the endpoint of the real electric vector given by
Eqs. (A4) and (A5) describes an ellipse (Fig. 4). The major axis of this ellipse
makes an angle ζ with the positive ϕ axis so that 0 � ζ < π . This angle is
obtained by rotating ϕ in the anticlockwise direction when looking in the direction
of propagation, until ϕ is directed along the major ellipse axis. The ellipticity,
that is, the ratio of the minor to major axis of the ellipse, is given by |tanβ|,
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Figure 4 Ellipse described by the endpoint of the real electric vector at a point O in a beam propa-
gating in the direction ϑ × ϕ.

where −π/4 � β � π/4. The sign of β and thus of tanβ is positive when the
real electric vector at O rotates clockwise, as viewed by an observer looking in
the direction of propagation. This polarization is called right-handed, as opposed
to the left-handed polarization corresponding to the anticlockwise rotation of the
electric vector.

To derive the orientation of the ellipse and the ellipticity from the Stokes pa-
rameters, we first note that the equations representing the rotation of the real elec-
tric vector can also be written in the form

ξp = a0 cosβ sinωt, (A10)

ξq = a0 sin β cosωt. (A11)

Here, ξp and ξq are the electric vector components along the major and minor axis
of the ellipse, respectively (see Fig. 4), and a2

0 = a2
ϑ0 + a2

ϕ0 = I . The connection
between Eqs. (A4)–(A5) and (A10)–(A11) can be established by using the well-
known transformation rule for rotation of a coordinate system:

ξϑ = a0(sin β cosωt cos ζ + cosβ sinωt sin ζ ), (A12)

ξϕ = a0(− sin β cosωt sin ζ + cosβ sinωt cos ζ ). (A13)

It is now straightforward to show that the Stokes parameters can also be written
as

I = a2
0, (A14)

Q = −a2
0 cos 2β cos 2ζ, (A15)

U = −a2
0 cos 2β sin 2ζ, (A16)

V = −a2
0 sin 2β. (A17)
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These equations yield the orientation of the ellipse as follows. Equations (A15)
and (A16) give

tan 2ζ = U

Q
. (A18)

Because |β| � π/4, we have cos 2β � 0 so that cos 2ζ has the same sign as −Q.
Therefore, from the different values of ζ that satisfy Eq. (A18) but differ by π/2,
we must choose the value that makes the sign of cos 2ζ the same as that of −Q.
The ellipticity and handedness now follow from

tan 2β = − V

(Q2 + U2)1/2
. (A19)

Equations (A18) and (A19) also hold for quasi-monochromatic light. The sign
of V specifies the handedness of polarization: The polarization is left-handed for
positive V and right-handed for negative V . Note that the sign of the Stokes pa-
rameter V given by Eq. (A17) is opposite to that on page 42 of van de Hulst
(1957). This is a direct consequence of our use of the exp(−iωt) time factor con-
vention instead of the exp(jωt) convention adopted by van de Hulst.

For comparison with other authors (e.g., van de Hulst, 1957), we note that in
terms of the angle χ = ζ + 90◦ (see Fig. 4) we have

Q = a2
0 cos 2β cos 2χ, (A20)

U = a2
0 cos 2β sin 2χ, (A21)

yielding

tan 2χ = U

Q
, (A22)

where cos 2χ must have the same sign asQ.
Consider now a rotation of the coordinate axes ϑ and ϕ through an angle η � 0

in the anticlockwise direction when looking in the direction of propagation. We
thus make the transformation ζ → ζ − η. Equations (A14)–(A17) show that I
and V remain unaltered after such a transformation, whereasQ and U do change.
Using primes to denote the Stokes parameters in the new system, we derive from
Eqs. (A15) and (A16)

Q′ = −a2
0 cos 2β(cos 2ζ cos 2η + sin 2ζ sin 2η), (A23)

U ′ = −a2
0 cos 2β(sin 2ζ cos 2η − cos 2ζ sin 2η), (A24)

which can also be written as(
Q′
U ′

)
=
(

cos 2η sin 2η
− sin 2η cos 2η

)(
Q

U

)
. (A25)
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This equation is the rotation transformation law for the Stokes parameters and
agrees with Eq. (10).
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I. INTRODUCTION

The scattering characteristics introduced in the preceding chapter are inti-
mately related to the physical characteristics of particles such as size, shape, and
refractive index. Accurate quantitative knowledge of the scattering interaction is
required to understand natural optical phenomena as well as to develop remote
sensing and laboratory techniques that exploit the interaction in order to deter-
mine all or some of the particle characteristics.

The scattering properties of homogeneous or layered spheres can be easily
computed via the conventional Lorenz–Mie theory using one of the efficient and
well-documented computer algorithms (e.g., Wiscombe, 1980; Bohren and Huff-
man, 1983, Appendixes A and B). The convenient availability of the Lorenz–Mie
solution has resulted in the widespread practice of treating nonspherical parti-
cles as if they were spheres to which Lorenz–Mie results are applicable. The
assumption of sphericity, however, is rarely made after first studying the effect
of nonsphericity and then discounting it. Furthermore, there is the overwhelming
evidence that scattering properties of nonspherical particles can differ quantita-
tively and even qualitatively from those of volume- or surface-equivalent spheres.
For example, spherically symmetric particles are incapable of producing such
remarkable optical phenomena as halos, arcs, and pillars and zenith-enhanced
lidar backscatter observed for ice crystals (Greenler, 1990; Platt, 1977); interstel-
lar polarization caused by dust grains oriented by cosmic magnetic fields (Mar-
tin, 1978); and single-scattering lidar and radar depolarization observed for cirrus
clouds and precipitation (Chapters 14 and 16). Hence, the last two decades have
demonstrated a major effort aimed at a much better understanding of the effect of
nonsphericity on light scattering.

The scattering properties of nonspherical particles can be either computed the-
oretically or measured experimentally, and both approaches have their strengths
and weaknesses. Theoretical modeling does not involve expensive instrumenta-
tion, can be used to compute any scattering characteristic, and often allows switch-
ing to another shape, size, refractive index, or orientation by changing a few lines
in a code. However, accurate computations for realistic polydispersions of irreg-
ular particles can be very costly, if at all possible, and often have to be replaced
by computations for simplified model shapes. Experimental measurements using
visible or infrared light can deal with real particles, either natural or artificial.
However, these experiments use complex and expensive hardware, are often in-
capable of simultaneously and accurately measuring all scattering characteristics,
and traditionally suffer from the inability to characterize the sample precisely. The
microwave analog technique allows a much greater degree of sample character-
ization and enables true controlled laboratory measurements, but involves even
costlier equipment and cannot be readily applied to realistic particle polydisper-
sions. It is thus clear that only a combination of various theoretical and experi-
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mental approaches can lead to a much improved knowledge of electromagnetic
scattering by nonspherical particles.

This chapter presents a brief outline of the subject of electromagnetic scatter-
ing by nonspherical particles and, along with Chapter 1, is intended to serve as a
general introduction to the entire book. It also provides essential references to a
few subject areas not covered in detail by specific book chapters. We review and
compare numerical and experimental techniques, summarize the current knowl-
edge of typical manifestations of nonsphericity in light scattering, and briefly dis-
cuss practical applications. We also mention important problems that are yet to be
solved.

In what follows, particle characteristics will often be specified by (i) the size
parameter x = 2πa/λ, where a is a characteristic particle size (e.g., semi-major
dimension or radius of surface- or volume-equivalent sphere) and λ is the wave-
length of light in the surrounding medium; (ii) the aspect ratio, which is the ra-
tio of the maximum to the minimum particle dimensions; and (iii) the index of
refraction m relative to the surrounding medium. The efficiency of a numerical
technique will often be characterized by its computational complexity, that is, the
dependence of the number of computer operations on the particle size parameter.
It should be remembered, however, that although the computational complexity
of two different techniques can be proportional to the same power of size param-
eter, the respective proportionality factors can be vastly different, thereby mak-
ing one technique much slower than the other. Because our main interest is in
three-dimensional scattering by finite particles, we will not discuss specifically
measurements and computations for such peculiar two-dimensional scatterers as
infinite cylinders. For the reader’s convenience, all abbreviations used throughout
this chapter are summarized in Section VI.

II. EXACT THEORIES AND
NUMERICAL TECHNIQUES

All exact theories and numerical techniques for computing the scattered elec-
tromagnetic field are based on solving Maxwell’s equations either analytically
or numerically. The search for an exact analytical solution has been traditionally
reduced to solving the vector Helmholtz equation for the time-harmonic elec-
tric field using the separation of variables technique in one of the few coordinate
systems in which this equation is separable. The incident electric field and the
field inside the scatterer are expanded in eigenfunctions that are regular inside the
scatterer, whereas the scattered field outside the scatterer is expanded in eigen-
functions that reduce to outgoing waves at infinity. These series are double se-
ries in general; degeneration to single series occurs only for spheres and infinite
cylinders. Subject to the requirement of continuity of the tangential electric field
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component at the particle boundary, the unknown expansion coefficients of the in-
ternal and scattered fields are determined from the known expansion coefficients
of the incident field.

Unfortunately, the separation of variables technique results in an analytical so-
lution only for the few simplest cases. Lorenz in 1890 and, independently, Love
(1899), Mie (1908), and Debye (1909) derived the solution for an isotropic ho-
mogeneous sphere [see the historical remarks in Section 3.4 of Kerker (1969)].
This solution has been extended to concentric core–mantle spheres (Aden and
Kerker, 1951), concentric multilayered spheres (Wait, 1963; Mikulski and Mur-
phy, 1963; Bhandari, 1985), radially inhomogeneous spheres (Wyatt, 1962), and
optically active (chiral) spheres (Bohren, 1974). Wait (1955) gave a full solu-
tion for electromagnetic scattering by a homogeneous, isotropic, infinite circu-
lar cylinder. This solution was extended to optically active cylinders by Bohren
(1978), while Kim and Yeh (1991) solved the general problem of scattering
by an infinite, isotropic elliptical cylinder. Finally, Oguchi (1973) and Asano
and Yamamoto (1975) derived a general solution for homogeneous, isotropic
spheroids.

It is unlikely that this list of exact analytical solutions will be significantly
extended in the future. Indeed, the solution for the simplest finite nonspherical
particles, spheroids, is already so complex that it behaves like a numerical solu-
tion and offers little practical advantage. Some exact numerical solutions, in turn,
often behave like an analytical solution by means of expanding the incident and
scattered fields in a set of orthogonal eigenfunctions with well-known and conve-
nient properties. As a result, the formerly rigid distinction between analytical and
numerical solutions for nonspherical particles has become semantic rather than
practical.

Although the numerical techniques for computing electromagnetic scattering
by nonspherical particles may seem to be innumerable, some of them have been
rederived under different names several times, and most of them fall into two
broad categories. Differential equation methods compute the scattered field by
solving the vector wave equation in the frequency or in the time domain, whereas
integral equation methods are based on the volume or surface integral counterparts
of Maxwell’s equations. Exceptions are hybrid techniques or methods that can be
derived using different approaches.

In the rest of this section we will describe several methods that have found
extensive practical applications and will compare their relative performance and
ranges of applicability. Most numerical techniques compute the scattered elec-
tric field for a single particle in a fixed orientation, whereas practical appli-
cations often require knowledge of ensemble-averaged quantities such as the
optical cross sections and scattering matrix elements. Therefore, we will specif-
ically indicate how ensemble averaging affects the performance of a technique.
Because traditional versions of many techniques are applicable only to homo-
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geneous, isotropic, optically inactive particles, we will explicitly mention pos-
sible extensions to anisotropic, inhomogeneous, and/or chiral scatterers. More
detailed information about the available numerical techniques can be found ei-
ther in dedicated chapters in this book or in the literature cited. In most cases
we cite a recent review paper or a monograph where further references are pro-
vided.

A. SEPARATION OF VARIABLES METHOD FOR SPHEROIDS

The separation of variables method (SVM) for single homogeneous, isotropic
spheroids was pioneered by Oguchi (1973) and Asano and Yamamoto (1975) and
then significantly improved by Voshchinnikov and Farafonov (1993). The method
solves the electromagnetic scattering problem for a prolate or an oblate spheroid
in the respective spheroidal coordinate system and is based on expanding the in-
cident, internal, and scattered fields in vector spheroidal wave functions. The ex-
pansion coefficients of the incident field are computed analytically, whereas the
unknown expansion coefficients of the internal and scattered fields are determined
through the requirement of the boundary condition. Because the vector spheroidal
wave functions are not orthogonal on the spheroidal surface, this procedure re-
sults in an infinite set of linear algebraic equations for the unknown expansion
coefficients which has to be truncated and solved numerically. For spheroids sig-
nificantly larger than a wavelength and/or for large refractive indices, the system
of linear equations becomes large and ill conditioned. Furthermore, the computa-
tion of vector spheroidal wave functions is a difficult mathematical and numerical
problem, especially for absorbing particles. These factors have limited the ap-
plicability of SVM to semi-major-axis size parameters less than about 40. The
obvious limitation of the method is that it is applicable only to spheroidal par-
ticles. The main advantage of SVM is that it can produce very accurate results.
Furthermore, the improved version of SVM (Voshchinnikov and Farafonov, 1993)
is applicable to spheroids with large aspect ratios. The computational complexity
of SVM is O(x3)–O(x4).

SVM was extended to core–mantle spheroids by Onaka (1980), Cooray and
Ciric (1992), and Farafonov et al. (1996) and to optically active spheroids by
Cooray and Ciric (1993). Schulz et al. (1998a) developed an analytical tech-
nique for computing electromagnetic scattering by an ensemble of randomly ori-
ented spheroids. Extensive SVM computations for spheroids were reported by
Asano (1979, 1983), Rogers and Martin (1979), Asano and Sato (1980), Schae-
fer (1980), de Haan (1987), Stammes (1989), Kurtz and Salib (1993), Kim and
Martin (1995), Voshchinnikov (1996), Somsikov (1996), Li et al. (1998), and
Schulz et al. (1998b). Available SVM computer codes are listed by Flatau (1998).
Detailed information about SVM can be found in Chapter 4.
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B. FINITE ELEMENT METHOD

The finite element method (FEM) is a differential equation method that com-
putes the scattered time-harmonic electric field by solving numerically the vector
Helmholtz equation subject to boundary conditions at the particle surface (Mor-
gan and Mei, 1979; Silvester and Ferrari, 1996). The scatterer is embedded in
a finite computational domain that is discretized into many small-volume cells
called elements with about 10 to 20 elements per wavelength. The unknown field
values are specified at the nodes of these elements. Through the requirement of the
boundary conditions, the differential equation is converted into a matrix equation
for the unknown node field values that can be solved using, for example, Gaussian
elimination (GE) or one of the preconditioned iterative methods, for example, the
conjugate gradient method (CGM). Because of the local nature of the differential
equation, electric fields at the nodes interact only with their neighbors, and the
resultant matrix equation is sparse and banded, thereby significantly reducing the
computational effort. The computational complexity of FEM with sparse GE is
O(x7) and that of FEM with CGM is only O(x4). However, the disadvantage of
FEM with CGM is that computations must be repeated for each new direction
of incidence. It is thus clear that symmetries of the scattering problem should be
used as much as possible to reduce the number of these directions.

Although electromagnetic scattering in the far-field zone is an open-space
problem, FEM is always implemented in a finite computational domain in order
to limit the number of unknowns to a manageable size that can be accommodated
by the computer memory and central processing unit (CPU). Therefore, approx-
imate absorbing boundary conditions have to be imposed at the outer boundary
of the computational domain in order to suppress wave reflections back into the
domain and permit all outward-propagating numerical wave analogs to exit the
domain almost as if the domain were infinite (Mittra and Ramahi, 1990). An al-
ternative approach (e.g., Volakis et al., 1998; Sheng et al., 1998) is to couple
FEM with a surface integral equation in order to accurately satisfy the radia-
tion condition at infinity (i.e., to ensure the 1/R decay of the transverse com-
ponent and a faster than 1/R decay of the radial component of the scattered
electric field with R → ∞, where R is the distance from the particle). A draw-
back of the latter approach is that it can destroy the sparsity of the finite element
matrix.

Another way of enforcing the radiation condition is the so-called unimoment
method (Mei, 1974; Morgan and Mei, 1979; Morgan, 1980). This modification
of FEM uses a spherical computational domain and an expansion of the scattered
field outside the computational domain in outgoing spherical wave functions with
unknown coefficients. The total external field is the sum of this expansion and
the known spherical harmonic expansion of the incident field. The unknown ex-
pansion coefficients are found by applying FEM inside the computational domain
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and matching the nodal field solution and the spherical wave function expansions
at the computational domain boundary. The scattered field in the far-field zone is
calculated by evaluating the spherical wave function expansion and automatically
satisfies the radiation condition. Because the unimoment method always uses a
spherical computational domain, it can be inefficient for objects with high aspect
ratios.

Some important advantages of FEM are that it permits the modeling of arbitrar-
ily shaped and inhomogeneous particles, is simple in concept and execution, and
avoids the singular-kernel problem typical of the integral equation methods (see
Section II.E). However, FEM computations are spread over the entire computa-
tional domain rather than confined to the scatterer itself, as with integral equation
methods. This tends to make FEM computations rather time consuming and lim-
ited to size parameters less than about 10. The finite spatial discretization and the
approximate absorbing boundary condition make FEM poorly suitable for achiev-
ing high and controllable numerical accuracy. Further information about FEM
and the closely related finite difference method (FDM) can be found in Morgan
(1990), Silvester and Ferrari (1996), and Volakis et al. (1998). Several FEM com-
puter codes are listed by Wriedt (1998).

C. FINITE DIFFERENCE TIME DOMAIN METHOD

Unlike FEM, the finite difference time domain method (FDTDM) calculates
electromagnetic scattering in the time domain by directly solving Maxwell’s time-
dependent curl equations (Yee, 1966; Kunz and Luebbers, 1993; Taflove, 1995,
1998). The space and time derivatives of the electric and magnetic fields are ap-
proximated using a finite difference scheme with space and time discretizations
selected so that they bound computational errors and ensure numerical stabil-
ity of the algorithm. Hence, time is approximated by discrete time steps, and
a marching-in-time procedure is used to track the evolution of the fields from
their initial values at some initial time. As in FEM, the scattering particle is em-
bedded in a finite computational domain, and absorbing boundary conditions are
employed to model scattering in the open space (e.g., Berenger, 1996; Grote and
Keller, 1998; Yang and Liou, 1998b). The fields are specified at spatial grid points
with discretization density similar to that needed for FEM. The grid values at the
previous and current time steps are used to calculate the values at the next time
step, thereby making the system of equations to update the fields fully explicit.
Hence, there is no need to solve a large system of linear equations, and the mem-
ory storage requirement is proportional to the total number of grid points. The
operation count grows approximately as the fourth power of the particle size pa-
rameter. Because FDTDM computes the near field in the time domain, a special
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near zone to far zone transformation must be invoked in order to compute the
scattered far field in the frequency domain.

FDTDM has become rather popular recently because of its conceptual sim-
plicity and ease of implementation. It shares the advantages of FEM with CGM
as well as its limitations in terms of accuracy, computational complexity, size
parameter range, and the need to repeat all computations with changing direc-
tion of illumination. Applications of FDTDM to far-field scattering computations
are described by Tang and Aydin (1995), Yang and Liou (1996a), Aydin and
Tang (1997a, b), and Yang et al. (1997). Additional information about FDTDM
is given in Chapter 7. Available FDTDM computer codes are listed by Wriedt
(1998).

D. POINT MATCHING METHOD

In this differential equation technique, the incident and internal fields are ex-
panded in vector spherical wave functions (VSWFs) regular at the origin, and the
scattered field outside the scatterer is expanded in outgoing VSWFs. The expan-
sion coefficients of the incident field are known, whereas the expansion coeffi-
cients of the internal and scattered fields are found by truncating the expansions
to a finite size and matching the fields at the surface of the scatterer via the ap-
plication of boundary conditions. In the simple point matching method (PMM),
the fields are matched at as many points on the surface as there exist unknown ex-
pansion coefficients (Oguchi, 1973). However, the validity of the simple PMM is
questionable and depends on the applicability of the Rayleigh hypothesis, that is,
the assumption that the scattered field can be accurately expanded in the outgoing
spherical waves in the region enclosed between the particle surface and the small-
est circumscribing sphere (e.g., Millar, 1973; Lewin, 1970; Bates, 1975). This
problem appears to be ameliorated in the generalized PMM (GPMM) by forming
an overdetermined system of equations for the unknown expansion coefficients.
This is done by matching the fields in the least-squares sense at a significantly
greater number of surface points than the number of unknowns (Morrison and
Cross, 1974; Oguchi and Hosoya, 1974; Al-Rizzo and Tranquilla, 1995a). A fur-
ther improvement of the GPMM has been achieved by utilizing multiple spherical
expansions to describe the fields both inside and outside the scattering object (Joo
and Iskander, 1990; Al-Rizzo and Tranquilla, 1995b). This multiple-expansion
GPMM (ME-GPMM) is otherwise known as the generalized multipole technique
(Hafner, 1990). It is claimed that ME-GPMM for rotationally symmetric scatter-
ers is numerically stable, sufficiently accurate, and applicable to very large size
parameters (Al-Rizzo and Tranquilla, 1995b). Piller and Martin (1998a) extended
ME-GPMM to anisotropic scatterers.
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E. INTEGRAL EQUATION METHODS

The scattering of a plane electromagnetic wave by an object of volume V can
be described by an integral equation (Shifrin, 1951; Van Bladel, 1961),

E(r) = Einc(r)+k2
∫
V

d3r′
[

1+ 1

k2 ∇∇
]

exp(ik|r − r′|)
4π |r − r′|

[
m2(r′)−1

]
E(r′), (1)

where E(r) is the total electric field, Einc(r) is the incident field, k is the free-
space wavenumber, m(r) is the refractive index, and 1 is the identity dyad. The
factor [m2(r′) − 1]E(r′) is the interior polarization current, which can be inter-
preted as the source of the scattered field. The calculation of the scattered field
via Eq. (1) would be straightforward except that the internal electric field is un-
known. Therefore, Eq. (1) must first be solved for the internal field. Physically,
this is equivalent to representing the internal field at each point of the volume V
as a sum of the incident field and the field induced by sources at all interior points,
including the self point. The integral in Eq. (1) is calculated by discretizing the
interior region into N small cubic cells with about 10 to 20 cells per wavelength
and assuming that the field within each cell is constant. This procedure is repeated
for each of the N unknown internal field values and results in a matrix equation
that must be solved numerically. Because the source elements interact with each
other all throughout the scatterer, the resultant matrix is full. Once the internal
field is obtained, the external field is found from Eq. (1). Finally, the scattered
field is computed by subtracting the incident field from the external field. This
version of the volume integral equation method (VIEM) is known as the method
of moments (MOM) (Harrington, 1968).

Several modifications of MOM have been developed under different names: the
discrete dipole approximation (DDA), also known as the coupled dipole method
(Purcell and Pennypacker, 1973; Draine, 1988); the digitized Green’s function
algorithm (Goedecke and O’Brien, 1988); the volume integral equation formula-
tion (Iskander et al., 1989a; Hage et al., 1991; Lumme and Rahola, 1998); and the
variational volume integral equation method (Peltoniemi, 1996). The main differ-
ence between these techniques is the way in which they treat the self-interaction
term.

The straightforward approach to solving the MOM matrix equation using GE
entails a computational complexity of O(N3) ∝ O(x9) and is not practical for
size parameters exceeding unity. The conjugate gradient method together with
the fast Fourier transform (CGM-FFT) (Peterson et al., 1998, Chapter 4) has the
computational complexity O(N1+α logN) ∝ O(x3+3α log x), where Nα with
0 < α < 1 is the total number of iterations required to achieve a certain accuracy,
and can be applied to significantly larger size parameters. Furthermore, CGM-
FFT and related techniques can significantly reduce computer memory require-
ments. The standard drawback of using CGM and other preconditioned iterative
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methods is that the computations must be fully repeated for each new illumination
direction.

The major advantages of VIEMs are that they automatically satisfy the radia-
tion condition at infinity; are confined to the scatterer itself, thereby resulting in
fewer unknowns than the differential equation methods; and can be applied to in-
homogeneous, anisotropic, and optically active scatterers (e.g., Su, 1989). Their
main drawbacks are a low computational accuracy and slow improvement with in-
creasing N and the fast CPU time growth with increasing size parameter. Further
information on MOM can be found in Miller et al. (1992) and Wang (1991).

Electromagnetic scattering by homogeneous or layered dielectric bodies can
be computed using the surface integral counterpart of Eq. (1) (Poggio and Miller,
1973; Umashankar et al., 1986; Medgyesi-Mitschang et al., 1994). Although sur-
face integral equation methods (SIEMs) cannot be applied to highly inhomoge-
neous scatterers, their important advantages are that the dimensionality of the
problem is reduced by one and the number of unknowns N is proportional to x2

rather than to x3, as in VIEMs, thereby resulting in a computational complexity
of O(x6) for SIEMs with GE and O(x4+2α) for SIEMs with CGM.

F. DISCRETE DIPOLE APPROXIMATION

The original derivation of DDA (otherwise known as the coupled dipole
method) by Purcell and Pennypacker (1973) is based on partitioning a particle
into a number N of elementary polarizable units called dipoles. The electromag-
netic response of the dipoles to the local electric field is assumed to be known.
The field exciting a dipole is a superposition of the external field and the fields
scattered by all other dipoles. This allows one to write a system of N linear equa-
tions for N fields exciting the N dipoles. The numerical solution of this system
is used to compute N partial fields scattered by the dipoles and, thus, the total
scattered field.

Since the original paper by Purcell and Pennypacker, DDA has been improved
by modifying the treatment of dipole polarizability (Draine, 1988; Dungey and
Bohren, 1991; Draine and Goodman, 1993; Lumme and Rahola, 1994), including
magnetic in addition to electric dipole terms (Mulholland et al., 1994), apply-
ing CGM-FFT to solve the DDA matrix equation with an O(x3+3α log x) com-
putational complexity (Goodman et al., 1991), and employing concepts of the
sampling theory (Piller and Martin, 1998b). Varadan et al. (1989) and Lakhtakia
(1992) extended DDA to anisotropic and bianisotropic materials, respectively.
Lakhtakia and Mulholland (1993) gave a general derivation of DDA from the vol-
ume integral equation formulation and discussed its close relation to MOM. Ku
(1993) compared the numerical performance of MOM (Iskander et al., 1989a)
and DDA (Dungey and Bohren, 1991). McClain and Ghoul (1986) and Sing-
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ham et al. (1986) developed analytical DDA procedures for computing scattering
by randomly oriented particles based on reexpanding the Cartesian tensor prod-
ucts in terms of spherical tensor products and exploiting the analytical properties
of Wigner D functions. Unfortunately, this approach assumes time-consuming
matrix inversions [O(x9) computational complexity] and is applicable only to
particles smaller than a wavelength. Chiappetta (1980a) and Singham and Bohren
(1987, 1988) developed a scattering-order formulation of DDA.

The most important advantage of DDA is its applicability to arbitrarily shaped,
inhomogeneous, and anisotropic particles. The disadvantages of the technique are
limited numerical accuracy, especially for scattering matrix elements; slow con-
vergence of results with increasingN ; and the need to repeat the entire calculation
for each new direction of incidence (for DDA with CGM-FFT) (Singham, 1989;
Draine and Flatau, 1994; Okamoto et al., 1995; Liu and Illingworth, 1997). These
factors have made DDA computations time consuming, especially for particle
size and/or orientation distributions, and have limited the particle size parameter
to relatively small values. The attractiveness and simplicity of the physical idea
of DDA and the public availability of a well-documented DDA code by Draine
and Flatau (1997) have led to widespread applications of this technique during
the last decade. A detailed review of DDA and its applications is given in Chap-
ter 5.

G. FREDHOLM INTEGRAL EQUATION METHOD

Equation (1) is a Fredholm-type integral equation with a singular kernel at
r′ = r. Holt et al. (1978) have removed the singularity by applying the Fourier
transform to the internal field and converting the volume integral to one in the
wave number coordinate space. Discretization of the latter integral results in a
matrix equation that must be solved numerically and gives the scattered field. The
scattered field obtained with the Fredholm integral equation method (FIEM) satis-
fies a variational principle and is claimed to be numerically stable and convergent
to the exact result even for particles with large aspect ratios, although the actual
size parameter in reported computations for highly aspherical scatterers has been
small. The numerical implementation of the technique becomes much simpler for
homogeneous, rotationally symmetric bodies.

The major limitation of FIEM is that the matrix elements must be evaluated an-
alytically, thereby leading to different programs for each scatterer and restricting
computations to only a few model shapes such as spheroids, triaxial ellipsoids,
and finite circular cylinders (Evans and Holt, 1977; Holt et al., 1978; Holt and
Shepherd, 1979; Shepherd and Holt, 1983; Matsumura and Seki, 1991, 1996; Sta-
matakos et al., 1997). Most published FIEM calculations pertain to size param-
eters smaller than 5 and tend to be rather time consuming (Holt, 1982). Larger
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particles (equal-volume-sphere size parameters up to 36.7) were considered by
Stamatakos et al. (1997). However, the refractive index was limited to 1.04,
and a comparison of FIEM results for a sphere with exact Mie computations
showed poor agreement. An important advantage of FIEM is that a significant
part of the calculation, the integrals, depends only on the size parameter and the
shape. Hence, changing the refractive index and/or the direction and polarization
state of the incident light does not require a complete new calculation. A simi-
lar saving of CPU time is achieved in performing convergence checks. Recently,
Papadakis et al. (1990) extended FIEM to anisotropic dielectric ellipsoids,
whereas Stamatakos and Uzunoglu (1997) applied FIEM to scattering by a lin-
ear chain of triaxial dielectric ellipsoids.

H. T -MATRIX APPROACH

The T -matrix method (TMM) is based on expanding the incident field in
VSWFs regular at the origin and expanding the scattered field outside a circum-
scribing sphere of the scatterer in VSWFs regular at infinity. The T matrix trans-
forms the expansion coefficients of the incident field into those of the scattered
field and, if known, can be used to compute any scattering characteristic of a
nonspherical particle. TMM was first introduced by Waterman (1971) for single
homogeneous scatterers and was then generalized to multilayered scatterers and
arbitrary clusters of nonspherical particles by Peterson and Ström (1973, 1974)
and to nonspherical chiral scatterers by Lakhtakia et al. (1985b). For spheres, all
TMM formulas reduce to those of the standard Mie theory. Furthermore, in the
case of clusters composed of spherical components, the T -matrix method is equiv-
alent to the multisphere superposition method (Borghese et al., 1984; Mackowski,
1994; Mishchenko et al., 1996b).

The T matrix for single homogeneous and multilayered scatterers is usually
computed using the Huygens principle or, equivalently, the extended boundary
condition method (Waterman, 1971; Peterson and Ström, 1974; Barber and Yeh,
1975). A more recent and simpler derivation of TMM equations by Waterman
(1979) clearly avoids the use of the Rayleigh hypothesis and shows that scat-
tering objects need not be convex and close to spherical in order to ensure the
applicability of TMM. This result appears to be very important because recent
computations by Videen et al. (1996), Ngo et al. (1997) and Doicu et al. (1999)
seem to indicate that the Rayleigh hypothesis may be wrong. In general, TMM
can be applied to any particle shape, although TMM computations are much sim-
pler and more efficient for bodies of revolution. Accordingly, almost all existing
computer codes assume rotationally symmetric shapes both smooth, for exam-
ple, spheroids and so-called Chebyshev particles, and sharp edged, for example,
finite circular cylinders (Wiscombe and Mugnai, 1986; Barber and Hill, 1990;
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Kuik et al., 1994; Mishchenko and Travis, 1998). Special procedures have been
developed to improve the numerical stability of TMM computations for large size
parameters and/or extreme aspect ratios (Lakhtakia et al., 1983; Mishchenko and
Travis, 1994a; Wielaard et al., 1997). Recent work has demonstrated the practical
applicability of TMM to particles without axial symmetry, for example, general
ellipsoids, cubes, and clusters of spheres (Schneider and Peden, 1988; Mackowski
and Mishchenko, 1996; Wriedt and Doicu, 1998; Laitinen and Lumme, 1998), al-
though the computational complexity of these calculations is significantly greater
than that for rotationally symmetric scatterers.

The computation of the T matrix for a cluster assumes that the T matrices
of all components are known and is based on the use of the translation addition
theorem for VSWFs (Peterson and Ström, 1973). The computation becomes much
simpler for clusters composed of spherical particles and, especially, for linear
sphere configurations.

The loss of efficiency for particles with large aspect ratios or with shapes lack-
ing axial symmetry is the main drawback of TMM. The main advantages of TMM
are that it is highly accurate, fast [computational complexity O(x3)–O(x4) for
rotationally symmetric scatterers], and applicable to particles with equivalent-
sphere size parameters exceeding 100 (Mishchenko and Travis, 1998). The el-
ements of the T matrix are independent of the incident and scattered fields and
depend only on the shape, size parameter, and refractive index of the scattering
particle and on its orientation with respect to the reference frame, so that the
T matrix need be computed only once and then can be used in computations for
any directions of light incidence and scattering. Mishchenko (1991a) developed
an analytical orientation-averaging T -matrix procedure that makes computations
for randomly oriented, rotationally symmetric particles as fast as those for a parti-
cle in a fixed orientation. Recently, this procedure has been extended to arbitrary
clusters of spheres (Mackowski and Mishchenko, 1996). A similar analytical pro-
cedure was developed for computing the extinction matrix for nonspherical par-
ticles axially oriented by magnetic, electric, or aerodynamic forces (Mishchenko,
1991b). Further information about TMM can be found in Chapter 6.

I. SUPERPOSITION METHOD FOR COMPOUNDED
SPHERES AND SPHEROIDS

The separation of variables solution for a single sphere can be extended to
clusters of spheres by using the translation addition theorem for VSWFs (Brun-
ing and Lo, 1971; Borghese et al., 1979; Hamid et al., 1990; Fuller, 1991, 1994a;
Mackowski, 1991). The total scattered field from a multisphere cluster can be rep-
resented as a superposition of individual fields scattered from each sphere. These
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individual fields are interdependent because of electromagnetic interactions be-
tween the spheres. The external electric field illuminating the cluster and the indi-
vidual fields scattered by the component spheres are expanded in VSWFs with ori-
gins at the individual sphere centers. To exploit the orthogonality of the VSWFs in
the sphere boundary conditions, the translation addition theorem is used in which
a VSWF centered at one sphere origin is reexpanded about a second origin. This
procedure ultimately leads to a matrix equation for the scattered-field expansion
coefficients of each sphere. The numerical solution of this equation for the specific
direction and polarization state of the incident field gives the individual scattered
fields and thus the total scattered field.

Alternatively, inversion of the cluster matrix equation gives sphere-centered
transition matrices that transform the expansion coefficients of the incident field
into the expansion coefficients of the individual scattered fields. The advantage of
this approach is that the individual-sphere transition matrices are independent of
the direction and polarization state of the incident field. In the far-field region, the
individual scattered-field expansions can be transformed into a single expansion
centered at a single origin inside the cluster. This procedure gives a matrix that
transforms the incident-field expansion coefficients into the single-origin expan-
sion coefficients of the total scattered field. This matrix is completely equivalent
to the cluster T matrix (Borghese et al., 1984; Mackowski, 1994) and can be used
in analytical averaging of scattering characteristics over cluster orientations (Fu-
cile et al., 1993, 1995; Mackowski and Mishchenko, 1996). In this regard, the su-
perposition method (SM) for spheres can be considered a particular case of TMM
in which the latter is applied to an aggregate of spherical scatterers (Peterson and
Ström, 1973; Mishchenko et al., 1996b).

SM has been extended to clusters of concentrically layered spheres (Hamid
et al., 1992), spheres with one or more spherical inclusions (Fikioris and
Uzunoglu, 1979; Borghese et al., 1992, 1994; Fuller, 1995b; Mackowski and
Jones, 1995), and to pairs of osculating spheres (Videen et al., 1996). Also,
Cooray and Ciric (1991a) have developed SM for systems of two dielectric
spheroids by combining the SVM solution for individual spheroids with the use
of rotational–translational addition theorems for vector spheroidal wave functions
(Cooray and Ciric, 1989a).

The computational complexity of multisphere SM calculations strongly de-
pends on the number of components and their size parameter and configuration.
In practice, obtaining converged results for a larger number of components often
necessitates a smaller component size parameter, and vice versa. SM computa-
tions become especially efficient for linear configurations of spheres. Because of
the analyticity of the SM mathematical formulation, the method is capable of pro-
ducing very accurate results. Chapter 8 provides a review of SM for compounded
spheres, while Chapter 4 reviews SM for systems of spheroids.
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J. OTHER EXACT TECHNIQUES

Kattawar et al. (1987) found the solution of Eq. (1) by solving first a sim-
pler equation for a resolvent kernel matrix. An advantage of this approach is
that the resolvent kernel matrix is computed only once for the entire range of
refractive indices. Rother and Schmidt (1996) and Rother (1998) developed a dif-
ferential equation method, called the discretized Mie formalism, that solves the
vector Helmholtz equation for homogeneous scatterers using a method of lines.
The main advantage of this technique is an analytic incorporation of the radia-
tion condition at infinity. Another version of the differential equation method was
developed by Tosun (1994). Eremin and Orlov (1998) suggested the so-called
discrete sources method, which is based on principles similar to those of the
multiple-expansion GPMM and closely resembles the so-called Yasuura method
(Kawano et al., 1996). Vechinski et al. (1994) developed a time domain SIEM to
compute transient scattering from arbitrarily shaped homogeneous dielectric bod-
ies. The advantage of their approach over FDTDM is that the radiation condition
at infinity is automatically satisfied and the memory requirement is considerably
reduced (see also Pocock et al., 1998).

Further information on numerical scattering techniques can be found in the
special journal issues edited by Shafai (1991), Barber et al. (1994), Hovenier
(1996), Lumme (1998) and Mishchenko et al. (1999).

K. COMPARISON OF METHODS, BENCHMARK RESULTS,
AND COMPUTER CODES

The very existence and use of many numerical techniques for computing elec-
tromagnetic scattering by nonspherical particles indicate that there is no single
technique that provides the best results in all cases. Depending on the application
at hand, each technique may prove to be more appropriate in terms of efficiency,
accuracy, and applicability to the particle physical parameters. Furthermore, it is
very difficult to develop and apply simple and objective criteria in order to exam-
ine the relative performance of different numerical techniques in a wide range of
applications. In principle, one should use the same computer and treat the same
scattering problems using codes written by authors with comparable levels of pro-
gramming skills. Even in this idealistic case, however, the specific characteristics
of the computer used can favorably enhance the performance of one technique
and degrade the efficiency of another. For example, one technique may especially
benefit from the use of a parallel computer, whereas the performance of another
technique may strongly depend on the availability and efficient organization of
double or extended precision computations. Furthermore, direct comparisons of
different techniques can face almost insuperable organizational problems (e.g.,
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Hovenier et al., 1996) and have always been limited to a few techniques and a
few scattering problems (Cooper et al., 1996; Wriedt and Comberg, 1998). It may
thus appear in many cases that the only practical way of deciding which technique
is most suitable for a specific problem has been an indirect comparison of tech-
niques based on semiquantitative evidence scattered over many publications (e.g.,
Oguchi, 1981; Holt, 1982). The availability of a well-documented public-domain
computer code is also an important factor to take into account.

Other than Mie theory, the only methods capable of providing very accurate re-
sults (five and more correct decimals) for particles comparable to and larger than
a wavelength are SVM, TMM, and SM. Each of these techniques incorporates an
internal convergence test, which is a good measure of the absolute convergence
(Kuik et al., 1992; Hovenier et al., 1996). Benchmark results for spheroids, fi-
nite circular cylinders, Chebyshev particles, and two-sphere clusters in fixed and
random orientations were reported by Mishchenko (1991a), Kuik et al. (1992),
Mishchenko et al. (1996a), Mishchenko and Mackowski (1996), Hovenier et al.
(1996), and Wielaard et al. (1997). These results cover a wide range of equivalent-
sphere size parameters from a few units to 60 (Wielaard et al., 1997) and are given
with up to nine correct decimals. Because the accuracy of these numbers is guar-
anteed up to a few units in the last digits, they are an important tool for testing
the accuracy of other theoretical approaches. Other valuable means of checking
the physical correctness of the theoretical computations include the reciprocity
relation (Chapter 1) and analytical properties of the phase matrix elements (Chap-
ter 3).

SVM, TMM, SM, and GPMM are the only methods that have been exten-
sively used in computations for particles significantly larger than a wavelength.
SVM, TMM, and SM also seem to be the most efficient techniques for comput-
ing electromagnetic scattering by homogeneous and composite particles of rev-
olution. The availability of the analytical orientation-averaging procedure makes
TMM an efficient technique for randomly oriented rotationally symmetric parti-
cles with moderate aspect ratios. Scattering by particles with larger aspect ratios
can be computed with an improved version of SVM (Voshchinnikov and Fara-
fonov, 1993), a modification of TMM called the iterative extended boundary con-
dition method (Lakhtakia et al., 1983), and the multiple-expansion GPMM. SIEM
(Zuffada and Crisp, 1997) and FIEM can also be applied to homogeneous, rota-
tionally symmetric particles with large aspect ratios, although they seem to be
significantly slower and less accurate than the other techniques.

Computations for particles that cannot be treated with SVM, GPMM, and the
commonly used version of TMM (e.g., anisotropic scatterers and homogeneous
and inhomogeneous particles lacking rotational symmetry) must rely on more
flexible techniques such as FEM, FDM, FDTDM, and different versions of VIEM,
including DDA. All these techniques are simple in concept and software imple-
mentation and seem to have comparable performance characteristics (e.g., Wriedt
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and Comberg, 1998). Unfortunately, the simplicity and flexibility of these tech-
niques are often accompanied by a substantial loss in efficiency and accuracy and
by stronger practical limitations on the maximal particle size parameter. Further
work is obviously required in order to develop a method that is efficient, flexible,
and applicable to a wide range of size parameters.

A number of software implementations of the previously mentioned techniques
are currently available, and many of them are in the public domain. Lists of avail-
able computer codes were compiled by Flatau (1998) and Wriedt (1998).

III. APPROXIMATIONS

A. RAYLEIGH, RAYLEIGH–GANS, AND ANOMALOUS
DIFFRACTION APPROXIMATIONS

Rayleigh (1897) derived an approximation for scattering in the small-particle
limit (x � 1) by assuming that the incident field inside and near the particle
behaves almost as an electrostatic field and the internal field is homogeneous.
A detailed account of the Rayleigh approximation (RA) was given by Klein-
man and Senior (1986). A completely analytical solution has been found for only
a few simple shapes, including ellipsoids. For general shapes, one must solve
numerically a simple integral equation for the polarizability tensor. Bohren and
Huffman (1983, Chapter 5) gave analytical formulas for the optical cross sec-
tions and the scattering matrix elements of randomly oriented spheroids. Note
that the direct use of the optical theorem (Section VIII of Chapter 1) in the frame-
work of RA gives only the absorption component of the extinction cross sec-
tion and must be supplemented by the computation of the scattering cross section
via Eqs. (32) and (33) of Chapter 1 (Bohren and Huffman, 1983, Section 5.5).
Mishchenko (1991b) studied the range of applicability of RA in computations of
the extinction matrix for partially and randomly oriented spheroids. Jones (1979)
extended RA to clusters of small spheres (see also Mackowski, 1995, and refer-
ences therein).

Stevenson (1953) generalized RA by expanding the fields in powers of the
size parameter x. The first term O(x2) gives RA, while the second term O(x4)

gives the so-called Rayleigh–Gans–Stevenson approximation. This approach was
further improved by von Ross (1971) and applied to various scattering problems
by Stevenson (1968) and Khlebtsov (1979).

The conditions of validity of the Rayleigh–Gans approximation (RGA) (other-
wise known as the Rayleigh–Debye or Born approximation; e.g., Ishimaru, 1978,
Chapter 2) are x|m−1| � 1 and |m−1| � 1. In other words, the particles must be
not too large (although they may be larger than in the case of Rayleigh scattering)
and optically “soft.” The fundamental RGA assumption is that each small-volume
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element in the scatterer is excited only by the incident field. The trade-off is that
significant analytical progress can be made in this case. Also, like many asymp-
totic approximations, RGA is useful outside its strictly defined range of validity
(e.g., Barber and Wang, 1978). Acquista (1976) generalized RGA by applying
the method of successive iterations (Shifrin, 1951) to Eq. (1). This approach was
used in computations for spheroids and finite circular cylinders and is valid for
x|m− 1| � 1 (Haracz et al., 1984, 1985, 1986). Khlebtsov (1984) derived an ex-
act integral equation of Lippman–Schwinger type by taking the Fourier transform
of Eq. (1). Successive iterations of this equation give RGA, the Acquista result,
and higher order approximations. This approach was improved and applied to sus-
pensions of aligned anisotropic particles by Khlebtsov and Melnikov (1991) and
Khlebtsov et al. (1991). Muinonen (1996b) applied RA and RGA to particles with
Gaussian random surfaces.

The anomalous diffraction approximation (ADA) was initially developed by
van de Hulst (1957, Chapter 11) as a means for computing the extinction cross
section for large, optically soft spheres: x � 1 and |m − 1| � 1. Because
the second condition means that rays are negligibly deviated as they cross the
particle boundary and are negligibly reflected, ADA assumes that extinction is
caused by the absorption of light passing through the particle and by the inter-
ference of light passing through the particle and passing around the particle. This
allows a general representation of the extinction and absorption cross sections
as simple integrals over the particle projection on the plane perpendicular to the
incident beam. The integrals can be evaluated numerically or, in some special
cases, analytically. ADA was applied to prismatic columns (Chýlek and Klett,
1991a, b), hexagonal ice columns (Chýlek and Videen, 1994), spheroids (Evans
and Fournier, 1994; Baran et al., 1998), cubes (Masłowska et al., 1994), ellipsoids
(Streekstra et al., 1994), and finite circular cylinders (Liu et al., 1998). Compar-
isons of ADA and exact T -matrix computations (Liu et al., 1998) suggest that
ADA extinction is more accurate for randomly oriented nonspherical particles
than for spheres, and ADA absorption errors decrease with increasing imaginary
part of the refractive index. Meeten (1982) and Khlebtsov (1993) extended ADA
to scattering by anisotropic particles and fractal clusters, respectively. ADA and
the closely related Wentzel–Kramers–Brillouin and eikonal approximations be-
long to the family of high-energy approximations (e.g., Perrin and Lamy, 1986;
Bourrely et al., 1989; Klett and Sutherland, 1992).

B. GEOMETRIC OPTICS APPROXIMATION

The geometric optics approximation (GOA) (otherwise known as the ray-
tracing or ray optics approximation) is a universal approximate method for com-
puting light scattering by particles much larger than a wavelength. GOA is based
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on the assumption that the incident plane wave can be represented as a collection
of independent parallel rays. The history of each ray impinging on the particle
surface is traced using the Snell law and Fresnel’s equations. The sampling of all
escaping light rays into predefined narrow angular bins supplemented by the com-
putation of Fraunhofer diffraction of the incident wave on the particle projection
yields a quantitative representation of the particle scattering properties.

GOA is particularly simple for spheres (Liou and Hansen, 1971) because the
ray paths remain in a plane. For other particles, ray tracing is usually performed
using a Monte Carlo approach. Wendling et al. (1979), Cai and Liou (1982),
Takano and Jayaweera (1985), Rockwitz (1989), Takano and Liou (1989a), Ma-
suda and Takashima (1992), and Xu et al. (1997) applied GOA to finite hexagonal
cylinders in random and horizontal orientations, whereas Yang and Cai (1991)
and Macke and Mishchenko (1996) computed scattering by randomly oriented
spheroids and finite circular cylinders. Light scattering by other polyhedral shapes
was computed by Liou et al. (1983), Muinonen et al. (1989), Macke (1993),
Iaquinta et al. (1995), Takano and Liou (1995), Liu et al. (1996a), Macke et al.
(1996b), and Yang and Liou (1998a). GOA was also applied to distorted rain-
drops (Macke and Großklaus, 1998) and large stochastic particles, both randomly
shaped (Peltoniemi et al., 1989; Muinonen et al., 1996; Macke et al., 1996b; Yang
and Liou, 1998a, Chapter 11) and containing multiple randomly positioned inclu-
sions (Macke et al., 1996a, Chapter 10).

The main advantage of GOA is that it can be applied to essentially any shape.
However, GOA is approximate by definition, and its range of applicability in
terms of the smallest size parameter xmin must be checked by comparing GOA
results with exact numerical solutions of Maxwell’s equations. Comparisons of
GOA and Mie results (Hansen and Travis, 1974) show that GOA phase func-
tion calculations for spheres are reasonably accurate only for xmin exceeding
several hundred. Analogous comparisons of GOA and TMM phase function re-
sults for randomly oriented spheroids and finite circular cylinders (Macke et al.,
1995; Wielaard et al., 1997) show that for moderately absorbing nonspherical
particles xmin can be as small as 80. Unfortunately, decreasing absorption in-
creases xmin even for nonspherical particles, and accurate GOA calculations of
the full scattering matrix require much larger xmin values than analogous GOA
calculations of the phase function (Hansen and Travis, 1974; Wielaard et al.,
1997).

Absorbing particles (imaginary part of the refractive index not equal to zero)
require special treatment because in this case the refracted wave becomes inho-
mogeneous so that the surface of constant amplitude does not coincide with the
surface of constant phase. The Snell law can still be formally used, but needs
to be modified as derived by Stratton (1941, Section 9.8) (see also Ulaby et al.,
1981, Section 2-8). The effect of this modification on the scattering properties of
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absorbing ice crystals is discussed by Yang and Liou (1995) and Zhang and Xu
(1995).

A modification of GOA, the so-called physical optics or Kirchhoff approxi-
mation, was developed by Ravey and Mazeron (1982, 1983). This method im-
plies the computation of the surface field using ray tracing and the computa-
tion of the corresponding far field via the vector Kirchhoff integral. The method
was used, with some variations, by Muinonen (1989), Yang and Liou (1995,
1996b), and Mazeron and Muller (1996) and was found to be rather time con-
suming. Because this technique is still an approximation, its accuracy as a
function of size parameter should be extensively tested versus exact solutions,
especially when the full scattering matrix is computed. Ways of generalizing
GOA and incorporating wave effects into GOA computations are discussed by
Muinonen et al. (1989), Arnott and Marston (1991), Marston (1992), Lock (1996),
Mishchenko et al. (1997b), Mishchenko and Macke (1998), and Kravtsov and
Orlov (1998).

C. PERTURBATION THEORY

The idea of perturbation theory (PT) is to define the surface of an irregular par-
ticle in spherical coordinates by r(ϑ, ϕ) = r0[1 + ξf (ϑ, ϕ)], where r0 is the ra-
dius of the “unperturbed” sphere, ξ is a “smallness parameter,” and f (ϑ, ϕ) obeys
the condition |ξf (ϑ, ϕ)| < 1. The fields inside and outside the particle are ex-
panded in VSWFs, and the expansion coefficients, which are determined through
the boundary condition, are expressed as power series in ξ (Oguchi, 1960; Yeh,
1964; Erma, 1969). A similar approach was developed by Ogura and Takahashi
(1990). Note that the application of the boundary condition explicitly relies on the
(unproven) validity of the Rayleigh hypothesis. Schiffer (1990) combined PT with
an analytical orientation-averaging procedure to compute the scattering proper-
ties of randomly oriented particles. He also gave many numerical results obtained
with the second-order PT and compared them with exact T -matrix computations
by Mugnai and Wiscombe (1980) and Wiscombe and Mugnai (1988) for Cheby-
shev particles. The second-order PT showed good accuracy only for 2πr0/λ � 7
and only if the surface deviations from the unperturbed sphere were much smaller
than the wavelength. Similar conclusions were reached by Kiehl et al. (1980) on
the basis of first-order PT computations.

Lacoste et al. (1998) considered light scattering by a Faraday-active dielectric
sphere imbedded in an isotropic medium with no magnetooptical properties and
subject to a homogeneous external magnetic field. They computed the amplitude
matrix by using a perturbation approach and keeping only terms proportional to
the first order of the magnetic field.
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D. OTHER APPROXIMATIONS

If the thickness of a particle in one of its dimensions is much smaller than a
wavelength, it is often possible to approximate the integral equations describing
scattering. This approach was applied to thin finite cylinders by Uzunoglu et al.
(1978), to thin cylinders and disks by Schiffer and Thielheim (1979) and Fung
(1994, Section 11.2), to thin disks by Weil and Chu (1980), and to thin-walled
cylinders by Senior and Weil (1977).

Equation (1) can be used to compute the scattered field if the internal field
is known. Le Vine et al. (1985) calculated scattering from a homogeneous di-
electric disk with a radius much larger than the thickness by approximating the
internal field by the field that would exist inside an infinite homogeneous slab of
the same thickness, orientation, and dielectric properties. Similarly, Karam and
Fung (1988) computed scattering from long cylinders by approximating the in-
ternal field using the exact solution for an infinitely long cylinder with the same
radius, orientation, and refractive index.

A similar approach was applied by Kuzmin and Babenko (1981) to the problem
of scattering by spherical particles composed of a weakly anisotropic material.
They computed the scattered field via Eq. (1) by approximating the internal field
by that of an “equivalent” isotropic sphere.

Pollack and Cuzzi (1980) developed a semiempirical theory based on the mi-
crowave analog measurements of Zerull (1976). They used equal-volume Mie
computations for particles with x � x0, where x0 is a tunable parameter typically
close to 5. The absorption cross section for larger particles is still gotten from Mie
theory, while the phase function is represented as a sum of the Fraunhofer diffrac-
tion, reflected rays from a sphere, and transmitted rays fitted to mimic Zerull’s
measurements by use of another tunable parameter. Coletti (1984) developed an-
other semiempirical theory based on his own optical measurements and similar in
some respects to that of Pollack and Cuzzi.

Latimer (1975) proposed several hybrid approximations for spheroids based
on using the Lorenz–Mie theory and assigning an effective sphere radius and re-
fractive index depending on the spheroid orientation and axial ratio. Latimer and
Barber (1978) examined the accuracy of this approach by comparing approximate
and exact T -matrix results. A discussion of approximate scattering theories can
be found in Jones (1999) and Kokhanovsky (1999).

IV. MEASUREMENTS

We will survey here only measurements specifically designed to study the
effects of nonsphericity on electromagnetic scattering. There are commercially
available instruments that use light scattering, arguably, to measure the size of



50 Michael I. Mishchenko et al.

particles whatever their shape, but they are of no use for our purposes because
all most of them do is to make trivial empirical adjustments to account for non-
sphericity (if they account for it at all).

Existing measurements of electromagnetic scattering by nonspherical particles
are constrained by the state of source and detector technology and the lack of
windows in the spectrum of Earth’s atmosphere, and traditionally fall into two
categories:

• Scattering of visible and infrared light by particles with sizes ranging from
several hundredths of a micrometer to several hundred micrometers

• Microwave scattering by millimeter- and centimeter-sized objects

Visible and infrared measurements involve relatively simpler, cheaper, and
more portable instrumentation and can be performed in the field as well as in
the laboratory. Microwave scattering experiments, by contrast, require expensive
instrumentation and large measurement facilities.

A. VISIBLE AND INFRARED MEASUREMENTS

In an advanced experimental setup for measuring the full scattering matrix
using visible or infrared light, the beam produced by a light source (usually a
laser) passes a linear polarizer and a polarization modulator and then illuminates
particles contained in a jet stream or a scattering chamber. Light scattered by the
particles at an angle� passes a quarter-wave plate (optionally) and a polarization
analyzer before its intensity is measured by a detector. The Stokes vector of the
scattered light reaching the detector, I′, is given by

I′(�) ∝ AQF(�)MPI, (2)

where I is the Stokes vector of the beam leaving the light source; A, Q, M,
and P are 4 × 4 Mueller matrices of the analyzer, quarter-wave plate, modula-
tor, and polarizer, respectively; and F(�) is the scattering matrix of the particles.
It is assumed that the scattering plane acts as the plane of reference for defining
the Stokes parameters. The Mueller matrices of the polarizer, modulator, quarter-
wave plate, and analyzer depend on their orientation with respect to the scattering
plane and can be precisely varied. Several measurements with different orienta-
tions of the optical components with respect to the scattering plane are required
for the full determination of the scattering matrix. In the case of macroscopically
isotropic and symmetric scattering media, the six independent scattering matrix
elements [Eq. (61) of Chapter 1] can be determined using four different orien-
tation combinations (Kuik et al., 1991). This procedure is repeated at different
scattering angles in order to determine the angular profile of the scattering matrix.
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Visible and infrared measurements often suffer from the inability to accurately
characterize the size and shape of scattering particles. Another serious problem is
that the arrangement of the light source and the detector usually precludes mea-
surements at scattering angles close to 0◦ and 180◦. For example, the range of
scattering angles in the measurements by Kuik (1992) is (5◦, 175◦). This makes
difficult an accurate estimate of the scattering cross section (and hence of the
phase function) from integrating the scattered intensities over angle. As a result,
experimental phase functions are often normalized to the value at a fixed scat-
tering angle or to equivalent-sphere phase functions at 5◦ or 10◦, which may in-
troduce biases into the conclusions drawn. Measurements of the scattering cross
section using integrating nephelometers (Heintzenberg and Charlson, 1996) are
also known to produce significant errors reaching 20 to 50% for particles larger
than a wavelength (Anderson et al., 1996; Rosen et al., 1997a). Extinction cross-
sectional measurements have traditionally suffered from the problem that a de-
tector with a finite aperture picks up some of the light scattered by particles in
the forward direction. Depending on the average particle size and thus the mag-
nitude and angular width of the diffraction component of the phase function, the
extinction can be underestimated by as much as a factor of 2. Correction for the
diffraction is possible if the average particle projection is known and is large, but
this is not always the case. And with large errors in the extinction and scattering
cross sections, little can be said about the absorption cross section and hence the
single scattering albedo.

Ashkin and Dziedzic (1980) have obtained direct backscatter measurements
by using the optical levitation technique, which involves suspension of particles
by light pressure from the source laser beam alone. An instrument specifically
designed for measurements at the exact backscattering direction is a lidar (Chap-
ter 14). Because lidars usually measure backscattering from aerosol and cloud
particles located at large distances (hundreds and thousands of meters) from the
instrument, the scattering angle can be made arbitrarily close to 180◦. Important
quantities measured by a polarization lidar are so-called linear and circular de-
polarization ratios. Because both ratios are always equal to zero for spherically
symmetric scatterers, nonzero ratios directly indicate the presence of nonspheri-
cal particles (Sassen, 1991; Mishchenko and Hovenier, 1995).

Early scattering experiments used unpolarized incident light and were limited
to measurements of the scattered intensity and the degree of linear polarization
(Hodkinson, 1963; Napper and Ottewill, 1963). The first measurements of other
elements of the scattering matrix were performed by Pritchard and Elliott (1960)
using a simple subtraction method. The measurement accuracy was significantly
improved by implementing polarization modulation techniques (Hunt and Huff-
man, 1973; Thompson, 1978; Thompson et al., 1980; Anderson, 1992). A so-
phisticated, fully computerized setup is described by Stammes (1989), Kuik et al.
(1991), and Kuik (1992) (see also Chapter 12).
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Despite the availability of advanced experimental techniques, the number of
measurements of the complete scattering matrix remains relatively small. Beard-
sley (1968), Kadyshevich et al. (1976), Thompson et al. (1978), Voss and Fry
(1984), Fry and Voss (1985), Lofftus et al. (1992) and Witkowski et al. (1998)
measured the scattering matrix for marine particulates. Holland and Gagne (1970)
reported measurements for randomly oriented 0.1- to 1-µm quartz crystals with
flat platelike shapes and irregular edges. Dugin and Mirumyants (1976) published
results for artificially grown platelike and star-shaped ice crystals with sizes rang-
ing from 20 to 150 µm. Bickel and Stafford (1980) measured the scattering ma-
trix for a variety of biological particles. Perry et al. (1978) measured all scattering
matrix elements for irregular, nearly cubical salt crystals and rounded ammonium
sulfate particles of 0.1 to 2 µm. A much greater degree of particle shape and
size control than in previous experiments was achieved by Bottiger et al. (1980),
who measured the scattering matrix for individual, electrostatically levitated ag-
gregates of two, three, and four polystyrene latex spheres. Kuik et al. (1991) and
Kuik (1992) reported scattering matrix measurements for four samples of polydis-
perse, irregularly shaped SiO2 particles with effective radii from 8.6 to 25.8 µm.

A variety of less complete laboratory and in situ measurements of visible and
infrared light scattering were aimed at specific practical applications. For exam-
ple, Huffman and Thursby (1969), Liou and Lahore (1974), Dugin et al. (1977),
Nikiforova et al. (1977), Sassen and Liou (1979a, b), Volkovitskiy et al. (1980),
Pluchino (1987), Arnott et al. (1995), Gayet et al. (1997, 1998), Crépel et al.
(1997), Rimmer and Saunders (1997, 1998), and Lawson et al. (1998) measured
the phase function and extinction, polarization, and depolarization characteristics
of artificially grown and natural cirrus cloud crystals. Kadyshevich and Lyubovt-
seva (1973), Quinby-Hunt et al. (1989), and Volten et al. (1998) measured several
scattering matrix elements for ocean hydrosols and marine Chlorella. Bickel et al.
(1976) reported measurements of several scattering matrix elements for two
strains of spores. Pinnick et al. (1976), Jaggard et al. (1981), Nakajima et al.
(1989), and West et al. (1997) measured phase functions and the degree of linear
polarization for natural and artificial soil and mineral aerosol samples. Ben-David
(1998) measured the backscattering Mueller matrix for atmospheric aerosols at
CO2 laser wavelengths ranging from 9.2 to 10.7 µm. Holler et al. (1998) de-
tected the interference structure (see Section V.A) in two-dimensional patterns
of scattered intensity for single airborne microparticles. Weiss-Wrana (1983) re-
ported phase function and linear polarization measurements for meteoritic grains.
Pope et al. (1992) measured the phase function and the degree of linear polar-
ization for artificially grown ammonia ice crystals as prototypes of particulates
making up the visible clouds of Jupiter and Saturn. Multiple applications of the
polarization lidar technique are reviewed in Chapter 14.

Additional sources of experimental information include Donn and Powell
(1963), Chýlek et al. (1976), Kirmaci and Ward (1979), Saunders (1980), Co-
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letti (1984), Arnott and Marston (1991), Spinrad and Brown (1993), Quirantes
and Delgado (1995, 1998), McGuire and Hapke (1995), Videen et al. (1997),
Rosen et al. (1997b), Barkey et al. (1999) and Shvalov et al. (1999).

B. MICROWAVE MEASUREMENTS

Information about the scattering properties of millimeter- and centimeter-sized
objects at microwave frequencies is important for such applications as remote
sensing of precipitation (Chapters 16 and 17) and communication technology. In
addition, it has long been realized that particle size in the theoretical formula-
tion of the electromagnetic scattering problem is only encountered as a ratio to
the wavelength. Therefore, the main idea of microwave analog measurements is
to manufacture a centimeter-sized scattering object with the desired shape and re-
fractive index, study the scattering of a microwave beam by this object, and finally
extrapolate the results to other wavelengths (e.g., visible or infrared) by keeping
the ratio size/wavelength fixed (Greenberg et al., 1961; Lind et al., 1965).

In a typical microwave scattering setup, radiation from a transmitting antenna
passes a polarizer, is scattered by the target in question, passes another polarizer,
and is measured by a receiving antenna. Microwave measurements allow wide
coverage of scattering angles including the exact forward direction and a much
greater degree of control over the target size, shape, and orientation than opti-
cal/infrared measurements. By special techniques, even the extinction cross sec-
tion (or, more generally, extinction matrix) could be measured. Because the target
size is on the order of centimeters, high-precision target manufacturing is easy
and can involve computer-controlled milling or stereolithography. As a result,
controlled laboratory measurements at microwave frequencies can often be used
to check scattering theories and computer codes. A disadvantage of microwave
measurements is that they can be performed only for one particle size, shape, and
orientation at a time, thereby making ensemble averaging a time-consuming and
tedious procedure.

Although the microwave analog technique was introduced more than 35 years
ago, the complexity and the high cost of the equipment involved have limited
the number of actual hardware implementations of the technique to only a few.
Apparently the most sophisticated, fully automated microwave scattering setup
was described by Gustafson (1996) (see also Chapter 13). The number of pub-
lished microwave analog measurements is also relatively small. Waterman (1971)
measured scattered microwave intensities for metal spheroids, regular cylinders,
cylinders with spherical and hemispherical end caps, and smoothly joined cone
spheres, primarily in order to test his T -matrix computations. Zerull and Giese
(1974), Zerull (1976), and Zerull et al. (1977) published microwave analog mea-
surements of the phase function and the degree of linear polarization for rough-
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ened spheres, cubes, octahedrons, and fluffy and irregular convex and concave
particles with effective size parameters up to 20. Allan and McCormick (1978,
1980) measured the backscattering matrix for dielectric spheroids with different
refractive indices and varying orientations relative to the direction of illumination.
Greenberg and Gustafson (1981) and Gustafson (1985) used the microwave ana-
log technique to simulate visible light scattering by zodiacal light and cometary
particles. Schuerman et al. (1981) reported measurements of scattering matrix
elements for 28 targets in the form of circular cylinders and disks and prolate
and oblate spheroids with surface-equivalent-sphere size parameters up to 6 and
a common refractive index of 1.61 − 0.004i. Wang et al. (1981) and Fuller et al.
(1986) published measurements of microwave scattering by systems of two inter-
acting spheres and compared them with theoretical computations. Chýlek et al.
(1988) used microwave measurements to check the accuracy of effective medium
approximations in scattering and absorption computations for nonabsorbing par-
ticles containing highly absorbing inclusions. Hage et al. (1991) measured scat-
tering matrix elements for an irregular porous cube in order to verify their volume
integral equation formulation computations. Zerull et al. (1993) reported mea-
surements for loose aggregates of 250 to 500 spheres with and without an absorb-
ing mantle. Fuller et al. (1994a) used the microwave analog technique to model
scattering by ice prisms. Finally, Wang and van de Hulst (1995) used microwave
measurements for finite circular cylinders to check the accuracy of approximate
computations based on the solution for infinitely long cylinders.

Radars are a special class of instruments providing active polarization mea-
surements for remote targets at microwave and radiowave frequencies. Monos-
tatic radars use the same antenna to transmit and receive electromagnetic radia-
tion and are limited to measurements at the exact backscattering direction. Bistatic
radars use one or more additional receiving antennas, which provide supplemen-
tary information for other scattering angles. Applications of the radar technique
are reviewed in Chapter 16.

V. MANIFESTATIONS OF NONSPHERICITY IN
ELECTROMAGNETIC SCATTERING

A. INTERFERENCE STRUCTURE, ENSEMBLE AVERAGING,
AND STATISTICAL APPROACH

It is well known that scattering patterns for particles of a single size are usu-
ally burdened with what is called the interference structure (van de Hulst, 1957).
This effect is demonstrated in Plate 2.1a (see color Plates 2.1–2.4), which de-
picts the degree of linear polarization for unpolarized incident light (i.e., the ratio
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−F21/F11 of the elements of the scattering matrix; see Section XI of Chapter 1)
versus the size parameter and scattering angle for monodisperse spheres with a
refractive index of 1.53 + 0.008i. This refractive index is typical of dustlike tro-
pospheric aerosols in Earth’s atmosphere at visible wavelengths (d’Almeida et al.,
1991). Plate 2.1a shows the characteristic “butterfly” pattern (Hansen and Travis,
1974) composed of red and blue spots that represent alternating sharp maxima and
minima. These strong oscillations of polarization within a small range of scatter-
ing angle and/or size parameter result from the interference of light diffracted and
reflected/transmitted by a particle. Plate 2.2a shows the interference structure for
the same monodisperse spheres using a surface rather than a contour diagram and
makes more visible the sharpness of the local spikes and holes.

Although the interference structure is an intrinsic property of electromagnetic
scattering, it is rarely observed in practice because even a narrow distribution of
particle sizes is sufficient to smooth out most of the interference effects (Hansen
and Travis, 1974). Plates 2.1b and 2.2b depict polarization computations for a
narrow power law size distribution of spheres (Mishchenko et al., 1996b) and
show that size averaging tends to level off the spikes and fill in the holes, thereby
making the polarization pattern smoother and less featured. This effect is easy to
understand qualitatively in terms of taking weighted averages along the vertical
lines in Plate 2.1a.

The interference structure for monodisperse nonspherical particles is even
more complicated than that for spheres because now scattering patterns depend
on the orientation of a particle with respect to the incident and scattered beams.
This is demonstrated in Plates 2.1c and 2.1d (see also Plates 2.2c and 2.2d),
which show T -matrix computations of the degree of linear polarization versus the
scattering angle and equal-surface-area-sphere size parameter for monodisperse
oblate spheroids with aspect ratio ε = 1.7 and two orientations of the spheroid
axis with respect to the scattering plane. Indeed, it is seen that the polarization
patterns for the two spheroid orientations are totally different. In particular, the
lack of axial symmetry for the light-scattering geometry in Plate 2.1d results in
nonzero polarization at 0◦ and 180◦ scattering angles.

Plates 2.1e and 2.2e show that the polarization pattern computed for monodis-
perse spheroids in random orientation is much smoother and less complicated than
that for spheroids in a fixed orientation. This smoothing effect of averaging over
orientations is obviously reinforced by averaging over sizes (Plates 2.1f and 2.2f),
which totally removes the residual interference structure still seen in Plates 2.1e
and 2.2e.

The most obvious reason for performing polydisperse rather than monodis-
perse computations and measurements of light scattering is better modeling of
natural particle ensembles in which particles are most often distributed over a
range of sizes and orientations. The second reason is the presence of the com-
plicated and highly variable interference structure for monodisperse particles in
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a fixed orientation, which makes it essentially impossible to use computations
and/or measurements for monodisperse particles in order to derive useful conclu-
sions about the effect of nonsphericity on light scattering. Contrasting the individ-
ual panels in Plates 2.1 and 2.2 shows that averaging over sizes for spheres and
averaging over orientations and sizes for nonspherical particles largely removes
the interference structure and enables meaningful comparisons of the scattering
properties of different particles. For example, an interesting feature of the po-
larization pattern for polydisperse, randomly oriented spheroids (Plates 2.1f and
2.2f) is the bridge of positive polarization at side-scattering angles that extends
from the region of Rayleigh scattering (size parameters less than about 1) to-
ward larger size parameters and separates two regions of negative polarization at
small and large scattering angles. This bridge is absent in Plates 2.1b and 2.2b for
surface-equivalent spheres and may be a typical scattering characteristic of some
nonspherical particles (cf. Perry et al., 1978).

In addition to size and orientation averaging, averaging over shapes may prove
to be necessary in many cases. More often than not, natural and artificial particle
samples exhibit a great variety of shapes, thereby making questionable the ability
of a single nonspherical shape to represent scattering properties of a shape mix-
ture. Indeed, it can be demonstrated that even after size and orientation averaging,
essentially any particle shape produces a unique, shape-specific scattering pattern,
whereas experimental measurements for real nonspherical particles usually show
smooth, featureless patterns (e.g., Perry et al., 1978). As an example, Plate 2.3a
depicts the phase function [i.e., the (1, 1) element of the scattering matrix given
by Eq. (61) of Chapter 1] for a monodisperse sphere with a radius of 1.163 µm
and surface-equivalent, monodisperse, randomly oriented prolate spheroids with
aspect ratios increasing from 1.2 to 2.4. The wavelength is 0.443 µm, and the
refractive index is 1.53 + 0.008i. Whereas the monodisperse curves form a tan-
gle of lines with no clear message, averaging over sizes (Plate 2.3b) makes the
phase functions much smoother and reveals a highly systematic change with in-
creasing aspect ratio, rendering each phase function curve unique and dissimilar
to all other curves. However, this uniqueness is suppressed and ultimately re-
moved by averaging over an increasingly wide aspect ratio distribution of prolate
spheroids (Plate 2.3c) and by subsequent mixing of prolate and oblate spheroids
(Plate 2.3d). The resulting phase function (red curve in Plate 2.3d) is very smooth
and featureless and, in fact, almost perfectly coincides with the phase function ex-
perimentally measured by Jaggard et al. (1981) for micrometer-sized, irregularly
shaped soil particles (Mishchenko et al., 1997a).

This example may have two important implications. First, it may indicate that
the often observed smooth scattering-angle dependence of the elements of the
scattering matrix for samples of natural and artificial nonspherical particles is
caused by the diversity of particle shapes in the samples. Second, it may suggest
that at least some scattering properties of many kinds of irregular particles can
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be rather adequately modeled using a polydisperse shape mixture of simple par-
ticles such as spheroids. The assumption that particles chosen for the purposes of
ensemble averaging need not be in one-to-one correspondence with the ensemble
of irregular particles of interest and may have relatively simple shapes is central
to the so-called statistical approach (Shifrin and Mikulinsky, 1987; Mugnai and
Wiscombe, 1989; Bohren and Singham, 1991; Goncharenko et al., 1999). The
need for this kind of approach stems from the fact that it is often impossible to
exactly specify the shapes and sizes of all particles forming a natural or artifi-
cial sample. Even if it were possible, the low efficiency of numerical scattering
techniques applicable to arbitrarily shaped particles would entail an enormous
computational effort. On the other hand, the availability of techniques such as
the T -matrix method, which is very fast for randomly oriented, rotationally sym-
metric particles and is applicable to large size parameters, makes the statistical
approach quite practical. Successful applications of the statistical approach by
Bohren and Huffman (1983, Chapter 12), Nevitt and Bohren (1984), Hill et al.
(1984), and Mishchenko et al. (1997a) suggest that it may indeed be a valuable
practical tool in many cases.

Another promising approach is to assume that the scattering properties of an
ensemble of irregular particles can be well reproduced by mixing only a few “sta-
tistically representative” artificial particles created by a numerical random shape
generator. This approach was pursued, among others, by Peltoniemi et al. (1989),
Muinonen et al. (1996), and Macke et al. (1996b), who used GOA for particles
much larger than a wavelength, and by Lumme and Rahola (1998), who used
VIEM for particles with equivalent-sphere size parameters smaller than 6 (see
also Chapters 11 and 19). Although this approach tends to be rather time consum-
ing and has a limited size parameter range, it will undoubtedly find more applica-
tions as computers become more powerful and methods such as FEM, FDTDM,
and VIEM become more efficient. By using more sophisticated shape generator
programs and forming richer and more representative particle mixtures, one may
hope to provide an increasingly accurate theoretical description of the scattering
properties of real ensembles of irregular particles.

B. EFFECTS OF NONSPHERICITY ON
SCATTERING PATTERNS

The most fundamental effects of particle nonsphericity on light scattering are
that the 4×4 extinction matrix does not, in general, degenerate to a direction- and
polarization-independent scalar; the extinction, scattering, and absorption cross
sections depend on the direction and polarization state of the incident beam; and
the scattering matrix F (Section XI of Chapter 1) does not have the well-known
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Lorenz–Mie structure given by

F =

⎡⎢⎢⎢⎣
F11 F12 0 0

F12 F11 0 0

0 0 F33 F34

0 0 −F34 F33

⎤⎥⎥⎥⎦ . (3)

In general, all 16 elements of the scattering matrix for nonspherical particles can
be nonzero and depend on the orientation of the scattering plane. All these ef-
fects can directly indicate the presence of nonspherical particles. For example,
measurements of interstellar polarization are used in astrophysics to detect pref-
erentially oriented dust grains that cause different values of extinction for different
polarization components of the transmitted starlight (Martin, 1978). Similarly, de-
polarization of radiowave signals propagating through Earth’s atmosphere may
indicate the presence of partially aligned nonspherical hydrometeors (Oguchi,
1983).

When nonspherical particles are randomly oriented and form a microscopi-
cally isotropic and symmetric scattering medium (Section XI of Chapter 1), the
extinction matrix does reduce to the scalar extinction cross section, and all op-
tical cross sections become orientation and polarization independent. Further-
more, the scattering matrix becomes block diagonal [Eq. (61) of Chapter 1]
and has almost the same structure as the Lorenz–Mie scattering matrix. How-
ever, the remaining fundamental difference is that the Lorenz–Mie identities
a2(�) ≡ a1(�) and a4(�) ≡ a3(�) do not, in general, hold for nonspherical
particles (cf. Plates 2.4a–2.4c). This factor makes measurements of the linear de-
polarization ratio δL = (a1−a2)/(a1+a2) and the closely related circular depolar-
ization ratio the most reliable indicators of particle nonsphericity (Sassen, 1991;
Mishchenko and Hovenier, 1995; Gobbi, 1998). It is widely accepted that strong
depolarization by nonabsorbing or weakly absorbing nonspherical particles much
larger than a wavelength can be explained in ray optics terms as the result of rota-
tions of the vibration plane of the electric vector as a ray is multiply internally re-
flected inside the particle (Liou and Lahore, 1974). However, another explanation,
perhaps referring to some kind of resonance effect, is needed for wavelength-sized
particles that can produce even stronger depolarization (Mishchenko and Sassen,
1998).

In addition to this qualitative difference, which unequivocally distinguishes
randomly oriented nonspherical particles from spheres, there can be significant
quantitative differences in specific scattering patterns. The most obvious exam-
ples are halos, arcs, pillars, and other pronounced phase function features exhib-
ited by regularly shaped nonspherical crystals such as hexagonal columns and
plates (Greenler, 1990). In general, nonspherical particles tend to exhibit en-
hanced scattering at intermediate scattering angles and reduced backscattering,
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whereas phase function differences at forward-scattering angles are often neg-
ligibly small (Plate 2.3d; Zerull, 1976; Perry et al., 1978). The degree of lin-
ear polarization −b1(�)/a1(�) for nonspherical particles tends to be positive
at side-scattering angles, and the element a4(�) tends to be larger than a3(�)

(Perry et al., 1978; Kuik, 1992; Mishchenko and Travis, 1994b; West et al.,
1997; Plates 2.1f, 2.4b, and 2.4c). The overall scattering-angle behavior of the
ratio b2(�)/a1(�) is similar for nonspherical and surface- or volume-equivalent
spherical particles (Perry et al., 1978; Mishchenko et al., 1996b; Plates 2.4d and
2.4f). All elements of the scattering matrix tend to be (much) less shape depen-
dent at scattering angles less than 60◦ than at side- and backscattering angles
(Perry et al., 1978; Mishchenko et al., 1996b; Plate 2.4). Spherical/nonspherical
differences in the elements of the scattering matrix are maximal for nonabsorb-
ing particles and diminish with increasing absorption (Mishchenko and Travis,
1994b; Mishchenko et al., 1997a). All these effects of nonsphericity may have
very serious implications for remote-sensing studies of small particles (e.g., Cof-
feen, 1979; Liou and Takano, 1994; Francis, 1995; Mishchenko et al., 1996c;
Chepfer et al., 1998). Although differences in the optical cross sections, single
scattering albedo, and asymmetry parameter of the phase function can also be
noticeable, they are usually much smaller than the differences in the elements of
the scattering matrix (Mugnai and Wiscombe, 1986; Mishchenko et al., 1996b).
Further information can be found in systematic theoretical surveys of light scat-
tering by ensembles of Chebyshev particles (Mugnai and Wiscombe, 1980, 1986,
1989; Wiscombe and Mugnai, 1988), spheroids (Mishchenko and Travis, 1994b;
Mishchenko et al., 1996b), finite circular cylinders (Mishchenko et al., 1996a),
Gaussian random particles (Muinonen, 1996b; Chapter 11), and polycrystals
(Takano and Liou, 1995; Macke et al., 1996b).

Clusters of small monomers form a special class of nonspherical particles. Al-
though the scattering properties of randomly oriented two-sphere clusters closely
resemble those of a single sphere (Mishchenko et al., 1995), the effect of coopera-
tive phenomena in many-particle clusters can be very strong (e.g., Mackowski and
Mishchenko, 1996). Sometimes the scattering properties of clusters are a complex
combination of those for a single monomer and those for a solid particle circum-
scribing the cluster and having the same average projected area (e.g., West, 1991;
Lumme et al., 1997). Scattering by clusters is reviewed in detail in Chapters 8,
13, and 19.

VI. ABBREVIATIONS

ADA Anomalous diffraction approximation
CGM Conjugate gradient method
CPU Central processing unit
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DDA Discrete dipole approximation
FDM Finite difference method
FDTDM Finite difference time domain method
FEM Finite element method
FFT Fast Fourier transform
FIEM Fredholm integral equation method
GE Gaussian elimination
GOA Geometric optics approximation
GPMM Generalized point matching method
ME-GPMM Multiple-expansion generalized point matching method
MOM Method of moments
PMM Point matching method
PT Perturbation theory
RA Rayleigh approximation
RGA Rayleigh–Gans approximation
SIEM Surface integral equation method
SM Superposition method
SVM Separation of variables method
TMM T -matrix method
VIEM Volume integral equation method
VSWF Vector spherical wave function
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I. INTRODUCTION

As discussed in Chapters 1 and 2, polarization of light (electromagnetic ra-
diation) plays an important role in studies of light scattering by small particles.
A convenient way to treat the polarization of a beam of light is to use the four
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Stokes parameters and to make these the elements of a column vector, called
the Stokes vector. Scattering by a particle in a fixed orientation can then be de-
scribed by means of a real 4 × 4 matrix that transforms the Stokes vector of the
incident beam into that of the scattered beam. Such a matrix is a pure phase (or
scattering) matrix (Hovenier, 1994), because its elements follow directly from the
corresponding 2×2 amplitude matrix that transforms the two electric field compo-
nents. A large number of scalar and matrix properties of pure phase matrices has
been reported and the same is true for sums of such matrices, which are needed to
describe independent single scattering by collections of particles.

An important goal of this chapter is to present in a systematic way the main
properties of matrices describing single scattering by small particles in atmo-
spheres and water bodies (Sections II and III). The emphasis is on the basic
relationships from which others can be derived and on simple relationships. In
principle, all relationships can be used for theoretical purposes or to test whether
an experimentally or numerically determined matrix can be a pure phase matrix
or a sum of pure phase matrices. Some strong and convenient tests are presented
in Section IV. Our analysis provides the most general and objective criteria for
testing phase and scattering matrices. Section V is devoted to a discussion and
outlook.

II. RELATIONSHIPS FOR SCATTERING BY ONE
PARTICLE IN A FIXED ORIENTATION

A. RELATIONSHIPS BETWEEN AMPLITUDE MATRIX AND
PURE PHASE MATRIX

Consider the laboratory reference frame used in Chapter 1 with its origin in-
side an arbitrary particle in a fixed orientation. Scattering of electromagnetic
radiation by this particle is fully characterized by the 2 × 2 amplitude matrix
S(nsca; ninc;α, β, γ ), which linearly transforms the electric field vector compo-
nents of the incident wave into the electric field vector components of the scattered
wave (see Section IV of Chapter 1). The four elements of the amplitude matrix
are, in general, four different complex functions. The element in the ith row and
the j th column will be denoted as Sij .

Using Stokes parameters, as defined in Section V of Chapter 1, the scattering
by one particle in a fixed orientation can also be described by means of a 4 × 4
phase matrix Z(ϑsca, ϕsca, ϑ inc, ϕinc;α, β, γ ), which in the most general case has
16 different real nonvanishing elements [see Eq. (13) of Chapter 1]. Each ele-
ment of such a phase matrix can be completely expressed in the elements of the
amplitude matrix pertaining to the same scattering problem. We will call such a
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phase matrix a pure phase matrix, because this is merely a special case of the gen-
eral concept of a pure Mueller matrix (Hovenier, 1994). Explicit expressions for
the elements of a pure phase matrix were first given by van de Hulst (1957). In
our terminology and notation they were presented in Chapter 1 as Eqs. (14)–(29).
However, the relationship between S and Z can also be expressed by the matrix
relation (see, e.g., O’Neill, 1963)

Z = �s (S ⊗ S∗)�−1
s , (1)

where

�s = 1√
2

⎛⎜⎝
1 0 0 1
1 0 0 −1
0 −1 −1 0
0 −i i 0

⎞⎟⎠ (2)

is a unitary matrix with inverse

�−1
s = 1√

2

⎛⎜⎝
1 1 0 0
0 0 −1 i

0 0 −1 −i
1 −1 0 0

⎞⎟⎠ , (3)

while the Kronecker product is defined by

S ⊗ S∗ =
(
S11S∗ S12S∗
S21S∗ S22S∗

)
(4)

and an asterisk denotes the complex conjugate. Both recipes for obtaining a pure
phase matrix from the corresponding amplitude matrix have their specific advan-
tages and disadvantages. Equation (1) is particularly useful for formula manipula-
tions if one is familiar with the properties of Kronecker products (see, e.g., Horn
and Johnson, 1991).

Employing one of the preceding recipes, one can readily verify the following
relations between a pure phase matrix Z and its corresponding amplitude ma-
trix S.

a. If

d = |det S|, (5)

where det stands for the determinant, we have

d2 = Z2
11 − Z2

21 − Z2
31 − Z2

41. (6)

The right-hand side of this equation may be replaced by similar four-term
expressions, as will be explained later (see Section II.B).
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b.

|Tr S|2 = Tr Z, (7)

where Tr stands for the trace, that is, the sum of the diagonal elements.
Apparently, Tr Z is always nonnegative.

c.

d4 = det Z, (8)

which implies that det Z can never be negative.
d. If d �= 0, the inverse matrix

S−1 ∼ Z−1, (9)

where the symbol ∼ stands for “corresponds to” in the sense of
Eqs. (14)–(29) of Chapter 1.

e. The product S1S2 of two amplitude matrices corresponds to the product
Z1Z2 of the corresponding pure phase matrices; that is, Z1Z2 is a pure
phase matrix and

S1S2 ∼ Z1Z2. (10)

Another type of relationship can be obtained by investigating the changes expe-
rienced by a pure phase matrix if the corresponding amplitude matrix is subjected
to an elementary algebraic operation. Suppose

S =
(
S11 S12
S21 S22

)
∼ Z. (11)

Then

i.

αS ∼ |α|2Z, (12)

where α is an arbitrary real or complex constant;
ii.

S̃ ∼ �4Z̃�4, (13)

where a tilde above a matrix means its transpose and
�4 = diag(1, 1, 1,−1);

iii.

S̃∗ ∼ Z̃; (14)
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iv. (
S11 −S12

−S21 S22

)
∼ �3,4Z�3,4, (15)

where �3,4 = diag(1, 1,−1,−1);
v. (

S22 S12
S21 S11

)
∼ �2Z̃�2, (16)

where �2 = diag(1,−1, 1, 1).

Several of the previous relations are directly clear for physical reasons. For
instance, Eq. (15) originates from mirror symmetry (see van de Hulst, 1957; Hov-
enier, 1969). Other relations may be obtained by successive application of two or
more relations. For instance, Eqs. (13) and (15) yield the reciprocity relation(

S11 −S21
−S12 S22

)
∼ �3Z̃�3, (17)

where �3 = diag(1, 1,−1, 1) is the same matrix as Q in Eq. (47) of Chapter 1.
Furthermore, the relation

S∗ ∼ �4Z�4 (18)

may be obtained by combining Eqs. (13) and (14).
It should be noted that Eq. (12) is especially useful when dealing with an am-

plitude matrix with a different normalization than that of S. It also shows that
multiplication of S by a factor eiε with i = √−1 and arbitrary real ε does not af-
fect Z. Conversely, if Z is known then S can be reconstructed up to a factor eiε , as
follows from Eqs. (1) and (4). As another corollary of the preceding expressions,
we observe that in view of Eqs. (12), (15), and (16) we have, for d �= 0,

S−1 = 1

det S

(
S22 −S12

−S21 S11

)
∼ 1

d2 GZ̃G, (19)

with G = G−1 = diag(1,−1,−1,−1). Employing Eq. (9), we thus find a simple
expression for the inverse of Z, namely,

Z−1 = 1

d2 GZ̃G. (20)

Taking determinants on both sides corroborates Eq. (8). When we premultiply
both sides of Eq. (20) by Z we find

ZGZ̃ = d2G, (21)
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whereas postmultiplication of both sides of Eq. (20) by Z gives

Z̃GZ = d2G. (22)

By taking the trace on both sides of Eqs. (21) and (22) we obtain

Tr
(
ZGZ̃

) = −2d2 (23)

and

Tr
(
Z̃GZ

) = −2d2. (24)

Equations (22) and (24) were first reported by Barakat (1981) and Simon (1982).
As noted in Chapter 1, a variety of conventions are used in publications on light

scattering. In this connection Eqs. (12)–(18) as well as the following observation
are useful. All relations in this chapter remain valid when S is replaced by

S =
(

cosη2 sin η2
− sin η2 cosη2

)
S
(

cos η1 sin η1
− sin η1 cosη1

)
(25)

for arbitrary angles η1 and η2 and simultaneously Z is replaced by [cf. Eq. (10) of
Chapter 1]

Z = L(η2)Z L(η1). (26)

This follows directly from Eq. (10). Consequently, no essential difference occurs
when instead of S and Z use is made of a 2×2 amplitude matrix, which describes
the transformation of the electric field components defined with respect to the
scattering plane, and the corresponding 4 × 4 scattering matrix (see Section XI of
Chapter 1 and van de Hulst, 1957). This should be kept in mind when consulting
the literature, in particular when using published relationships for the scattering
matrix.

B. INTERNAL STRUCTURE OF A PURE PHASE MATRIX

The phase matrix of a particle in a fixed orientation may contain 16 real, dif-
ferent, nonvanishing elements. On the other hand, the corresponding amplitude
matrix is essentially determined by no more than seven real numbers, because
only phase differences occur in Eqs. (14)–(29) of Chapter 1. Consequently, inter-
relations for the elements of a pure phase matrix must exist or, in other words,
a pure phase matrix has a certain internal structure. As mentioned in Section I,
many investigators have studied such interrelations. Using simple trigonometric
relations, Hovenier et al. (1986) first derived equations that involve the real and
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imaginary parts of products of the type Sij S∗
kl and then translated these into rela-

tions for the elements of the corresponding pure phase matrix. This approach is
very simple and yields a plethora of properties.

On seeking the internal structure of a pure phase matrix we are, of course,
interested in simple relations that involve its elements. From the work of Hovenier
et al. (1986) one obtains the following two sets of simple interrelations for the
elements of an arbitrary pure phase matrix Z.

1. Seven relations for the squares of the elements of Z. These equations can
be written in the form

Z2
11 − Z2

21 − Z2
31 − Z2

41 = −Z2
12 + Z2

22 + Z2
32 + Z2

42

= −Z2
13 + Z2

23 + Z2
33 + Z2

43

= −Z2
14 + Z2

24 + Z2
34 + Z2

44

= Z2
11 − Z2

12 − Z2
13 − Z2

14

= −Z2
21 + Z2

22 + Z2
23 + Z2

24

= −Z2
31 + Z2

32 + Z2
33 + Z2

34

= −Z2
41 + Z2

42 + Z2
43 + Z2

44. (27)

In view of Eq. (6) each four-term expression in Eq. (27) equals d2. A convenient
way to describe the relations for the squares of the elements of Z is to consider
the matrix

Zs =

⎛⎜⎜⎜⎝
Z2

11 −Z2
12 −Z2

13 −Z2
14

−Z2
21 Z2

22 Z2
23 Z2

24

−Z2
31 Z2

32 Z2
33 Z2

34

−Z2
41 Z2

42 Z2
43 Z2

44

⎞⎟⎟⎟⎠ (28)

and require that all sums of the four elements of a row or column of Zs are the
same.

2. Thirty relations that involve products of different elements of Z. A conven-
ient overview of these equations may be obtained by means of a graphical code.
Let a 4 × 4 array of dots in a pictogram represent the elements of a pure phase
matrix, a solid curve or line connecting two elements represent a positive product,
and a dotted curve or line represent a negative product. Let us further adopt the
convention that all positive and negative products must be added to get zero. The
result is shown in parts a and b of Fig. 1. For example, the pictogram in the upper
left corner of Fig. 1a means

Z11Z12 − Z21Z22 − Z31Z32 − Z41Z42 = 0, (29)
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Figure 1 The 16 dots in each pictogram represent the elements of a pure phase matrix. A solid
line or curve connecting two elements stands for a positive product and a dotted curve or line for a
negative product. In each pictogram the sum of all positive and negative products vanishes. (a) Twelve
pictograms that represent equations that carry corresponding products of any two chosen rows and
columns. (b) Eighteen pictograms that demonstrate that the sum or difference of any chosen pair of
complementary subdeterminants vanishes.

and the pictogram in the upper left corner of Fig. 1b stands for

Z11Z22 − Z12Z21 − Z33Z44 + Z34Z43 = 0. (30)

Together all 120 possible products of two distinct elements appear in the 30 re-
lations, and each such product occurs only once. The 30 relations subdivide into
the following two types. The 12 equations shown in Fig. 1a carry corresponding
products of any two chosen rows and columns. The 18 equations shown in Fig. 1b
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demonstrate that the sum or difference of any chosen pair of complementary sub-
determinants vanishes. Here, the term “complementary” refers to the remaining
rows and columns. Sums and differences of subdeterminants alternate in each col-
umn and row of the logical arrangement of pictograms shown in Fig. 1b. Keeping
the signs in mind for the first pictograms in parts a and b of Fig. 1, one should
have little trouble reproducing all pictograms, and thus all 30 equations, from
memory.

We have thus shown that every pure phase matrix has a simple and ele-
gant internal structure that is embodied by interrelations that involve either only
squares of the elements or only products of different elements. These interrela-
tions may be clearly visualized by means of Eq. (28) and Fig. 1. It is readily
verified that all interrelations remain true if the rows and columns of Z are in-
terchanged. This reflects the fact that if Z is a pure phase matrix, then Z̃ can
also be a pure phase matrix [cf. Eq. (14)]. Similarly, if we first switch the signs
of the elements in the second row and then those in the second column (so that
Z22 is unaltered), all interrelations remain true [cf. Eqs. (14) and (16)], and this
also holds if we apply such operations on the third or fourth row and column
[cf. Eqs. (13), (14), and (17)] or even if we combine a number of those sign-
switching operations. Consequently, by considering not merely one pure phase
matrix but also related ones, several features of the internal structure can eas-
ily be explained. An important corollary is that all interrelations are invariant on
using Eq. (13) of Chapter 1 with polarization parameters that differ from our
Stokes parameters in having a different sign for Q, U , or V , or any combination
of them.

Evidently, each interrelation for the elements of Z also holds for the elements
of the scattering matrix (as used in Section XI of Chapter 1 and by van de Hulst,
1957) and for those of cZ, where c is an arbitrary real scalar. In particular, the
normalization of Z does not influence its internal structure. It should be noted,
however, that if Z is a pure phase matrix, cZ cannot be a pure phase matrix for
c < 0, as, according to Eq. (14) of Chapter 1,

Z11 ≥ 0 (31)

for every pure phase matrix. Clearly the case where Z11 vanishes is very excep-
tional and implies that S and Z are null matrices. We may call this the trivial
case.

The internal structure described previously is not only simple and elegant, but
also fundamental, because all interrelations for the elements of Z can be derived
from this structure. To prove this theorem, we first make the assumption

Z11 + Z22 − Z12 − Z21 �= 0. (32)
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As shown by Hovenier et al. (1986) there are in this case nine relations, each
involving products and squares of sums and differences of elements, from which
all interrelations can be derived. These relations are

(Z11 + Z22)
2 − (Z12 + Z21)

2 = (Z33 + Z44)
2 + (Z34 − Z43)

2, (33)

(Z11 − Z12)
2 − (Z21 − Z22)

2 = (Z31 − Z32)
2 + (Z41 − Z42)

2, (34)

(Z11 − Z21)
2 − (Z12 − Z22)

2 = (Z13 − Z23)
2 + (Z14 − Z24)

2, (35)

(Z11 + Z22 − Z12 − Z21)(Z13 + Z23)

= (Z31 − Z32)(Z33 + Z44)− (Z41 − Z42)(Z34 − Z43), (36)

(Z11 + Z22 − Z12 − Z21)(Z34 + Z43)

= (Z31 − Z32)(Z14 − Z24)+ (Z41 − Z42)(Z13 − Z23), (37)

(Z11 + Z22 − Z12 − Z21)(Z33 − Z44)

= (Z31 − Z32)(Z13 − Z23)− (Z41 − Z42)(Z14 − Z24), (38)

(Z11 + Z22 − Z12 − Z21)(Z14 + Z24)

= (Z31 − Z32)(Z34 − Z43)+ (Z41 − Z42)(Z33 + Z44), (39)

(Z11 + Z22 − Z12 − Z21)(Z31 + Z32)

= (Z33 + Z44)(Z13 − Z23)+ (Z34 − Z43)(Z14 − Z24), (40)

(Z11 + Z22 − Z12 − Z21)(Z41 + Z42)

= (Z33 + Z44)(Z14 − Z24)− (Z34 − Z43)(Z13 − Z23). (41)

By rewriting these nine relations so that only the squares and products of elements
appear, we can readily verify that they follow from Eq. (27) and Fig. 1. If Eq. (32)
does not hold, then we either have the trivial case or at least one of the following
inequalities must hold:

Z11 + Z22 + Z12 + Z21 �= 0, (42)

Z11 − Z22 − Z12 + Z21 �= 0, (43)

Z11 − Z22 + Z12 − Z21 �= 0. (44)

If one of Eqs. (42)–(44) holds, we have a set of nine relations with which to
deal that differs from Eqs. (33)–(41), but we can follow a similar procedure. This
completes the proof of our theorem.

To illustrate the preceding theorem, let us give three examples. First, the well-
known relation

4∑
i=1

4∑
j=1

Z2
ij = 4Z2

11 (45)

given by Fry and Kattawar (1981) is easily obtained from Eq. (27) by successive
application of the following operations on Zs [cf. Eq. (28)]:
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1. Add the elements of the second, third, and fourth columns.
2. Subtract the elements of the first column.
3. Equate the result to twice the sum of the elements of the first row.

Thus, Eq. (45) is a composite of five simple interrelations. Note that it is obeyed
by the elements of diag(1, 1, 1,−1), for example, though this is not a pure phase
matrix [cf. Eq. (30)].

Second, as shown by Barakat (1981) and Simon (1982), we have the matrix
equation [cf. Eqs. (22) and (24)]

Z̃GZ = −1

2

[
Tr
(
Z̃GZ

)]
G. (46)

Evidently, a matrix equation of the type given by Eq. (46) is equivalent to a set
of 16 scalar equations for the elements of Z. The nondiagonal elements yield
12 equations, but the elements (i, j) and (j, i) yield the same equation if i �= j .
Thus six equations arise for products of different elements of Z. These are exactly
the same equations as shown by the top six pictograms of Fig. 1a. Equating the
diagonal elements on both sides of Eq. (46) yields four equations. If one of these is
used to eliminate Tr(Z̃GZ), we obtain three equations that involve only squares of
elements of Z. These are precisely the first three equations contained in Eq. (27).
However, not all interrelations for the elements of Z follow from Eq. (46). Indeed,
if this were the case Eq. (30), for example, should follow from Eq. (46). However,
the matrix diag(1, 1, 1,−1) obeys Eq. (46) but does not satisfy Eq. (30).

Third, using the internal structure of Z and Eq. (6), it can be shown (Hovenier
et al., 1986) that (

I sca)2(
1 − p2

sca

) = d2

R4

(
1 − p2

inc

)(
I inc)2

, (47)

where psca and pinc are the degrees of polarization of the scattered and incident
light, respectively, as defined in Section V of Chapter 1 andR is the distance to the
origin located inside the particle [see Eq. (13) of Chapter 1]. Consequently, if the
incident light is fully polarized, so is the scattered light and if d = 0 the scattered
light is always completely polarized. However, when the incident light is only
partially polarized, psca may be either larger or smaller than pinc (see Hovenier
and van der Mee, 1995), which shows that adjectives such as “nondepolarizing”
and “totally polarizing” instead of “pure” are less desirable.

C. SYMMETRY

The elements of the amplitude matrix of a single particle in a fixed orienta-
tion are, in general, four different complex functions, or, in other words, they are
specified by eight real functions of nsca and ninc. Symmetry properties may re-
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duce this number. Particles can have a large variety of symmetry shapes, as is
well known from crystallography and molecular physics. Group theory is help-
ful for a systematic treatment of these symmetry shapes (see, e.g., Hamermesh,
1962; Heine, 1960). Hu et al. (1987) presented a comprehensive study of strict
forward (� = 0) and strict backward (� = π) scattering by an individual particle
in a fixed orientation. For strict forward scattering they distinguished 16 different
symmetry shapes, which were classified into five symmetry classes, and for back-
ward scattering four different symmetry shapes, which were classified into two
symmetry classes. A large number of relations for the amplitude matrix and the
corresponding pure phase matrix were derived in this way.

A comprehensive treatment of all symmetry properties of the amplitude matrix
and the corresponding pure phase matrix for arbitrary nsca and ninc is beyond the
scope of this chapter. An important case, however, is the following. Consider a
particle located in the origin of the coordinate system shown in Fig. 1 of Chapter 1.
The particle has a plane of symmetry coinciding with the x–z plane. Suppose
the incident light propagates along the positive z axis and let us consider light
scattering in a direction in the x–z plane. Because the particle is its own mirror
image we must have (see van de Hulst, 1957)(

S11 S12
S21 S22

)
=
(

S11 −S12
−S21 S22

)
, (48)

so that

S12 = S21 = 0. (49)

Using Eqs. (14)–(29) of Chapter 1, we find that the corresponding phase matrix
in this case obtains the simple form

Z =
⎛⎜⎝
Z11 Z12 0 0
Z12 Z11 0 0

0 0 Z33 Z34
0 0 −Z34 Z33

⎞⎟⎠ , (50)

with

Z11 = [
Z2

12 + Z2
33 + Z2

34

]1/2
. (51)

A simple example of this case occurs for a spherically symmetric particle com-
posed of an isotropic substance. Another example is a homogeneous body of rev-
olution with its rotation axis in the x–z plane. This was numerically established by
Hovenier et al. (1996) for scattering of light by four homogeneous bodies of rev-
olution, namely, an oblate spheroid, a prolate spheroid, a finite circular cylinder,
and a bisphere with equal touching components, where in each case the incident
light propagated along the positive z axis and the scattered light in the x–z plane.
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The second kind of symmetry we wish to consider is reciprocity. This was
already mentioned in Section IX of Chapter 1. The main results for arbitrary di-
rections of incidence and scattering are embodied by Eqs. (44) and (45) of that
section. When time inversion yields the same scattering problem, we have

S21 = −S12 (52)

and the corresponding pure phase matrix has the form

Z =
⎛⎜⎝

Z11 Z12 Z13 Z14
Z12 Z22 Z23 Z24

−Z13 −Z23 Z33 Z34
Z14 Z24 −Z34 Z44

⎞⎟⎠ , (53)

with

Z11 − Z22 + Z33 − Z44 = 0, (54)

as follows from Eq. (52) together with Eqs. (14)–(29) of Chapter 1. This case
occurs, for example, for strict backscattering by an arbitrary particle [cf. Eq. (49)
of Chapter 1].

D. INEQUALITIES

Many inequalities may be derived from the internal structure of a pure phase
matrix. We do not aim here at a comprehensive list of inequalities, but in addition
to Eq. (31) we mention the following:

|Zij | ≤ Z11, i, j = 1, 2, 3, 4, (55)

Z11 + Z22 + Z12 + Z21 ≥ 0, (56)

Z11 + Z22 − Z12 − Z21 ≥ 0, (57)

Z11 − Z22 + Z12 − Z21 ≥ 0, (58)

Z11 − Z22 − Z12 + Z21 ≥ 0, (59)

Z11 + Z22 + Z33 + Z44 ≥ 0, (60)

Z11 + Z22 − Z33 − Z44 ≥ 0, (61)

Z11 − Z22 + Z33 − Z44 ≥ 0, (62)

Z11 − Z22 − Z33 + Z44 ≥ 0. (63)

We refer to Hovenier et al. (1986) for proofs of these and other inequalities.
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III. RELATIONSHIPS FOR SINGLE SCATTERING
BY A COLLECTION OF PARTICLES

A. THE GENERAL CASE

In this section we discuss relationships for the phase matrix of a collection of
independently scattering particles, each of them characterized by an individual
amplitude matrix. Because the waves scattered by each particle are essentially
incoherent, the Stokes vectors of the scattered waves of the constituent particles
are to be added to get the Stokes vector of the wave scattered by the collection. If
we indicate the individual particles in the collection by a superscript g, then the
phase matrix Zc of the collection is the sum of the pure phase matrices Zg of the
individual particles, that is,

Zc =
∑
g

Zg = n0〈Z〉 dv, (64)

where n0 is the particle number density, 〈Z〉 is the collection-averaged phase ma-
trix per particle, and dv is a small volume element containing all particles of the
collection [cf. Eq. (30) of Chapter 1]. Instead of a sum of pure phase matrices we
may have an integral of a pure phase matrix with respect to size or orientation.
The properties of such matrices are the same as for a sum of pure phase matrices.
A special case of this occurs in light-scattering experiments for one particle that
involve averaging over orientations.

Linear inequalities for the elements of a pure phase matrix are also valid for
the phase matrix of a collection of particles, because these are obtained by adding
the corresponding elements of the phase matrices of the constituent particles. In
particular, we find the following linear inequalities:

Zc11 ≥ 0, (65)∣∣Zcij ∣∣ ≤ Zc11, (66)

Zc11 + Zc22 + Zc12 + Zc21 ≥ 0, (67)

Zc11 + Zc22 − Zc12 − Zc21 ≥ 0, (68)

Zc11 − Zc22 + Zc12 − Zc21 ≥ 0, (69)

Zc11 − Zc22 − Zc12 + Zc21 ≥ 0. (70)

Quadratic relations between the elements of a pure phase matrix such as
Eqs. (33)–(41) are generally lost when the phase matrix of a collection of particles
is formed by adding the pure phase matrices of the individual particles. However,
the following six quadratic inequalities, first obtained by Fry and Kattawar (1981),
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are always valid:(
Zc11 + Zc12

)2 − (
Zc21 + Zc22

)2 ≥ (
Zc31 + Zc32

)2 + (
Zc41 + Zc42

)2
, (71)(

Zc11 − Zc12

)2 − (
Zc21 − Zc22

)2 ≥ (
Zc31 − Zc32

)2 + (
Zc41 − Zc42

)2
, (72)(

Zc11 + Zc21

)2 − (
Zc12 + Zc22

)2 ≥ (
Zc13 + Zc23

)2 + (
Zc14 + Zc24

)2
, (73)(

Zc11 − Zc21

)2 − (
Zc12 − Zc22

)2 ≥ (
Zc13 − Zc23

)2 + (
Zc14 − Zc24

)2
, (74)(

Zc11 + Zc22

)2 − (
Zc12 + Zc21

)2 ≥ (
Zc33 + Zc44

)2 + (
Zc34 − Zc43

)2
, (75)(

Zc11 − Zc22

)2 − (
Zc12 − Zc21

)2 ≥ (
Zc33 − Zc44

)2 + (
Zc34 + Zc43

)2
. (76)

Indeed, to derive Eq. (72), we start from Eq. (34), where each term carries the
superscript g to denote the individual particles. Because Eqs. (68) and (70) also
hold for the elements of each Zg , we can find nonnegative quantities Ng1 and Ng2
and angles θg such that⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

N
g

1 =
√
Z
g

11 − Zg12 − Zg21 + Zg22,

N
g

2 =
√
Z
g

11 − Zg12 + Zg21 − Zg22,

N
g

1N
g

2 cos θg = Zg31 − Zg32,

N
g

1N
g

2 sin θg = Zg41 − Zg42.

(77)

Consequently,(
Zc11 − Zc12
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)2 − (
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)2
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)(
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)
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)2
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1
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}

=
∑
g<h

(
N
g

1N
h
2 −Nh1Ng2

)2 ≥ 0, (78)

which implies Eq. (72). Equations (71) and (73)–(76) are proved analogously.
It is clear from the preceding discussion that for a collection of particles with

proportional amplitude matrices (with real or complex proportionality constants)
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the inequalities (71)–(76) reduce to equalities, as is the case for a pure phase
matrix. This occurs, in particular, for a collection of identical particles with the
same orientation in space or for a collection of identical spherically symmetric
particles.

Many other inequalities can be found from Eqs. (65)–(76). For instance, by
adding Eqs. (71)–(76), observing that the double products cancel each other, and
rearranging terms, one obtains the inequality [cf. Fry and Kattawar (1981)]

4∑
i=1

4∑
j=1

(
Zcij

)2 ≤ 4
(
Zc11

)2
. (79)

Note that Eq. (79) becomes an equality for a pure phase matrix [cf. Eq. (45)].
Evidently, all interrelations for Zcij keep their validity for a sum of matrices of

the type given by Eq. (26) and in particular for a sum of pure scattering matrices
as considered by van de Hulst (1957).

B. SYMMETRY

The description of light scattering by a cloud of particles simplifies when the
particles themselves or their orientations in space possess certain symmetry prop-
erties. For an extensive treatment of this subject we must refer to the literature
(see, e.g., Perrin, 1942; van de Hulst, 1957), but a few remarks here are in order.

As shown by Eq. (64), the phase matrix of a collection of identical particles all
having the same orientation is a pure phase matrix [cf. Eq. (12)] with the internal
structure discussed in Section II. Another extreme situation is rendered by a col-
lection of particles in (three-dimensional) random orientation. Then the scattered
light depends on the scattering angle, but there is rotational symmetry about the
direction of incidence. Assuming reciprocity (see Section IX of Chapter 1), we
find that a collection of particles in random orientation has a scattering matrix
(see Section XI of Chapter 1) of the form

F(�) =

⎛⎜⎜⎝
a1(�) b1(�) b3(�) b5(�)

b1(�) a2(�) b4(�) b6(�)

−b3(�) −b4(�) a3(�) b2(�)

b5(�) b6(�) −b2(�) a4(�)

⎞⎟⎟⎠ . (80)

If we also assume that all particles have a plane of symmetry or, equivalently, that
particles and their mirror particles are present in equal numbers, we obtain the
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block-diagonal structure [cf. Eq. (61) of Chapter 1]

F(�) =

⎛⎜⎜⎝
a1(�) b1(�) 0 0
b1(�) a2(�) 0 0

0 0 a3(�) b2(�)

0 0 −b2(�) a4(�)

⎞⎟⎟⎠ . (81)

Equations (67)–(76) now reduce to the four simple inequalities [cf. Eqs. (65) and
(66)]

(a3 + a4)
2 + 4b2

2 ≤ (a1 + a2)
2 − 4b2

1, (82)

|a3 − a4| ≤ a1 − a2, (83)

|a2 − b1| ≤ a1 − b1, (84)

|a2 + b1| ≤ a1 + b1. (85)

Consequently, all available information is contained in Eqs. (82) and (83) plus
the fact that no element of F(�) in Eq. (81) is larger in absolute value than a1.
The properties of the corresponding (normalized) phase matrix were studied by
Hovenier and van der Mee (1988).

Special cases arise for strict forward (� = 0) and backward (� = π) scattering
(see Sections IX and XI of Chapter 1 and Hovenier and Mackowski, 1998). Some
important results are summarized in Tables I and II. In the case of backscattering,
consequences for the linear and circular depolarization ratios have been reported
by Mishchenko and Hovenier (1995), whereas bounds for psca in terms of pinc

have been derived by Hovenier and van der Mee (1995).

IV. TESTING MATRICES DESCRIBING
SCATTERING BY SMALL PARTICLES

This section is devoted to the following problem. Suppose we have a real 4×4
matrix M with elements Mij , which may have been obtained from experiments
or numerical calculations. If we wish to know if M can be a pure phase matrix
or a phase matrix of a collection of particles, what tests can be applied? In either
case, there exist tests providing necessary and sufficient conditions for a real 4×4
matrix to have all of the mathematical requirements of a pure phase matrix or of
the phase matrix of a collection of particles. These tests can only be performed if
one knows all 16 elements of the matrix M, which is not always the case. There
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Table I

Properties of the Scattering Matrix for Exact Forward Scattering by a Collection of
Randomly Oriented Identical Particles Each Having a Plane of Symmetry or by a

Mixture of Such Collections

Scattering matrix

F =
⎛⎜⎝
a1 0 0 0
0 a2 0 0
0 0 a2 0
0 0 0 a4

⎞⎟⎠
• In general:

|a2| ≤ a1

|a4| ≤ a1

a4 ≥ 2|a2| − a1

• Special case, each particle is rotationally symmetric:

0 ≤ a2 ≤ a1

a4 = 2a2 − a1

• Special case, each particle is homogeneous, optically inactive, and spherical:

a1 ≥ 0

a1 = a2 = a4

also exist tests providing only necessary conditions. These tests are particularly
useful if not all 16 elements of the given matrix M are available or if M has a
property that allows one to exclude it directly on the basis of a simple test. Once a
given matrix has been shown to have the mathematical properties of a pure phase
matrix or the phase matrix of a collection of particles, the matrix can, in principle,
describe certain scattering situations but not necessarily the scattering problem
intended. This is particularly true if scaling or symmetry errors have been made.
Thus the tests are useful to verify if a given matrix can describe certain scattering
events, but they are not sufficient to be certain of its “physical correctness.” We
refer the reader to Hovenier and van der Mee (1996) for a systematic study of
tests for scattering matrices, which are completely analogous to those for phase
matrices.

To test if a given real 4 × 4 matrix can be a pure phase matrix, one can distin-
guish between five types of tests:

a. Visual tests, where one checks a simple property of the given matrix. For
instance, one checks if the sum of the rows and the columns of the matrix
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Table II

Properties of the Scattering Matrix for Exact Backward Scattering by a Collection
of Randomly Oriented Identical Particles or by a Mixture of Such Collections

Scattering matrix

F =
⎛⎜⎝
a1 0 0 b5
0 a2 0 0
0 0 −a2 0
b5 0 0 a4

⎞⎟⎠
• In general:

0 ≤ a2 ≤ a1

a4 = a1 − 2a2

a2 − a1 ≤ b5 ≤ a1 − a2

• Special case, each particle has a plane of symmetry:

0 ≤ a2 ≤ a1

a4 = a1 − 2a2

b5 = 0

• Special case, each particle is homogeneous, optically inactive, and spherical:

a1 ≥ 0

a1 = a2 = −a4

b5 = 0

in Eq. (28) are all equal to the same nonnegative number. Other examples
of visual tests are to verify Eq. (45), some of the identities represented by
the pictograms in Fig. 1, or some of the inequalities (55)–(63).

b. Tests consisting of nine relations. For instance, when Eq. (32) holds,
Eqs. (33)–(41) form one such set. Other sets can be pointed out if one of
Eqs. (42)–(44) is fulfilled. The advantage of such a test is that the nine
relations are complete in the sense that M can be written in the form of
Eq. (1) for a suitable amplitude matrix S that is unique apart from a phase
factor of the form eiε (cf. Hovenier et al., 1986).

c. Tests based on analogy with the Lorentz group, such as verifying Eq. (46).
However, this test is incomplete, because the matrix diag(1, 1, 1,−1), for
example, satisfies Eq. (46) but is not a pure phase matrix.

d. Tests based on reconstructing the underlying amplitude matrix. Starting
from M, one computes �−1

s M�s , where �s and �−1
s are given by Eqs. (2)

and (3), and checks if it has the form of the right-hand side of Eq. (4)
(cf. November, 1993; Anderson and Barakat, 1994).
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e. Tests based on the coherency matrix. In this test one computes from the
given real 4 × 4 matrix M, a complex Hermitian 4 × 4 matrix T (i.e.,
Tij = T ∗

ji) in a linear one-to-one way. Then M can be a pure nontrivial
phase matrix if and only if T has one positive and three zero eigenvalues. If
so desired, the underlying amplitude matrix can then be computed from the
eigenvector corresponding to the positive eigenvalue. Tests of this type,
with different coherency matrices that are unitarily equivalent, have been
developed by Cloude (1986) and Simon (1982, 1987).

We now discuss the coherency matrix in more detail. This matrix T is easily
derived from a given 4 × 4 matrix M and is defined as follows:

T11 = 1
2 (M11 +M22 +M33 +M44)

T22 = 1
2 (M11 +M22 −M33 −M44)

T33 = 1
2 (M11 −M22 +M33 −M44)

T44 = 1
2 (M11 −M22 −M33 +M44)

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
, (86)

T14 = 1
2 (M14 − iM23 + iM32 +M41)

T23 = 1
2 (iM14 +M23 +M32 − iM41)

T32 = 1
2 (−iM14 +M23 +M32 + iM41)

T41 = 1
2 (M14 + iM23 − iM32 +M41)

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
, (87)

T12 = 1
2 (M12 +M21 − iM34 + iM43)

T21 = 1
2 (M12 +M21 + iM34 − iM43)

T34 = 1
2 (iM12 − iM21 +M34 +M43)

T43 = 1
2 (−iM12 + iM21 +M34 +M43)

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
, (88)

T13 = 1
2 (M13 +M31 + iM24 − iM42)

T31 = 1
2 (M13 +M31 − iM24 + iM42)

T24 = 1
2 (−iM13 + iM31 +M24 +M42)

T42 = 1
2 (iM13 − iM31 +M24 +M42)

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. (89)
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Figure 2 Transformation of the 4 × 4 matrix M to the coherency matrix T. Four basic groups of
elements are distinguished by four different symbols.

In fact, T depends linearly on M and the linear relation between them is given by
four sets of linear transformations between corresponding elements of M and T
(see Fig. 2). Moreover, T is always Hermitian, so that it has four real eigenvalues.
If three of the eigenvalues vanish and one is positive, M can be a pure nontrivial
phase matrix. This is a simple and complete test. It was discovered in the theory
of radar polarization [see Cloude (1986), where T is defined with factors 1

4 in
Eqs. (86)–(89) instead of factors 1

2 ]. Another complete test using the coherency
matrix, namely, verifying

Tr T ≥ 0, T2 = (Tr T)T, (90)

is mostly due to Simon (1982, 1987), where, instead of T, a Hermitian matrix N
was used that is unitarily equivalent to the coherency matrix, namely,

N = �−1T�, (91)

where � = diag(1, 1,−1,−1)�s and �s is given by Eq. (2). The transformation
from M to N is displayed in Fig. 3.

To test if a given real 4 × 4 matrix M can be the phase matrix of a collection
of particles, one may employ two types of tests, specifically visual tests and tests
based on the coherency matrix. The comparatively simple visual tests can often

Figure 3 As in Fig. 2, but for the transformation from M to N.
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be applied if one has incomplete knowledge of the matrix M. Examples abound.
For instance, one can verify any of the inequalities of Eqs. (65)–(76) and (79).
The inequalities of Eqs. (65)–(70) are useful eyeball tests that often allow one to
quickly dismiss a given matrix as a phase matrix of a collection of particles. The
six inequalities of Eqs. (71)–(76) are commonly used to test matrices, especially
in the form of Eqs. (82)–(85) for matrices M of the form of the right-hand side of
Eq. (81).

Using the coherency matrix, one obtains a most effective method to verify if a
given real 4×4 matrix M can be the phase matrix of a collection of particles. It was
developed in radar polarimetry by Huynen (1970) for matrices with one special
symmetry and by Cloude (1986) for general real 4 × 4 matrices. As before, one
constructs the complex Hermitian matrix T from the given matrix M by using
Eqs. (86)–(89) and computes the four eigenvalues of T, which must necessarily
be real. Then M can only be a nontrivial phase matrix of a collection of particles
if and only if all four eigenvalues of T are nonnegative and at least one of them is
positive.

The coherency matrix test allows some fine tuning. First of all, recalling that
M can be a pure nontrivial phase matrix whenever T has one positive and three
zero eigenvalues, the ratio of the second largest to the largest positive eigenvalue
of T may be viewed as a measure of the degree to which a phase matrix is pure
(Cloude, 1989, 1992a, b; Anderson and Barakat, 1994). Second, because a com-
plex Hermitian matrix can always be diagonalized by a unitary matrix whose
columns form an orthonormal basis of its eigenvectors, one can write any phase
matrix as a sum of four pure phase matrices. This result may come as a big sur-
prise in the light-scattering community, but it is well known in radar polarimetry
where it is called target decomposition (cf. Cloude, 1989).

In the coherency matrix test described previously, the matrix T may be replaced
by the matrix N. This is obvious, because T and N are unitarily equivalent and
therefore have the same eigenvalues. As a test for phase matrices of a collection of
particles, this was clearly understood by Cloude (1992a, b) and by Anderson and
Barakat (1994). The details of the “target decomposition,” but not its principle,
are different but can easily be transformed into each other. The testing procedures
described in this section have been used in practice in a number of publications,
including Kuik et al. (1991), Mishchenko et al. (1996a), Lumme et al. (1997),
and Hess et al. (1998).

V. DISCUSSION AND OUTLOOK

The phase matrices studied so far all transform a beam of light with degree
of polarization not exceeding 1 into a beam of light having the same property;
that is, they satisfy the Stokes criterion. The latter is defined as follows. If a real
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four-vector Iinc whose components I inc,Qinc,U inc, and V inc satisfy the inequality

I inc ≥ [(
Qinc)2 + (

U inc)2 + (
V inc)2]1/2 (92)

is transformed by M into the vector Isca = MIinc with components I sca, Qsca,
U sca, and V sca, and the latter satisfy the inequality

I sca ≥ [(
Qsca)2 + (

U sca)2 + (
V sca)2]1/2

, (93)

then M is said to satisfy the Stokes criterion. The real 4 × 4 matrices satisfy-
ing the Stokes criterion have been studied in detail. Konovalov (1985), van der
Mee and Hovenier (1992), and Nagirner (1993) have indicated which matrices
M of the form of the right-hand side of Eq. (81) satisfy the Stokes criterion.
Givens and Kostinski (1993) and van der Mee (1993) have given necessary and
sufficient conditions for a general real 4 × 4 matrix M to satisfy the Stokes cri-
terion. These conditions involve the eigenvalues and eigenvectors of the matrix
GM̃GM, where G = diag(1,−1,−1,−1). Givens and Kostinski (1993) assumed
diagonalizability of the matrix GM̃GM, whereas no such constraint appeared in
van der Mee (1993). Unfortunately, all of these studies are of limited value for
describing scattering by particles, because the class of matrices satisfying the
Stokes criterion is too large, as exemplified by the matrices diag(1, 1, 1,−1) and
G = diag(1,−1,−1,−1), which satisfy the Stokes criterion but fail to satisfy
the coherency matrix test discussed in Section IV [see also Eqs. (82) and (83)].
Moreover, the coherency matrix test is more easily implemented than any known
general test to verify the Stokes criterion.

Hitherto we have given tests to verify if a given real 4 × 4 matrix M can be a
pure phase matrix or the phase matrix of a collection of particles, as if this matrix
consisted of exact data. However, if M has been numerically or experimentally
determined, a test might cause one to reject M as a (pure) phase matrix, whereas
there exists a small perturbation of M within the numerical or experimental error
that leads to a positive test result. In such a case, M should not have been rejected.

One way of dealing with experimental or numerical error is to treat a deviation
from a positive test result as an indication of numerical or experimental errors.
Assuming that the given matrix M is the sum of a perturbation �M and an “ex-
act” matrix Me, which can be a (pure) phase matrix, an error bound formula is
derived in terms of the given matrix M such that M passes the test whenever the
error bound is less than a given threshold value. Such a procedure has been im-
plemented for the coherency matrix test by Anderson and Barakat (1994) and by
Hovenier and van der Mee (1996). In either paper, a “corrected” (pure) phase ma-
trix is sought that minimizes the error bound. Procedures to correct given matrices
go back as far as Konovalov (1985), who formulated such a method for the Stokes
criterion.
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Table III

Eigenvalues λi of the Coherency Matrix T if M Is One of the Three
Matrices Given in Table II of Cariou et al. (1990). These Matrices Describe

Underwater Scattering for Different Scatterer Amounts and Therefore
Different Approximate Values of the Optical Extinction Coefficient kext

kext (m−1) λ1 λ2 λ3 λ4

0.5 1.9878 0.0444 −0.0273 −0.0048
1.0 1.5333 0.0776 0.2166 0.1725
2.0 1.2395 0.3795 0.1571 0.2239

The application of error bound tests to a given real 4 × 4 matrix can lead
to conclusions that primarily depend on the choice of the error bound formula.
Moreover, no information on known numerical or experimental errors is taken
into account. One possible way out is to test three matrices M0, M+, and M−
such that M0 is the given real 4 × 4 matrix and

δij = M0
ij −M−

ij = M+
ij −M0

ij , i, j = 1, 2, 3, 4, (94)

are the errors in the elements of M0. Then the matrix M0 is accepted as a (pure)
phase matrix if all of these three matrices satisfy the appropriate “exact” test.

By way of example we will now apply the coherency matrix test to three real
4 × 4 matrices describing forward scattering by kaolinite particles suspended in
water as measured using pulsed laser radiation (see Table II of Cariou et al., 1990).
The corresponding eigenvalues of the coherency matrix T are then given by Ta-
ble III and are all nonnegative, except for the two smallest eigenvalues pertaining
to the first matrix. Hence the second and third matrices can be scattering matrices
of a collection of particles. The first matrix has one large positive eigenvalue and
three eigenvalues that are very small in absolute value. One may expect that this
matrix coincides with a pure scattering matrix within experimental errors.

When the scattering matrix of a collection of particles has the form of the right-
hand side of Eq. (81), its six different nontrivial elements can be expanded into
a series involving generalized spherical functions [see Eqs. (72)–(77) of Chap-
ter 1]. With the help of Eqs. (82)–(85) and the orthogonality property given by
Eq. (78) of Chapter 1, a plethora of equalities and inequalities for the expansion
coefficients can be derived (see van der Mee and Hovenier, 1990). Some of these
relations are very convenient for testing purposes, because sometimes the expan-
sion coefficients rather than the elements of the scattering matrix are given (see,
e.g., Mishchenko and Mackowski, 1994; Mishchenko and Travis, 1998). Unfor-
tunately, the problem of finding necessary and sufficient conditions on the matrix
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in Eq. (81) to be a scattering matrix of a collection of particles in terms of the
expansion coefficients has not yet been solved.

Multiple scattering of polarized light by small particles in atmospheres and
oceans can also be described by matrices that transform the Stokes parameters.
Examples are provided by the reflection and transmission matrices for plane-
parallel media. For macroscopically isotropic and symmetric scattering media
(Section XI of Chapter 1) above a Lambert or Fresnel reflecting surface, the el-
ements of such multiple-scattering matrices obey the same relationships as the
elements of a sum of pure phase (scattering) matrices considered in preceding sec-
tions (Hovenier and van der Mee, 1997). Further work in this field is in progress.





Part II

Theoretical and
Numerical Techniques





Chapter 4

Separation of Variables for
Electromagnetic Scattering
by Spheroidal Particles

Ioan R. Ciric Francis R. Cooray
Department of Electrical and Computer
Engineering

CSIRO Telecommunications and Industrial
Physics

University of Manitoba Epping, New South Wales 1710
Winnipeg, Manitoba Australia
Canada R3T 5V6

I. Introduction
II. Spheroidal Coordinate Systems

III. Spheroidal Wave Functions
A. Spheroidal Angle Functions
B. Spheroidal Radial Functions

IV. Spheroidal Vector
Wave Functions

V. Electromagnetic Scattering by a
Coated Lossy Spheroid
A. Field Expressions
B. Boundary Value

Problem Solution
C. Scattered Far Field
D. Quantitative Results

VI. Scattering of Electromagnetic
Waves by a Chiral Spheroid
A. Field Expansions
B. Boundary Conditions
C. Scattering Cross Sections and

Numerical Results
VII. Scattering by Systems of

Arbitrarily Oriented Spheroids
A. Problem Formulation
B. Imposing the

Boundary Conditions
C. Scattering Cross Sections
D. Numerical Results for

Two Arbitrarily
Oriented Spheroids

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
Copyright © 2000 by Academic Press. All rights of reproduction in any form reserved. 89



90 Ioan R. Ciric and Francis R. Cooray

I. INTRODUCTION

The method of separation of variables can be used to obtain exact analytic solu-
tions to problems involving scattering of electromagnetic waves by objects whose
surfaces can be made to coincide with coordinate surfaces in certain curvilinear
orthogonal systems. Spheroidal coordinate systems are such coordinate systems
and, because spheroidal surfaces are appropriate for approximating the surfaces
of a large variety of real-world, nonspherical objects, in this chapter we derive
exact expressions for the electromagnetic fields scattered by single spheroids and
also by systems of spheroids in arbitrary orientation. These expressions represent
benchmark solutions that are useful for evaluating the accuracy and efficiency of
various simpler, approximate methods of solution.

Exact solutions for the scalar Helmholtz equation in spheroidal coordinates,
obtained by using the method of separation of variables, are expressed in terms of
scalar spheroidal wave functions. These functions and their vector counterparts,
both of which are defined later, are the key to obtaining exact analytic solutions to
scattering problems involving single or multiple spheroids. For a historical survey
on the application of spheroidal wave functions, the reader is referred to Flam-
mer’s monograph (Flammer, 1957).

Even though various applications of spheroidal wave functions have been pre-
sented since 1880, it is in the work of Schultz (1950) that a formulation was
given for the first time for obtaining an exact solution to the problem of scatter-
ing of electromagnetic waves by a perfectly conducting prolate spheroid at ax-
ial incidence. Based on Schultz’s formulation, Siegel et al. (1956) carried out
quantitative calculations of the backscattering from a prolate spheroid and plot-
ted the variation of the backscattering cross section with the size of the spheroid,
for a prolate spheroid of axial ratio 10. An exact solution for the more general
case of the scattering of electromagnetic waves by a perfectly conducting prolate
spheroid for arbitrary polarization and angle of incidence was given by Reitilinger
(1957), but no numerical results were published. Numerical results for this prob-
lem, in the form of scattering cross sections, were presented by Sinha and Mac-
Phie (1977), whose formulation also eliminated some drawbacks in the analysis
given by Reitilinger (1957). An exact solution to a similar problem involving a di-
electric spheroid was obtained by Asano and Yamamoto (1975) using a different
type of vector wave functions than that used in the work of Sinha and MacPhie
(1977). Analytic solutions for scattering by a dielectric spheroid with a confocal
lossy dielectric coating (Cooray and Ciric, 1992) and by a chiral spheroid (Cooray
and Ciric, 1993) were first given by the authors. A similar solution for a prolate
spheroid with a lossy dielectric coating was also presented by Sebak and Sinha
(1992), but only for axial incidence. Recent calculations using the method of sep-
aration of variables for the scattering by single homogeneous spheroids and by
coated spheroids were also reported by Voshchinnikov (1996). On the other hand,
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exact analytical results for a single spheroidal particle have been used to derive its
T matrix in spheroidal coordinates (Schulz et al., 1998a). The T matrix expressed
in spherical coordinates is applied to evaluate optical properties of ensembles of
randomly oriented spheroidal particles by performing the averaging analytically
(Mishchenko, 1991a).

Research on the application of the method of separation of variables to the elec-
tromagnetic scattering by systems of two spheroids is not as extensive as in the
case of a single spheroid because of the fact that the analysis is now more compli-
cated by the necessity of implementing translational and rotational–translational
addition theorems for spheroidal wave functions. An exact solution for electro-
magnetic scattering by two parallel conducting spheroids was first obtained by
Sinha and MacPhie (1983). A similar solution, but using again a different type
of vector wave function was given by Dalmas and Deleuil (1985). The scatter-
ing from two parallel dielectric spheroids was analyzed by Cooray et al. (1990).
Analytic solutions to the problems of electromagnetic scattering by two conduct-
ing and two dielectric spheroids of arbitrary orientation were first obtained by the
authors (Cooray and Ciric, 1989b; Cooray and Ciric, 1991a) using the rotational–
translational addition theorems for vector spheroidal wave functions previously
derived by them (Cooray and Ciric, 1989a) and independently by Dalmas et al.
(1989). The authors also presented a solution for the case of an arbitrary number
of dielectric spheroids in arbitrary orientation (Cooray and Ciric, 1991b), with
numerical results given for the case of two spheroids. The case of scattering by
two homogeneous lossy dielectric spheroids of arbitrary orientation was recently
considered by Nag and Sinha (1995).

In the following sections of this chapter, we present the spheroidal coordinate
systems, define different spheroidal wave functions used in the analysis of scat-
tering problems, and present exact solutions to the problems of electromagnetic
scattering by a single spheroid (coated dielectric and chiral) and by systems with
an arbitrary number of dielectric spheroids in arbitrary orientation, with illustra-
tive numerical results computed for spheroids of different sizes. A time-harmonic
dependence exp(jωt), whereω is the angular frequency and j2 = −1, is assumed
throughout in the formulas and derivations given in this chapter (cf. Section IV of
Chapter 1).

II. SPHEROIDAL COORDINATE SYSTEMS

The prolate and oblate spheroidal coordinate systems are constructed by rotat-
ing a two-dimensional elliptic coordinate system, consisting of confocal ellipses
and hyperbolas, about the major and minor axes of the ellipses, respectively. In
the following definition of the spheroidal coordinates, the z axis of the Carte-
sian coordinate system attached to the center of the confocal spheroids has been
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considered as the axis of revolution. Let F be the corresponding semi-interfocal
distance. The prolate spheroidal coordinates (η, ξ , ϕ) are then related to the Carte-
sian coordinates by the transformation

x = F [(1 − η2)(ξ2 − 1
)]1/2 cosϕ, y = F [(1 − η2)(ξ2 − 1

)]1/2 sin ϕ,
(1)

z = Fηξ,
with −1 ≤ η ≤ 1, 1 ≤ ξ < ∞, 0 ≤ ϕ ≤ 2π . The oblate spheroidal coordinates
are related to the Cartesian coordinates by the transformation

x = F [(1 − η2)(ξ2 + 1
)]1/2 cosϕ, y = F [(1 − η2)(ξ2 + 1

)]1/2 sin ϕ,
(2)

z = Fηξ,
with either −1 ≤ η ≤ 1, 0 ≤ ξ <∞, 0 ≤ ϕ ≤ 2π or 0 ≤ η ≤ 1, −∞ < ξ <∞,
0 ≤ ϕ ≤ 2π .

III. SPHEROIDAL WAVE FUNCTIONS

The scalar Helmholtz equation can be written in prolate spheroidal coordinates
as[

∂

∂η

(
1 − η2) ∂

∂η
+ ∂

∂ξ

(
ξ2 − 1

) ∂
∂ξ

+ ξ2 − η2

(ξ2 − 1)(1 − η2)

∂2

∂ϕ2
+ h2(ξ2 − η2)]ψ

= 0, (3)

and in oblate spheroidal coordinates as[
∂

∂η

(
1 − η2) ∂

∂η
+ ∂

∂ξ

(
ξ2 + 1

) ∂
∂ξ

+ ξ2 + η2

(ξ2 + 1)(1 − η2)

∂2

∂ϕ2
+ h2(ξ2 + η2)]ψ

= 0, (4)

where ψ is the scalar spheroidal wave function and h = kF , with k being the
wavenumber. It can be seen that Eq. (4) can be obtained from Eq. (3) using the
transformation ξ → ±jξ , h → ∓jh. Thus this transformation can be used to
pass from one system to the other.

By applying the method of separation of variables, elementary solutions to
Eqs. (3) and (4) are obtained in the form

ψe
omn

= Smn(c, η)Rmn(c, υ)cosmϕ
sinmϕ , (5)

where c = h, υ = ξ correspond to Eq. (3) and c = −jh, υ = jξ to Eq. (4),
and e and o indicate the even and the odd functions, respectively. The functions
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Smn(h, η) and Rmn(h, ξ) satisfy the differential equations

d

dη

[(
1 − η2) d

dη
Smn(h, η)

]
+
[
λmn − h2η2 − m2

1 − η2

]
Smn(h, η) = 0 (6)

and

d

dξ

[(
ξ2 − 1

) d
dξ
Rmn(h, ξ)

]
−
[
λmn − h2ξ2 + m2

ξ2 − 1

]
Rmn(h, ξ) = 0, (7)

where λmn and m are separation constants, with λmn being a function of h. The
discrete values of λmn (n = m, m + 1, m + 2, . . .) for which the differential
equation (6) gives solutions that are finite at η = ±1 are the desired eigenval-
ues, with m being an integer including 0 (Flammer, 1957). For a discussion on
how to evaluate the eigenvalues the reader is referred to Flammer (1957) and
Sinha et al. (1973). The equations satisfied by the corresponding oblate functions
Smn(−jh, η) and Rmn(−jh, jξ) are obtained from Eqs. (6) and (7), respectively,
by replacing h by −jh and ξ by jξ .

A. SPHEROIDAL ANGLE FUNCTIONS

The prolate spheroidal angle functions are the eigenfunctions Smn(h, η) cor-
responding to the eigenvalues λmn of Eq. (6). The solution to Eq. (6) yields
two kinds of angle functions S(1)mn(h, η) and S(2)mn(h, η). It is only S(1)mn(h, η) that
is used in physical problems, because of its regularity throughout the interval
−1 ≤ η ≤ 1. Thus we simplify the notation by writing Smn(h, η) to mean the an-
gle functions of the first kind. This remark is also valid for the oblate spheroidal
angle functions Smn(−jh, η).

The spheroidal angle functions can be expressed in the form of an infinite series
of associated Legendre functions of the first kind as (Flammer, 1957)

Smn(c, η) =
∞∑
r=0,1

′ dmnr (c)Pmm+r (η), (8)

in which c is either h or −jh, depending on whether we consider the prolate or the
oblate cases, and the prime indicates that the summation is over even values of r
when n−m is even and over odd values of r when n−m is odd. The evaluation of
the spheroidal expansion coefficients dmnr (c) is described in detail in the previous
reference.
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A power series expansion can also be used to evaluate the angle functions,
which for prolate functions is given by (Flammer, 1957)

Smn(h, η) = (
1 − η2)m/2 ∞∑

k=0

cmn2k (h)
(
1 − η2)k, (n−m) even, (9)

Smn(h, η) = η
(
1 − η2)m/2 ∞∑

k=0

cmn2k (h)
(
1 − η2)k, (n−m) odd, (10)

where

cmn2k (h) = 1

2mk!(m+ k)!
∞∑
r=k

(2m+ 2r)!
(2r)! (−r)k

(
m+ r + 1

2

)
k

dmn2r (h),

(n−m) even, (11)

cmn2k (h) = 1

2mk!(m+ k)!
∞∑
r=k

(2m+ 2r + 1)!
(2r + 1)! (−r)k

(
m+ r + 3

2

)
k

dmn2r+1(h),

(n−m) odd, (12)

in which

(α)k = α(α + 1)(α + 2) · · · (α + k − 1), (α)0 = 1. (13)

A recursion formula for calculating cmn2k (h) is also given in this reference. The
power series expansion for the oblate case is obtained from Eqs. (9) and (10) by
replacing h by −jh.

An important property of spheroidal angle functions is the orthogonality in the
interval −1 ≤ η ≤ 1 that results from the Sturm–Liouville theory for the differ-
ential equations, which can be expressed as∫ 1

−1
Smn(c, η)Smn′(c, η) dη = Nmn(c)δnn′ , (14)

where δnn′ is the Kronecker delta and

Nmn(c) = 2
∞∑
r=0,1

′ (2m+ r)!{dmnr (c)}2

(2m+ 2r + 1)r! (15)

is the normalization constant, with c = h or c = −jh depending on whether we
consider prolate or oblate functions.
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B. SPHEROIDAL RADIAL FUNCTIONS

The prolate spheroidal radial functions are solutions of the differential equa-
tion (7), and the range of the coordinate ξ is 1 ≤ ξ <∞.

In physical problems one usually requires the spheroidal radial functions of
both the first kind R(1)mn(h, ξ) and the second kind R(2)mn(h, ξ), which are indepen-
dent solutions of Eq. (7). The functions of the third and fourth kind, R(3)mn(h, ξ)
and R(4)mn(h, ξ), are linear combinations of R(1)mn(h, ξ) and R(2)mn(h, ξ).

Like the spheroidal angle functions, the spheroidal radial functions R(1)mn(h, ξ)
and R(2)mn(h, ξ) can also be expanded as an infinite series in the form (Morse and
Feshbach, 1953; Flammer, 1957; Sinha, 1974)

R(1)mn(h, ξ) =
(
ξ2 − 1

ξ2

)m/2 ∞∑
r=0,1

′ ar(h|mn)jm+r (hξ), (16)

R(2)mn(h, ξ) =
(
ξ2 − 1

ξ2

)m/2 ∞∑
r=0,1

′ ar(h|mn)ym+r(hξ), (17)

where jm+r (hξ) and ym+r (hξ) are spherical Bessel and Neumann functions, re-
spectively, of order m + r and argument hξ , and ar(h|mn) are the expansion
coefficients, whose calculation is given in the three references mentioned previ-
ously. The series representation of R(1)mn(h, ξ) has good convergence, whereas the
one of R(2)mn(h, ξ) is an asymptotic series that is very slowly convergent for small
values of hξ . In such cases, R(2)mn(h, ξ) can be calculated using an integral method
that is presented in Sinha (1974) and Sinha and MacPhie (1975).

Prolate spheroidal radial functions can also be expressed as a series of powers
of ξ2 − 1 (Flammer, 1957). Series of this type are particularly advantageous and
provide an alternate method for the calculation of R(2)mn(h, ξ) for small values of
hξ . The series expansions of R(1)mn(h, ξ) are of the form

R(1)mn(h, ξ) = [
κ(1)mn(h)

]−1(
ξ2 − 1

)m/2 ∞∑
k=0

(−1)kcmn2k (h)
(
ξ2 − 1

)k
,

(n−m) even, (18)

R(1)mn(h, ξ) = [
κ(1)mn(h)

]−1
ξ
(
ξ2 − 1

)m/2 ∞∑
k=0

(−1)kcmn2k (h)
(
ξ2 − 1

)k
,

(n−m) odd, (19)
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where

κ(1)mn(h) =
(2m+ 1)(n+m)!

∞∑
r=0

′dmnr (h)
(2m+ r)!

r!

2n+mdmn0 (h)hmm!
(
n−m

2

)
!
(
n+m

2

)
!
,

(n−m) even, (20)

κ(1)mn(h) =
(2m+ 3)(n+m+ 1)!

∞∑
r=1

′dmnr (h)
(2m+ r)!

r!

2n+mdmn1 (h)hm+1m!
(
n−m− 1

2

)
!
(
n+m+ 1

2

)
!
,

(n−m) odd, (21)

and cmn2k (h) are given in Eqs. (11) and (12). The series expansions for R(2)mn(h, ξ)
are of the form

R(2)mn(h, ξ) = 1

2
QmnR

(1)
mn(h, ξ) log

ξ + 1

ξ − 1
+ gmn(h, ξ), (22)

where

Qmn = [κ(1)mn(h)]2

h

m∑
r=0

αmnr (h)
(−1)m−r+1(2m− 2r)!
r![2m−r(m− r)!]2

,

(n−m) even, (23)

Qmn = [κ(1)mn(h)]2

h

m∑
r=0

αmnr (h)
(−1)m−r+1(2m− 2r + 1)!

r![2m−r(m− r)!]2 ,

(n−m) odd, (24)

in which

αmnr (h) =
{
dr

dxr

[ ∞∑
k=0

(−1)kcmn2k (h)x
k

]−2}
x=0

, (25)

and

gmn(h, ξ) = ξ
(
ξ2 − 1

)−m/2 ∞∑
r=0

bmnr
(
ξ2 − 1

)r
, (n−m) even, (26)

gmn(h, ξ) = (
ξ2 − 1

)−m/2 ∞∑
r=0

bmnr
(
ξ2 − 1

)r
, (n−m) odd. (27)
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Recurrence formulas for the evaluation of the coefficients bmnr and the explicit
forms of αmnr (h) for r = 0, 1, 2, 3, 4 are also given in Flammer (1957). The
accuracy of the calculated prolate spheroidal radial functions can be checked by
using the Wronskian relation

R(1)mn(h, ξ)
d

dξ
R(2)mn(h, ξ) − R(2)mn(h, ξ)

d

dξ
R(1)mn(h, ξ) = 1

h(ξ2 − 1)
. (28)

The oblate spheroidal wave functions can be accurately calculated using a
power series expansion in terms of ξ2 + 1 (Flammer, 1957). For radial functions
of the first kind, this expansion is given by

R(1)mn(−jh, jξ) = [
j−mκ(1)mn(−jh)

]−1(
ξ2 + 1

)m/2 ∞∑
k=0

cmn2k (−jh)
(
ξ2 + 1

)k
,

(n−m) even, (29)

R(1)mn(−jh, jξ) = [
j−m−1κ(1)mn(−jh)

]−1
ξ
(
ξ2 + 1

)m/2 ∞∑
k=0

cmn2k (−jh)
(
ξ2 + 1

)k
,

(n−m) odd, (30)

where κ(1)mn(−jh) and cmn2k (−jh) are obtained from Eqs. (20), (21) and Eqs. (11),
(12), respectively, by changing h in these equations to −jh. The power series
expansion for radial functions of the second kind is given by

R(2)mn(−jh, jξ) = Q̄mnR(1)mn(−jh, jξ)
[

tan−1 ξ − π

2

]
+ gmn(−jh, jξ), (31)

where

Q̄mn = [j−mκ(1)mn(−jh)]2

h

m∑
r=0

ᾱmnr (−jh)
(2m− 2r)!

r![2m−r(m− r)!]2 ,

(n−m) even, (32)

Q̄mn = −[j−m−1κ
(1)
mn(−jh)]2

h

m∑
r=0

ᾱmnr (−jh)
(2m− 2r + 1)!
r![2m−r(m− r)!]2 ,

(n−m) odd, (33)

in which

ᾱmnr (−jh) =
{
dr

dxr

[ ∞∑
k=0

cmn2k (−jh)xk
]−2}

x=0

, (34)
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and

gmn(−jh, jξ) = (
ξ2 + 1

)−m/2 ∞∑
r=0

Bmn2r ξ
2r+1, (n−m) even, (35)

gmn(−jh, jξ) = (
ξ2 + 1

)−m/2 ∞∑
r=0

Bmn2r ξ
2r , (n−m) odd. (36)

Recursion relations for calculating the coefficients Bmn2r are given in Flammer
(1957). The Wronskian relation in this case is

R(1)mn(−jh, jξ)
d

dξ
R(2)mn(−jh, jξ)− R(2)mn(−jh, jξ)

d

dξ
R(1)mn(−jh, jξ)

= 1

h(ξ2 + 1)
. (37)

IV. SPHEROIDAL VECTOR WAVE FUNCTIONS

By the application of vector differential operators to the scalar spheroidal wave
function given in Eq. (5), the vector spheroidal wave functions M and N are de-
fined as (Flammer, 1957)

Mmn = ∇ψmn × a, (38)

Nmn = k−1(∇ × Mmn), (39)

where a is either an arbitrary constant unit vector or the position vector r. None
of the coordinate unit vectors η, ξ , or ϕ in the spheroidal coordinate systems has
the properties required for a. Instead, the Cartesian unit vectors can efficiently
be used, because the transformation from the Cartesian system to the spheroidal
systems is relatively simpler.

The three Cartesian unit vectors x, y, z and the radial vector r generate the fol-
lowing prolate spheroidal vector wave functions M(h; η, ξ, ϕ) and N(h; η, ξ, ϕ):

Mp(i)
e
omn
(h; η, ξ, ϕ) = ∇ψ(i)e

omn
(h; η, ξ, ϕ)× p,

p = x, y, z, p = x, y, z, (40)

Mr(i)
e
omn
(h; η, ξ, ϕ) = ∇ψ(i)e

omn
(h; η, ξ, ϕ)× r, (41)

Np(i)e
omn
(h; η, ξ, ϕ) = k−1[∇ × Mp(i)

e
omn
(h; η, ξ, ϕ)], (42)

Nr(i)e
omn
(h; η, ξ, ϕ) = k−1[∇ × Mr(i)

e
omn
(h; η, ξ, ϕ)], (43)

in which e and o refer to the even and odd functions, respectively, and i indicates
the kind of function, i = 1, 2, 3, 4. The oblate spheroidal vector wave functions
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M(−jh; η, jξ, ϕ) and N(−jh; η, jξ, ϕ) can be obtained from the corresponding
prolate spheroidal ones by changing h to −jh and ξ to jξ . Explicit expressions
for these vector spheroidal wave functions are available in Flammer (1957). In the
functions Mx(i)

e
omn

, My(i)
e
omn

, Nx(i)e
omn

, and Ny(i)e
omn

, the ϕ dependence of various components
is simply given by the product of cosϕ or sin ϕ with either cosmϕ or sinmϕ. It is
convenient therefore to define the following additional vector wave functions:

M+(i)
e
om+1,n(h; η, ξ, ϕ) = 1

2

[
Mx(i)

e
omn
(h; η, ξ, ϕ)∓ My(i)

o
emn
(h; η, ξ, ϕ)

]
, (44)

M−(i)
e
om−1,n(h; η, ξ, ϕ) = 1

2

[
Mx(i)

e
omn
(h; η, ξ, ϕ)± My(i)

o
emn
(h; η, ξ, ϕ)

]
, (45)

N+(i)
e
om+1,n(h; η, ξ, ϕ) = 1

2

[
Nx(i)e

omn
(h; η, ξ, ϕ)∓ Ny(i)o

emn
(h; η, ξ, ϕ)

]
, (46)

N−(i)
e
om−1,n(h; η, ξ, ϕ) = 1

2

[
Nx(i)e

omn
(h; η, ξ, ϕ)± Ny(i)o

emn
(h; η, ξ, ϕ)

]
, (47)

where the components with an indexm+1 have a ϕ dependence of either cos(m+
1)ϕ or sin(m + 1)ϕ, whereas those with an index m− 1 have a ϕ dependence of
either cos(m− 1)ϕ or sin(m− 1)ϕ. The − and + signs in Eqs. (44) and (46), and
the + and − signs in Eqs. (45) and (47), on the right-hand sides, are associated
with the even and odd vector wave functions, respectively. Explicit expressions
for M+(i)

e
om+1,n, M−(i)

e
om−1,n, N+(i)

e
om+1,n, and N−(i)

e
om−1,n are also given in Flammer (1957).

In Sinha and MacPhie (1983), these latter even and odd functions were combined
correspondingly to have an exponential variation of ϕ and the modified functions
have been denoted, respectively, by M+(i)

mn , M−(i)
mn , N+(i)

mn , and N−(i)
mn , so that the

ϕ dependence in M±(i)
mn and N±(i)

mn is exp[j (m ± 1)]ϕ. The even and odd prolate

spheroidal vector wave functions Mz(i)
e
omn

and Nz(i)e
omn

can also be combined to form

two new functions Mz(i)
mn and Nz(i)mn given by

Mz(i)
mn = Mz(i)

emn + jMz(i)
omn, Nz(i)mn = Nz(i)emn + jNz(i)omn, (48)

with an exp(jmϕ) ϕ dependence. Similarly, the even and odd prolate spheroidal
vector wave functions Mr(i)

e
omn

and Nr(i)e
omn

can be combined to form the functions

Mr(i)
mn = Mr(i)

emn + jMr(i)
omn, Nr(i)mn = Nr(i)emn + jNr(i)omn, (49)

which also have an exp(jmϕ) ϕ dependence. The corresponding oblate spheroidal
wave functions can be obtained from the prolate spheroidal ones by using the
transformation ξ → jξ and h→ −jh. In the following sections of this chapter
we use the vector spheroidal wave functions M±(i)

mn , Mz(i)
mn , Mr(i)

mn , N±(i)
mn , Nz(i)mn ,

and Nr(i)mn to obtain exact solutions to the problems of scattering of electromagnetic
waves by a single spheroid or by an ensemble of spheroids in arbitrary orientation.
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V. ELECTROMAGNETIC SCATTERING BY A
COATED LOSSY SPHEROID

To illustrate the application of the method of separation of variables, we derive
in this section an exact solution to the problem of scattering of electromagnetic
waves by a homogeneous dielectric spheroid coated with a confocal lossy dielec-
tric material of arbitrary thickness. The electric and magnetic fields inside the
spheroid, within the coating, and outside the coating are expressed in terms of a
set of vector spheroidal wave functions, and the solution is obtained by imposing
the appropriate boundary conditions at each spheroidal surface.

A. FIELD EXPRESSIONS

Consider a linearly polarized monochromatic plane electromagnetic wave with
an electric field of unit amplitude, incident on a dielectric spheroid with a confocal
lossy dielectric coating of arbitrary thickness, as shown in Fig. 1. The materials
of the spheroid and the coating layer are assumed to be linear, homogeneous,
isotropic, and lossy, with permittivities ε2 and ε1 and permeabilities µ2 and µ1,
respectively. The medium outside the coating layer is assumed to be linear, ho-
mogeneous, and isotropic, with permittivity ε and permeability µ. The semiaxial
lengths of the spheroidal core are denoted by a2 and b2, and those of the outer sur-
face of the confocal layer by a1 and b1. The inner and outer spheroidal surfaces

Figure 1 Geometry of the scattering system.



Chapter 4 Separation of Variables for Electromagnetic Scattering 101

are defined by ξ = ξ2 and ξ = ξ1, respectively (see Fig. 1), with ξ being the radial
coordinate of a spheroidal coordinate system whose origin is at the center O of
the spheroid. The major axes of the spheroidal surfaces are along the z axis of the
Cartesian system Oxyz.

Without any loss of generality, the incident plane can be considered to be the
xz plane (ϕi = 0). The incident propagation vector k makes an angle ϑi with the
z axis. A linearly polarized incident wave can in general be resolved into trans-
verse electric (TE) and transverse magnetic (TM) components. These components
are usually defined in terms of the polarization angle ζ , which is the angle between
the direction of the incident electric field vector and the direction of the normal
to the plane of incidence. For TE polarization ζ = 0 and for TM polarization
ζ = π/2.

The incident electric field Ei and magnetic field Hi can be expressed in terms
of the vector spheroidal wave functions M and N defined in Section IV as (Sinha
and MacPhie, 1983; Cooray and Ciric, 1989b)

Ei =
∞∑

m=−∞

∞∑
n=|m|

(
p+
mnM+(1)

mn + p−
mnM−(1)

mn

)
, (50)

Hi = j (ε/µ)1/2
∞∑

m=−∞

∞∑
n=|m|

(
p+
mnN+(1)

mn + p−
mnN−(1)

mn

)
, (51)

where

p±
mn = 2jn−1

kNmn(h)
Smn(h, cosϑi)

(
cos ζ

cosϑi
∓ j sin ζ

)
, (52)

in which Nmn(h) is the normalization constant of the spheroidal angle function
Smn(h, cosϑi) defined in Section III.A and h = kF , with k being the wavenumber
in the medium outside the coating layer and F the semi-interfocal distance of the
spheroid. Equation (50) can now be rewritten in matrix form

Ei = M̄
(1)T
i Ī , (53)

with the overbar denoting a column matrix and T denoting the transpose of a
matrix, where

M̄
(1)T
i = [

M̄
T
i0 M̄

T
i1 M̄

T
i2 · · · ], Ī T = [

p̄T
0 p̄T

1 p̄T
2 · · · ] (54)

and

M̄
T
i0 = [

M̄
+(1)T
−1 M̄

−(1)T
1

]
,

(55)
M̄

T
iσ = [

M̄
+(1)T
σ−1 M̄

−(1)T
σ+1 M̄

+(1)T
−(σ+1) M̄

−(1)T
−(σ−1)

]
for σ � 1,
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with

M̄
±(1)T
τ

= [
M±(1)
τ,|τ |(h; η, ξ, ϕ) M±(1)

τ,|τ |+1(h; η, ξ, ϕ) M±(1)
τ,|τ |+2(h; η, ξ, ϕ) · · · ],

(56)

and

p̄T
0 = [

p̄ +T
−1 p̄ −T

1

]
,

(57)
p̄T
σ = [

p̄ +T
σ−1 p̄ −T

σ+1 p̄ +T
−(σ+1) p̄ −T

−(σ−1)

]
for σ � 1,

with

p̄±T
τ = [

p±
τ,|τ | p±

τ,|τ |+1 p±
τ,|τ |+2 · · · ]. (58)

Equation (51) can similarly be written in matrix form (Cooray et al., 1990)

Hi = j
(
ε

µ

)1/2

N̄
(1)T
i Ī , (59)

with the elements of N̄
(1)T
i obtained from the corresponding elements of M̄

(1)T
i by

replacing the vector wave functions M by N.
The scattered field Es for ξ > ξ1 can be expanded in terms of vector spheroidal

wave functions of the fourth kind as (Cooray and Ciric, 1989b)

Es =
∞∑
m=0

∞∑
n=m

(
α̃+
mnM+(4)

mn + α̃zm+1,n+1Mz(4)
m+1,n+1

)
+

∞∑
n=0

(
α̃+

−1,n+1M+(4)
−1,n+1 + α̃z0nMz(4)

0n

)
+

∞∑
m=0

∞∑
n=m

(
α̃−−mnM−(4)

−mn + α̃z−(m+1),n+1Mz(4)
−(m+1),n+1

)
, (60)

where α̃uv are the unknown expansion coefficients. This equation can now be
written in matrix form

Es = M̄
(4)T
s

¯̃α, (61)

where

M̄
(4)T
s = [

M̄
T
s0 M̄

T
s1 M̄

T
s2 · · · ],

(62)
¯̃αT = [ ¯̃αT

0
¯̃αT

1
¯̃αT

2 · · · ],
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in which

M̄
T
s0 = [

M̄
+(4)T
−1 M̄

z(4)T
0

]
,

(63)
M̄

T
sσ = [

M̄
+(4)T
σ−1 M̄

z(4)T
σ M̄

−(4)T
−(σ−1) M̄

z(4)T
−σ

]
for σ � 1,

with

M̄
±(4)T
τ = [

M±(4)
τ,|τ |(h; η, ξ, ϕ) M±(4)

τ,|τ |+1(h; η, ξ, ϕ) M±(4)
τ,|τ |+2(h; η, ξ, ϕ) · · · ],

(64)

M̄
z(4)T
τ = [

Mz(4)
τ,|τ |(h; η, ξ, ϕ) Mz(4)

τ,|τ |+1(h; η, ξ, ϕ) Mz(4)
τ,|τ |+2(h; η, ξ, ϕ) · · · ],

(65)

and

¯̃αT
0 = [ ¯̃α+T

−1
¯̃αzT0

]
,

(66)
¯̃αT
σ = [ ¯̃α+T

σ−1
¯̃αzTσ ¯̃α−T

−(σ−1)
¯̃αzT−σ

]
for σ � 1,

with

¯̃α±T
τ = [

α̃±
τ,|τ | α̃±

τ,|τ |+1 α̃±
τ,|τ |+2 · · · ],

(67)
¯̃αzTτ = [

α̃zτ,|τ | α̃zτ,|τ |+1 α̃zτ,|τ |+2 · · · ].
Using the Maxwell equation ∇ × E = −jωµH, the corresponding expansion

for the scattered magnetic field for ξ > ξ1 can be derived from Eq. (61) as

Hs = j
(
ε

µ

)1/2

N̄
(4)T
s

¯̃α, (68)

with the elements of N̄
(4)T
s obtained from those of M̄

(4)T
s by replacing the vector

wave functions M by N.
The electric field (1)Et transmitted in the region ξ2 < ξ < ξ1 contains both the

first and the second kinds of vector spheroidal wave functions, whereas the field
(2)Et transmitted in the region ξ < ξ2 only contains the vector wave functions of
the first kind. Thus, their expansions in terms of vector spheroidal wave functions
can be written in matrix form

(1)Et = (1)M̄
(1)T
t

¯̃
β + (1)M̄

(2)T
t

¯̃γ , (69)
(2)Et = (2)M̄

(1)T
t

¯̃
δ, (70)

where the elements of the matrices (1)M̄
(1)T
t and (1)M̄

(2)T
t are obtained from the

corresponding elements of the matrix M̄
(4)T
s by replacing the spheroidal vector
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wave functions of the fourth kind by those of the first kind and the second kind,
respectively, and h by h1 = k1F , with k1 = (

√
µ1/µ

√
ε1/ε)k. The elements

of the matrix (2)M̄
(1)T
t are then obtained from the corresponding elements of the

matrix (1)M̄
(1)T
t by replacing h1 by h2 = k2F , where k2 = (

√
µ2/µ

√
ε2/ε) k,

and those of the unknown coefficient matrices ¯̃
β, ¯̃γ , and ¯̃

δ are obtained from the
corresponding elements of ¯̃α by replacing α̃ by β̃, γ̃ , and δ̃, respectively.

Referring to the derivation of Hs in Eq. (68) from Es in Eq. (61), the expansions
of the corresponding magnetic fields can be written as

(1)Ht = j

(
ε1

µ1

)1/2[
(1)N̄

(1)T
t

¯̃
β + (1)N̄

(2)T
t

¯̃γ ], (71)

(2)Ht = j

(
ε2

µ2

)1/2
(2)N̄

(1)T
t

¯̃
δ, (72)

where the matrices (1)N̄
(1)T
t , (1)N̄

(2)T
t , and (2)N̄

(1)T
t are obtained from (1)M̄

(1)T
t ,

(1)M̄
(2)T
t , and (2)M̄

(1)T
t , respectively, by replacing the vector wave functions M

by N.

B. BOUNDARY VALUE PROBLEM SOLUTION

The boundary conditions require that the tangential components of the total
electric and magnetic fields across each of the spheroidal surfaces ξ = ξ1 and
ξ = ξ2 be continuous, that is,

(Ei+Es)×ξ |ξ=ξ1 = (1)Et×ξ |ξ=ξ1, (Hi+Hs)×ξ |ξ=ξ1 = (1)Ht×ξ |ξ=ξ1 (73)

and

(1)Et × ξ |ξ=ξ2 = (2)Et × ξ |ξ=ξ2, (1)Ht × ξ |ξ=ξ2 = (2)Ht × ξ |ξ=ξ2, (74)

with ξ being the unit vector normal to the respective spheroidal surface. After
substituting the different electric and magnetic fields in Eqs. (73) and (74) with
the respective expressions in Eqs. (53), (59), (61), and (68)–(72), applying the
orthogonality properties of the trigonometric functions and the spheroidal angle
functions, and integrating correspondingly over each spheroidal surface, a matrix
equation is finally obtained in the form

[Gd ]S̄ = [Rd ]Ī , (75)

where S̄ = [ ¯̃βT ¯̃γ T ¯̃αT ¯̃
δ

T]T is the column matrix of the unknown coeffi-
cients. The structure and elements of the matrices [Gd ] and [Rd ] are similar to
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those in Cooray and Ciric (1991b). The details regarding the calculation of the in-
tegrals that appear as a result of applying the orthogonality of the spheroidal wave
functions are given in Sinha and MacPhie (1977) and Cooray and Ciric (1991b).
The solution of Eq. (75) can now be written in the form

S̄ = [G]Ī , (76)

where [G] = [Gd ]−1[Rd ] is the system matrix, whose elements are independent
of the direction and polarization of the incident wave. Once the expansion coef-
ficients α̃, β̃, γ̃ , and δ̃ are known, it is possible to calculate the fields inside the
spheroid, inside the coating layer, and outside the coating layer, by substituting
back in the appropriate series expansions of the fields.

C. SCATTERED FAR FIELD

The scattered electric field in the far zone can be written by using the asymp-
totic forms of the vector spheroidal wave functions M as

Es(r, ϑ, ϕ) = e−jkr

kr

[
Fϑ(ϑ, ϕ)ϑ + Fϕ(ϑ, ϕ)ϕ

]
, (77)

where

Fϑ(ϑ, ϕ) = −k
∞∑
m=0

∞∑
n=m

jn+1 Smn(h, cosϑ)

2

× {(
α̃+
mn − α̃−−mn

)
cos(m+ 1)ϕ + j(α̃+

mn + α̃−−mn
)

sin(m+ 1)ϕ
}

− k
∞∑
n=1

jn+1 S1n(h, cosϑ)

2
α̃+

−1n, (78)

Fϕ(ϑ, ϕ) = k

∞∑
m=0

∞∑
n=m

jn
[

cosϑ
Smn(h, cosϑ)

2

× {(
α̃+
mn + α̃−−mn

)
cos(m+ 1)ϕ + j(α̃+

mn − α̃−−mn
)

sin(m+ 1)ϕ
}

− j sinϑSm+1,n+1(h, cosϑ)
{(
α̃zm+1,n+1 + α̃z−(m+1),n+1

)
× cos(m+ 1)ϕ + j(α̃zm+1,n+1 − α̃z−(m+1),n+1

)
sin(m+ 1)ϕ

}]
+ k cosϑ

∞∑
n=1

jn
S1n(h, cosϑ)

2
α̃+

−1n

− k sinϑ
∞∑
n=0

jnS0n(h, cosϑ)α̃z0n, (79)
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with r, ϑ, ϕ being the spherical coordinates of the point of observation and ϑ , ϕ

being the unit vectors in the ϑ and ϕ directions, respectively.
The normalized bistatic cross section is given by

F0 ≡ k2r2|Es(r, ϑ, ϕ)|2 = |Fϑ(ϑ, ϕ)|2 + |Fϕ(ϑ, ϕ)|2. (80)

The normalized backscattering cross section F1 is obtained from Eq. (80) with
ϑ = ϑi and ϕ = ϕi = 0.

Of most practical interest are the normalized bistatic cross sections in the E
and H planes (i.e., the planes determined by ϕ = π/2 and ϕ = 0, respectively)
for different values of the scattering angle ϑ and the normalized backscattering
cross section for different values of the angle of incidence ϑi .

D. QUANTITATIVE RESULTS

Numerical results are presented in this section as plots of the far-field normal-
ized bistatic and backscattering cross sections, for a selected set of spheroids with
various coatings. Because the series expansions of all the electric and magnetic
fields in terms of vector spheroidal wave functions consist of an infinite number
of terms, all the matrices involved in the field expressions have infinite dimen-
sions. To obtain numerical results, these infinite series and matrices are to be
appropriately truncated. The number of terms in the series expansion of the fields
(or the number of matrix elements) required to obtain a given accuracy in the
computed scattering cross sections depends on the frequency, size, spheroid ma-
terial, and material used for coating. For the illustrative examples considered in
this section, it has been found sufficient to consider only the ϕ harmonics ej0,
e±jϕ , and e±2jϕ in the vector spheroidal wave functions Mmn and Nmn, and
n = |m|, |m| + 1, . . . , |m| + 5 for each value of m, in order to obtain a two-
significant-digit accuracy in the computed scattering cross sections.

Numerical experiments performed to validate the software used in the calcu-
lation of the scattering cross sections are given in Cooray and Ciric (1992). All
normalized bistatic cross sections in the following examples are calculated for
µ1 = µ2 = µ and for the case of an axial incidence (ϑi = 0◦).

Figure 2 shows plots of the normalized bistatic cross section versus the scat-
tering angle and of the normalized backscattering cross section versus the angle
of incidence of the plane wave, for a dielectric spheroid of semi-major axis length
λ/4, relative permittivity 3, confocally coated with a lossy material of relative
permittivity 2.13 − j0.055 and thickness a1 − a2 = 0.02λ, with λ being the free-
space wavelength. The axial ratio of the spheroid is 2 in one case and 10 in the
other. The behavior of the scattering cross section in the two cases is very similar.
However, the magnitude of the scattering cross section is lower when the axial
ratio is 10, because the area available for scattering is less in this case. For both
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Figure 2 Normalized scattering cross sections of a dielectric prolate spheroid of semi-major axis
length λ/4 and relative permittivity 3, coated with a material of relative permittivity 2.13 − j0.055
and thickness 0.02λ, for two axial ratios.

spheroids, the magnitude of the backscattering cross section in the TM case is
larger than that of the corresponding TE case.

In Fig. 3 we show the variation of the normalized backscattering cross section
with the angle of incidence for a lossless dielectric spheroid and for a perfectly
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Figure 3 Backscattering cross sections for prolate spheroids of axial ratio 5 and semi-major axis
length λ/4. (a) Conducting spheroid and (b) dielectric spheroid of relative permittivity 3.

conducting spheroid, for both TE and TM polarizations of the incident uniform
plane wave. The relative permittivity of the lossless material of the dielectric
spheroid considered is 3, and the plots are given for both spheroids having a
semi-major axis length λ/4. The axial ratio of the spheroids in both cases is 5.
The results for the case of the dielectric spheroid have been obtained from those
corresponding to a coated dielectric spheroid, as a special case when the confocal
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layer has the material constants reduced to those of a free space. On the other
hand, the conducting spheroid has been simulated from the dielectric spheroid by
using a very high value of relative permittivity. The variation of the backscatter-
ing cross section in the TE case is almost the same for both types of spheroids.
However, in the TM case the magnitude of the scattering cross section for the
conducting spheroid increases quite rapidly as compared to that for the dielectric
spheroid.

VI. SCATTERING OF ELECTROMAGNETIC
WAVES BY A CHIRAL SPHEROID

In this section, an exact solution to the problem of plane wave scattering by an
optically active (or chiral) spheroid is derived using the same method of separation
of variables. Fields outside as well as inside the spheroid are expanded in terms
of vector spheroidal wave functions, and a set of simultaneous linear equations is
obtained by imposing the boundary conditions on the surface of the spheroid. The
solution to this system of equations yields the unknown coefficients in the series
expansions of the corresponding fields.

A. FIELD EXPANSIONS

Consider a homogeneous, isotropic, and chiral spheroid, with chirality admit-
tance ξc, permittivity εs, and permeability µs, located in a medium assumed to be
linear, homogeneous, and isotropic, with permittivity ε and permeability µ. An
arbitrarily polarized monochromatic uniform plane electromagnetic wave with an
electric field intensity of unit amplitude is incident at an arbitrary angle on the
spheroid whose center is at the origin O of a Cartesian coordinate system and
whose axis of symmetry is along the z axis. The same time dependence exp(jωt)
is used in the derivations and formulas given later. The plane of incidence is as-
sumed to be the xz plane. Then, the expansion of the incident electric field in
terms of the radial vector spheroidal wave functions defined in Section IV is given
by (Cooray and Ciric, 1993)

Ei =
∞∑

m=−∞

∞∑
n=|m|

[
pmn(h, ϑi)Mr(1)

mn (h; r)+ qmn(h, ϑi)Nr(1)mn (h; r)
]
, (81)

where r denotes the coordinate triad η, ξ, ϕ,

pmn(h, ϑi) = fmn(h, ϑi) cos ζ − jgmn(h, ϑi) sin ζ, (82)

qmn(h, ϑi) = gmn(h, ϑi) cos ζ − jfmn(h, ϑi) sin ζ, (83)
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in which h = kF , with k being the wavenumber in the region outside the spheroid
and F the semi-interfocal distance of the spheroid, and ζ is the polarization angle
defined in Section V. The coefficients fmn(h, ϑi) and gmn(h, ϑi) in Eqs. (82) and
(83) are given by (Cooray and Ciric, 1993)

fmn(h, ϑi) = − 2jn

Nmn(h)

∞∑
r=0,1

′ dmnr (h)

(r +m)(r +m+ 1)

d

dϑi
Pmm+r (cosϑi), (84)

gmn(h, ϑi) = − 2mjn

Nmn(h)

∞∑
r=0,1

′ dmnr (h)

(r +m)(r +m+ 1)

Pmm+r (cosϑi)

sinϑi
. (85)

When ϑi = 0, only f1n(h, 0) and g1n(h, 0) remain nonzero, and are given by

f1n(h, 0) = g1n(h, 0) = − jn

N1n(h)

∞∑
r=0,1

′ d1n
r (h). (86)

Equation (81) can now be written in a matrix form similar to that of Eq. (53) as

Ei = rM̄
(1)T
i r Īp + r N̄

(1)T
i r Īq , (87)

with the overbar denoting a column matrix and T denoting the transpose of a
matrix, where

rM̄
(1)T
i = [

M̄
(1)T
0 M̄

(1)T
1 M̄

(1)T
−1 M̄

(1)T
2 M̄

(1)T
−2 · · · ], (88)

with

M̄
(1)T
w = [

Mr(1)
w,|w|(h; r) Mr(1)

w,|w|+1(h; r) Mr(1)
w,|w|+2(h; r) · · · ], (89)

and

r Ī
T
p = [

Ī T
0 Ī T

1 Ī T−1 Ī T
2 Ī T−2 · · · ], (90)

with

Ī T
w = [pw,|w| pw,|w|+1 pw,|w|+2 · · · ]. (91)

The elements of rN̄
(1)T
i and r Īq are obtained from those of rM̄

(1)T
i and r Īp, re-

spectively, by replacing M by N and p by q .
The electric field scattered by the spheroid is expanded in terms of radial vector

spheroidal wave functions of the fourth kind in the form

Es =
∞∑

m=−∞

∞∑
n=|m|

[
αmnMr(4)

mn (h; r)+ βmnNr(4)mn (h; r)
]
, (92)
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where αmn and βmn are the unknown expansion coefficients to be determined.
This can be written in matrix form

Es = rM̄
(4)T
s ᾱ + r N̄

(4)T
s β̄, (93)

where the elements of the vector matrices are obtained from those of the matrices
in Eq. (87) by replacing Mr(1)

mn (h; r) by Mr(4)
mn (h; r) and Nr(1)mn (h; r) by Nr(4)mn (h; r).

The elements αmn and βmn of ᾱ and β̄ are obtained from those of r Īp and r Īq ,
respectively, by replacing p by α and q by β.

The electric field Ec inside the chiral spheroid can be expressed as (Bohren,
1974; Bohren, 1978; Cooray and Ciric, 1993)

Ec = ER + EL, (94)

where ER and EL are the electric fields corresponding to the right-handed and
left-handed circularly polarized waves. These electric fields can be expanded in
the form

ER =
∞∑

m=−∞

∞∑
n=|m|

γmn
[
Mr(1)
mn (hR; r)+ Nr(1)mn (hR; r)

]
, (95)

EL =
∞∑

m=−∞

∞∑
n=|m|

δmn
[
Mr(1)
mn (hL; r)− Nr(1)mn (hL; r)

]
, (96)

in which γmn, δmn are the unknown coefficients that have to be determined, hR =
kRF , hL = kLF , where kR,L = ω√

µsεc ± ωµsξc with εc = εs + µsξ
2
c being the

effective permittivity and ξc the chirality admittance. Equation (94) can now be
written in the form

Ec = M̄
(1)T
c γ̄ + N̄

(1)T
c δ̄, (97)

where

M̄
(1)T
c = [

M̄
(1)T′
0 M̄

(1)T′
1 M̄

(1)T′
−1 M̄

(1)T′
2 M̄

(1)T′
−2 · · · ], (98)

N̄
(1)T
c = [

N̄
(1)T′
0 N̄

(1)T′
1 N̄

(1)T′
−1 N̄

(1)T′
2 N̄

(1)T′
−2 · · · ], (99)

with

M̄
(1)T′
w = [

Mr(1)
w,|w|(hR; r)+ Nr(1)w,|w|(hR; r)

Mr(1)
w,|w|+1(hR; r)+ Nr(1)w,|w|+1(hR; r) · · · ], (100)

N̄
(1)T′
w = [

Mr(1)
w,|w|(hL; r)− Nr(1)w,|w|(hL; r)

Mr(1)
w,|w|+1(hL; r)− Nr(1)w,|w|+1(hL; r) · · · ]. (101)
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The elements of γ̄ and δ̄ are obtained from those of ᾱ and β̄ by replacing α and
β by γ and δ, respectively.

The expressions for the incident and scattered magnetic fields can be obtained
from those of the corresponding electric fields as in the previous section:

Hi = j

(
ε

µ

)1/2[
r
N̄
(1)T
i r Īp + rM̄

(1)T
i r Īq

]
, (102)

Hs = j

(
ε

µ

)1/2 [
rN̄
(4)T
s ᾱ + rM̄

(4)T
s β̄

]
. (103)

Similarly, the magnetic field inside the chiral spheroid is obtained from Ec, in
terms of ER and EL, as

Hc = j
(
εc

µs

)1/2

(ER − EL). (104)

Using Eqs. (95) and (96), Hc can now be expressed in matrix form as

Hc = j
(
εc

µs

)1/2[−N̄
(1)T
c δ̄ + M̄

(1)T
c γ̄

]
. (105)

B. BOUNDARY CONDITIONS

The tangential electric and magnetic fields are continuous across the surface of
the chiral spheroid ξ = ξ0, that is,

(Es + Ei)× ξ |ξ=ξ0 = Ec × ξ |ξ=ξ0, (106)

(Hs + Hi)× ξ |ξ=ξ0 = Hc × ξ |ξ=ξ0, (107)

where ξ is the unit vector normal to the spheroid surface. To obtain a set of si-
multaneous equations, the η and ϕ components of Eqs. (106) and (107) are first

multiplied by lη = (ξ2
0 − η2)

5/2
and lϕ = (ξ2

0 − η2)
2
(ξ2

0 − 1)
−1/2

, respectively,
and then each of the equations corresponding to these components is multiplied
by S|m|−1,|m|−1+κ (h, η) exp(±jmϕ) for m �= 0 and by S1,1+κ(h, η) for m = 0
and integrated over the surface of the spheroid. After applying the orthogonality
properties of the trigonometric functions and of the spheroidal angle functions,
the resultant set of simultaneous linear equations can be written in matrix form as

[Gc]S̄c = [Rc]Īc, (108)

where S̄c is the column matrix of the unknown coefficients and Īc is the column
matrix of the known incident field coefficients. The elements of the matrices [Gc]
and [Rc] are given in Cooray and Ciric (1993). The solution to the previous matrix
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equation yields the unknown expansion coefficients, and thus the electromagnetic
field inside and outside the spheroid.

C. SCATTERING CROSS SECTIONS AND
NUMERICAL RESULTS

The scattered electric field in the far zone can be written as in Eq. (77):

Es(r, ϑ, ϕ) = e−jkr

kr

[
Fϑ(ϑ, ϕ)ϑ + Fϕ(ϑ, ϕ)ϕ

]
, (109)

where, using the asymptotic forms of the radial vector spheroidal wave functions
Mr(4)
mn and Nr(4)mn ,

Fϑ(ϑ, ϕ) =
∞∑
m=1

∞∑
n=m

{
−jnmSmn(h, cosϑ)

sinϑ

× [
(αmn − α−mn) cosmϕ + j (αmn + α−mn) sinmϕ

]
+ jn d

dϑ
Smn(h, cosϑ)

× [
(βmn + β−mn) cosmϕ + j (βmn − β−mn) sinmϕ

]}

+
∞∑
n=0

jnβ0n
d

dϑ
S0n(h, cosϑ), (110)

Fϕ(ϑ, ϕ) =
∞∑
m=1

∞∑
n=m

{
jn+1mSmn(h, cosϑ)

sinϑ

× [
(βmn − β−mn) cosmϕ + j (βmn + β−mn) sinmϕ

]
− jn+1 d

dϑ
Smn(h, cosϑ)

× [
(αmn + α−mn) cosmϕ + j (αmn − α−mn) sinmϕ

]}

−
∞∑
n=0

jn+1α0n
d

dϑ
S0n(h, cosϑ), (111)

with r, ϑ, ϕ being the spherical coordinates of the point of observation.
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The normalized bistatic and backscattering cross sections are given, respec-
tively, by

F0 ≡ k2r2|Es(r, ϑ, ϕ)|2 = |Fϑ(ϑ, ϕ)|2 + |Fϕ(ϑ, ϕ)|2 (112)

and

F1 ≡ k2r2|Es(r, ϑi, 0)|2 = |Fϑ(ϑi, 0)|2 + |Fϕ(ϑi, 0)|2. (113)

Numerical results are again presented in the form of normalized bistatic and
backscattering cross sections in the far zone, for a few chiral spheroids. The
bistatic cross section is calculated for the case of an axial incidence. To obtain
numerical results with a required accuracy, the series and the corresponding ma-
trices involved in the field expressions need to be truncated appropriately. For the
examples considered, a two-digit accuracy in the computed bistatic cross section
is obtained by only retaining the terms corresponding to m = 1 and n = |m|,
|m| + 1, . . . , |m| + 12. However, to obtain the same accuracy for the backscatter-
ing cross section, it is necessary to use terms with m = 0, 1, 2, 3, and the same n
as before. All the results presented are for the case µs = µ, but the formulation
and the software used for the calculations are valid for any µs �= µ, as long as the
material is linear. Numerical experiments performed to validate the software and
the accuracy of the results obtained are described in Cooray and Ciric (1993).

Figure 4 shows the variation of the normalized bistatic cross section with the
scattering angle and the variation of the normalized backscattering cross section
with the angle of incidence for both prolate and oblate chiral spheroids, under a
uniform plane wave illumination. Each spheroid has a relative permittivity given
by

√
εr = 1.33, a semi-major axis length of λ/4, and a chirality admittance ξc =

0.001S. The axial ratio of the spheroids is 2. It can be seen that the bistatic cross
section patterns are similar for the prolate and the oblate spheroids. However, the
magnitude of the cross section at a given scattering angle is lower for the prolate
spheroid than for the oblate spheroid. The behavior of the backscattering cross
section is completely different for the two spheroids. In the case of the prolate
spheroid the magnitude of the cross section increases with the angle of incidence,
whereas in the case of the oblate spheroid it decreases.

VII. SCATTERING BY SYSTEMS OF
ARBITRARILY ORIENTED SPHEROIDS

An exact analytic solution to the problem of scattering of a monochromatic
uniform plane electromagnetic wave of arbitrary polarization and angle of in-
cidence by a system of dielectric prolate spheroids of arbitrary orientation can
be obtained by expanding the incident, the scattered, and the transmitted elec-
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Figure 4 Scattering cross sections of a chiral prolate spheroid and of a chiral oblate spheroid, with
a refractive index of 1.33 and a chirality admittance of 0.001S, illuminated by a uniform plane wave.
The axial ratio is 2 and the semi-major axis length is λ/4 for both spheroids.

tromagnetic fields in terms of appropriate vector spheroidal wave functions. The
boundary conditions at the surface of a given spheroid are imposed by express-
ing the electromagnetic field scattered by all the other spheroids in terms of the
spheroidal coordinates attached to the spheroid under consideration, employing
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the rotational–translational addition theorems for vector spheroidal wave func-
tions. The solution of the resultant set of algebraic equations yields the unknown
scattered and transmitted field expansion coefficients, in terms of which the elec-
tromagnetic field can be evaluated at any given point.

A. PROBLEM FORMULATION

Consider N arbitrarily oriented prolate spheroids, with their centers located
at the origins Or of the local Cartesian coordinate systems Orxryrzr , r = 1,
2, . . . , N , attached to the N spheroids as shown in Fig. 5. The major axes of
these spheroids are along the z axes of the respective local Cartesian systems. The
position of each of the originsOr with respect to the global Cartesian coordinate
system Oxyz is given by the spherical coordinates dr, ϑ0r , ϕ0r , and each system
Orxryrzr is rotated with respect to Oxyz through the Euler angles αr, βr , γr
(Chapter 1).

Suppose a linearly polarized uniform plane electromagnetic wave with an elec-
tric field intensity of unit amplitude is incident on the system of spheroids, at
an angle ϑi with respect to the z axis of the global system Oxyz, the direction
of propagation being in the xz plane (ϕi = 0). This linearly polarized incident
wave can be decomposed into its TE and TM components using the polarization

Figure 5 Geometry of the qth and rth prolate spheroids in arbitrary orientation and the associated
coordinate systems.
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angle ζ , with respect to the xz plane, as described in Sections V and VI. The
medium in which the spheroids are embedded is assumed to be homogeneous and
nonconducting, of permittivity ε and permeability µ.

The direction of the incident wave vector k with respect to the global system
Oxyz is specified by the angular spherical coordinates ϑi and ϕi = 0 (see Fig. 5).
Thus,

k = −k(sinϑix + cosϑiz), (114)

where x and z are the unit vectors along the x and z axes of the system Oxyz and
k is the wavenumber of the medium outside the spheroids. If the direction of k
with respect to the local system Orxryrzr is specified by the angular spherical
coordinates ϑir , ϕir , then

k = −k(sinϑir cosϕirxr + sinϑir sinϕiryr + cosϑir zr ), (115)

where xr , yr , zr are the unit vectors along the xr , yr , and zr axes of the system
Orxryrzr . The unit vectors x, y, z are related to xr , yr , zr by

a = r caxxr + rcayyr + r cazzr , a = x, y, z, a = x, y, z, (116)

where

r cxx = cosαr cosβr cos γr − sinαr sin γr,
rcxy = −(cosαr cosβr sin γr + sinαr cos γr),
rcxz = cosαr sin βr,
rcyx = sinαr cosβr cos γr + cosαr sin γr, (117)
rcyy = − sinαr cosβr sin γr + cosαr cos γr,
rcyz = sinαr sin βr,
rczx = − sinβr cos γr, rczy = sin βr sin γr, rczz = cosβr,

with the Euler angles αr, βr , γr . Substituting x and z from Eq. (116) into Eq. (114)
and identifying the corresponding coefficients of xr , yr , zr with those in Eq. (115)
yield the relations

sinϑir cosϕir = r cxx sinϑi + r czx cosϑi,

sinϑir sin ϕir = r cxy sinϑi + r czy cosϑi, (118)

cosϑir = r cxz sinϑi + rczz cosϑi,

which are used to evaluate ϑir and ϕir .
The incident electric field rEi in the system Orxryrzr can be expressed as a

linear combination of its TE and TM components rETE
i and rETM

i in the form

rEi = rETE
i cos ζ + rETM

i sin ζ, (119)
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where ζ is the polarization angle. rEi can now be expanded in terms of vector
spheroidal wave functions rM associated with the system Orxryrzr as

rEi = exp(−jk · dr )
∞∑

m=−∞

∞∑
n=|m|

(
rp+
mn
rM+(1)

mn + rp−
mn
rM−(1)

mn + rpzmn
rMz(1)

mn

)
,

(120)
where

rp±
mn = 2jn−1

kNmn(hr)
Smn(hr , cosϑir ) exp(−jmϕir )

[(
rcyx ∓ j rcyy

)
sin ζ

+

⎧⎪⎪⎨⎪⎪⎩
(
rcxx ∓ j rcxy

) cos ζ

cosϑi

]
for ϑi �= π/2,

−(
rczx ∓ j rczy

) cos ζ

sinϑi

]
for ϑi �= 0, π ,

(121)

rpzmn = 2jn−1

kNmn(hr)
Smn(hr , cosϑir ) exp(−jmϕir )

×
[
rcyz sin ζ +

⎧⎪⎪⎨⎪⎪⎩
rcxz

cos ζ

cosϑi

]
for ϑi �= π/2,

−rczz cos ζ

sinϑi

]
for ϑi �= 0, π .

(122)

Smn(hr , cosϑir ) and Nmn(hr) are the spheroidal angle function and the nor-
malization constant associated with it, respectively, as defined in Section III.A,
hr = kFr with Fr being the semi-interfocal distance of the rth spheroid, and dr is
the position vector ofOr relative toO. In Eq. (120), the argument (hr ; ηr, ξr , ϕr )
of each rM, where ηr , ξr , ϕr are the spheroidal coordinates of the rth system, has
been suppressed for convenience. Arranging the terms in the series expansion of
rEi in the sequence ej0, e±jϕr , e±2jϕr , . . . yields the matrix form (Cooray, 1990;
Cooray and Ciric, 1991b)

rEi = rM̄
(1)T
i

rĪ , (123)

where rM̄
(1)
i and r Ī are column matrices whose elements are the prolate

spheroidal vector wave functions of the first kind expressed in terms of the co-
ordinates in the rth spheroidal system and the corresponding incident field expan-
sion coefficients, respectively. The incident electric field on any of the spheroids
can similarly be expanded in terms of the spheroidal coordinates attached to that
particular spheroid.

The electric field qEs scattered by the qth spheroid can be expanded in terms
of a set of vector spheroidal wave functions associated with the system Oqxqyqzq
as (Cooray, 1990; Cooray and Ciric, 1991b)
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qEs =
∞∑
m=0

∞∑
n=m

(
qβ+
mn
qM+(4)

mn + qβzm+1,n+1
qMz(4)

m+1,n+1

)
+

∞∑
n=0

(
qβ+

−1,n+1
qM+(4)

−1,n+1 + qβz0n
qMz(4)

0n

)
+

∞∑
m=0

∞∑
n=m

(
qβ−−mnqM−(4)

−mn + qβz−(m+1),n+1
qMz(4)

−(m+1),n+1

)
, (124)

where qβuv are the unknown expansion coefficients. Arranging the terms in this
expansion in the sequence ej0, e±jϕq , e±2jϕq , . . . yields

qEs = qM̄
(4)T
s

qβ̄, (125)

where qM̄
(4)
s and q β̄ are column matrices whose elements are prolate spheroidal

vector wave functions of the fourth kind expressed in terms of the spheroidal co-
ordinates associated with the system Oqxqyqzq and the corresponding unknown
expansion coefficients, respectively. These matrices are similar to the correspond-
ing ones defined in Section V.A.

To impose the boundary conditions at the surface of the rth spheroid, the elec-
tromagnetic fields scattered by all the otherN − 1 spheroids have to be expressed
as incoming fields with respect to the rth spheroid. This can be achieved by
employing rotational–translational addition theorems. Consider the qth spheroid
whose scattered field is denoted by qEs. To express this field as an incoming
field with respect to the rth spheroid, the vector spheroidal wave functions of the
fourth kind associated with the system Oqxqyqzq have to be expanded in terms
of the vector spheroidal wave functions of the first kind associated with the sys-
tem Orxryrzr , using the appropriate rotational–translational addition theorems
for vector spheroidal wave functions (Cooray and Ciric, 1989a; Dalmas et al.,
1989),

qM+(4)
mn (hq; rq) =

∞∑
ν=0

ν∑
µ=−ν

(4)
qrQ

mn
µν (αqr , βqr , γqr ; dqr )

× [
qrC1

rM+(1)
µν (hr ; rr )+ qrC2

rM−(1)
µν (hr ; rr )

+ qrC3
rMz(1)

µν (hr ; rr )
]
, (126)

qM−(4)
mn (hq; rq) =

∞∑
ν=0

ν∑
µ=−ν

(4)
qr Q

mn
µν (αqr , βqr , γqr ; dqr )

× [
qrC∗

2
rM+(1)

µν (hr ; rr )+ qrC∗
1
rM−(1)

µν (hr ; rr )

+ qrC∗
3
rMz(1)

µν (hr; rr )
]
, (127)
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qMz(4)
mn (hq; rq) =

∞∑
ν=0

ν∑
µ=−ν

(4)
qr Q

mn
µν (αqr , βqr , γqr ; dqr )

×[
qrC4

rM+(1)
µν (hr ; rr )+ qrC∗

4
rM−(1)

µν (hr ; rr )

+ qrC5
rMz(1)

µν (hr ; rr )
]
, (128)

which are valid for rr ≤ dqr , where the asterisk denotes the complex conjugate,
rq and rr denote the coordinate triads (ηq, ξq , ϕq) and (ηr, ξr , ϕr ), respectively,
dqr is the position vector ofOr relative toOq (see Fig. 5), αqr , βqr , γqr are the Eu-
ler angles that describe the rotation of the systemOrxryrzr relative to Oqxqyqzq ,
and

qrC1 = 1
2

[(
qrcxx + qrcyy

) − j(qrcxy − qrcyx
)]
,

qrC2 = 1
2

[(
qrcxx − qrcyy

) + j(qrcxy + qrcyx
)]
, (129)

qrC3 = 1
2

(
qrcxz + jqrcyz

)
, qrC4 = qrczx − jqrczy, qrC5 = qrczz.

The coefficients qrcxx, qrcxy, . . . are obtained, respectively, from r cxx,
rcxy, . . .

defined in Eq. (117), by replacing αr , βr , and γr by αqr , βqr , and γqr , respec-

tively. (4)qr Qmnµν are the rotational–translational coefficients in the expansion of
scalar spheroidal wave functions of the fourth kind associated with Oqxqyqzq
in terms of the same functions of the first kind associated with Orxryrzr , for
rr ≤ dqr , and are given by MacPhie et al. (1987). After arranging the terms in the
series expansions of Eqs. (126)–(128) in the sequence ej0, e±jϕr , e±2jϕr , . . . , the
outgoing vector wave functions qM(4)

s can be expressed in terms of the incoming
vector wave functions qrM(1) in the form

qM̄
(4)
s = [�qr ] qrM̄(1)

, (130)

where the matrix [�qr ] is defined in Cooray (1990) and

qrM̄
(1)T = [

qrM̄
(1)T
0

qrM̄
(1)T
1

qrM̄
(1)T
2 · · · ], (131)

with

qrM̄
(1)T
0 = [

rM̄
+(1)T
−1

rM̄
−(1)T
1

rM̄
z(1)T
0

]
, (132)

qrM̄
(1)T
σ = [

rM̄
+(1)T
σ−1

rM̄
−(1)T
σ+1

rM̄
z(1)T
σ

rM̄
+(1)T
−(σ+1)

rM̄
−(1)T
−(σ−1)

rM̄
z(1)T
−σ

]
for σ ≥ 1. (133)

Let us denote the secondary incident field on the rth spheroid caused by the elec-
tric field qEs scattered by the qth spheroid by qrEs. Then, taking the transpose of
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both sides of Eq. (130) and substituting for qM̄
(4)T
s in Eq. (125) yield

qrEs = qrM̄
(1)T[�qr ]T q β̄ for q = 1, 2, . . . , r − 1, r + 1, . . . , N. (134)

These N − 1 secondary incident fields and the primary incident plane wave field
determine the electric field rEs scattered by the rth spheroid, which is expanded
as in Eq. (125), in the form

rEs = rM̄
(4)T
s

r β̄. (135)

The column matrices rM̄
(4)
s and r β̄ have the same form as those of qM̄

(4)
s and

q β̄, respectively, with the vector wave functions evaluated with respect to the
spheroidal coordinate system attached to the rth spheroid.

The electric field rEt of the electromagnetic field transmitted inside the rth
spheroid can be expanded in terms of a set of vector spheroidal wave functions as
(Cooray et al., 1990)

rEt = rM̄
(1)T
t

r ᾱ, (136)

where the unknown coefficients in the series expansion are contained in the col-

umn matrix r ᾱ and the elements of the column matrix rM̄
(1)
t are prolate spheroidal

wave functions of the first kind expressed in terms of the spheroidal coordinates
associated with Orxryrzr , taking into account the permittivity of the material in-
side the rth spheroid, respectively.

The expansions of the different magnetic fields in terms of vector spheroidal
wave functions can be obtained from those of the corresponding electric fields as
in the previous sections, by replacing M by N, where N = k−1(∇ × M), and by
multiplying each expansion by the appropriate value of j (ε/µ)1/2. This yields

rHi = j

(
ε

µ

)1/2
r N̄
(1)T
i

r Ī , (137)

qrHs = j

(
ε

µ

)1/2
qr N̄

(1)T[�qr ]T q β̄, (138)

rHs = j

(
ε

µ

)1/2
r N̄
(4)T
s

r β̄, (139)

rHt = j

(
εr

µr

)1/2
r N̄
(1)T
t

r ᾱ, (140)

with ε, εr being the permittivities and µ, µr the permeabilities of the media
outside and inside the rth spheroid, respectively. The elements of the matrices
rN̄
(1)T
i , qrN̄

(1)T
, r N̄

(4)T
s , and r N̄

(1)T
t are obtained from the elements of the matri-
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ces rM̄
(1)T
i , qrM̄

(1)T
, rM̄

(4)T
s , and rM̄

(1)T
t , respectively, by replacing the vector

spheroidal wave functions M by the corresponding N functions.

B. IMPOSING THE BOUNDARY CONDITIONS

On the surface of each dielectric spheroid ξr = ξr0 , r = 1, 2, . . . , N , the tan-
gential components of both E and H fields must be continuous across the bound-
ary. With Eqs. (123) and (134)–(140), these conditions can be expressed in the
form(

rM̄
(1)T
i

r Ī +
N∑
q=1

[
(1 − δqr) qrM̄(1)T[�qr ]T + δqr qM̄

(4)T
s

]
q β̄

)
× ξ r |ξr=ξr0

= (
rM̄

(1)T
t

r ᾱ
) × ξ r |ξr=ξr0 , (141)(

rN̄
(1)T
i

r Ī +
N∑
q=1

[
(1 − δqr ) qrN̄(1)T[�qr ]T + δqr qN̄

(4)T
s

]
q β̄

)
× ξ r |ξr=ξr0

=
(
εrµ

εµr

)1/2(
r N̄
(1)T
t

r ᾱ
) × ξ r |ξr=ξr0 (142)

for r = 1, 2, . . . , N , where δqr is the Kronecker delta and ξ r is the unit
vector normal to the surface of the rth spheroid. Taking the scalar prod-
uct of both sides of Eqs. (141) and (142) by ηr

r lηSm,|m|+κ (hr, ηr )e±j (m±1)ϕr

and ϕr
r lϕSm,|m|+κ (hr , ηr )e±j (m±1)ϕr , respectively, for r = 1, 2, . . . , N, m =

. . . ,−2,−1, 0, 1, 2, . . . , κ = 0, 1, 2, . . . , integrating correspondingly over the
surfaces of theN spheroids, and using the orthogonality properties of the trigono-
metric and spheroidal angle functions, yield finally (Cooray, 1990)

S̄dN = [GN ]ĪN , (143)

where [GN ] is the spheroid system matrix, which is independent of the direc-
tion and polarization of the incident wave, ĪN is the column matrix of the known
incident field coefficients, and S̄dN is the column matrix of the unknown expan-
sion coefficients. The coefficients r lη and r lϕ used for Eq. (141) are given by
r lη = 2jFr(ξ2

r0
− η2

r )
1/2, r lϕ = 2Fr(ξ2

r0
− η2

r ) and those used for Eq. (142) by
r lη = 2F 2

r (ξ
2
r0

− η2
r )

5/2/(ξ2
r0

− 1)1/2, r lϕ = 2jF 2
r (ξ

2
r0

− η2
r )/(ξ

2
r0

− 1). The el-
ements of the matrices in Eq. (143) are given in Cooray (1990) and Cooray and
Ciric (1991b). Equation (143) provides the unknown coefficients in the expansion
of the fields scattered and transmitted by the N arbitrarily oriented spheroids.

The solution for the case of N arbitrarily oriented perfectly conducting
spheroids can be derived from the previous solution by letting the permittivity
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Figure 6 Geometry of two spheroids in arbitrary orientation and the associated coordinate systems.

of each of the spheroids become very high (theoretically infinite). Because there
is no field inside the spheroids, the boundary condition in Eq. (141) now becomes(
rM̄

(1)T
i

r Ī +
N∑
q=1

[
(1 − δqr) qrM̄(1)T[�qr ]T + δqr qM̄

(4)T
s

]
q β̄

)
× ξ r |ξr=ξr0 = 0

(144)
for r = 1, 2, . . . , N . Following a similar procedure as in the case of dielectric
spheroids, a system of algebraic equations is obtained in a matrix form as

S̄cN = [
G′
N

]
ĪN , (145)

where [G′
N ] is the system matrix, which has the same properties as those of [GN ]

in Eq. (143), and S̄cN is the column matrix of the unknown coefficients. The struc-
ture and the elements of [G′

N ] are given in Cooray (1990).

C. SCATTERING CROSS SECTIONS

To illustrate the derivation of the normalized scattering cross section expres-
sions, we consider a system of two spheroids A and B in an arbitrary config-
uration. The Cartesian system Oxyz attached to the spheroid A and the system
O ′x ′y ′z′ attached to the spheroidB are shown in Fig. 6. The observation point has
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spherical coordinates r, ϑ, ϕ and r ′, ϑ ′, ϕ′ and spheroidal coordinates η, ξ, ϕ and
η′, ξ ′, ϕ′, in Oxyz and O ′x ′y ′z′, respectively. Using the asymptotic expressions
for different vector spheroidal wave functions of the fourth kind, the electric field
in the far zone can be written in the form

Es(r, ϑ, ϕ) = EsA(r, ϑ, ϕ)+ EsB(r
′, ϑ ′, ϕ′)

= e−jkr

kr

[
FϑA(ϑ, ϕ)ϑ + FϕA(ϑ, ϕ)ϕ

+ Fϑ ′B(ϑ
′, ϕ′)ϑ ′ + Fϕ′B(ϑ

′, ϕ′)ϕ′]
= e−jkr

kr

[
FϑA(ϑ, ϕ)ϑ + FϕA(ϑ, ϕ)ϕ + Fϑ ′B(ϑ

′, ϕ′){g1ϑ + g2ϕ}

+ Fϕ′B(ϑ
′, ϕ′){g3ϑ + g4ϕ}]

= e−jkr

kr

[
Fϑ(ϑ, ϕ)ϑ + Fϕ(ϑ, ϕ)ϕ

]
, (146)

where

[g1 g2]T = [�][C][cosϑ ′ cosϕ′ cosϑ ′ sin ϕ′ − sinϑ ′]T, (147)

[g3 g4]T = [�][C][− sinϕ′ cosϕ′ 0]T, (148)

with

[�] =
[

cosϑ cosϕ cosϑ sin ϕ − sinϑ
− sin ϕ cosϕ 0

]
,

(149)

[C] =
[
cxx ′ cxy ′ cxz′
cyx ′ cyy ′ cyz′
czx ′ czy ′ czz′

]
.

The expressions of FϑA and FϕA are exactly the same as those of Fϑ and Fϕ in
Eqs. (78) and (79). The expansion coefficients in the expressions of FϑA and
FϕA are obtained from the appropriate set of algebraic equations of the form
S̄2 = [G2]Ī2, which is obtained from Eq. (143) or (145) by particularizing it
for the case of two spheroids. Explicit forms of these equations are given in
Cooray (1990) and Cooray and Ciric (1991b). Expressions for the coefficients
cax ′ , cay ′ , caz′ for a = x, y, z are obtained from the corresponding ones for
rcax ′ , rcay ′ , rcaz′ , respectively, by replacing αr, βr , γr by α0, β0, γ0, which are
the Euler angles characterizing the rotation of the spheroid B with respect to the
spheroid A. The explicit expressions of Fϑ ′B(ϑ ′, ϕ′) and Fϕ′B(ϑ ′, ϕ′) are ob-
tained from FϑA(ϑ, ϕ) and FϕA(ϑ, ϕ), respectively, by replacing the scattered
field expansion coefficients of the spheroid A by those of the spheroid B, ϑ and
ϕ by ϑ ′ and ϕ′, respectively, and by multiplying each expression by an overall
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phase factor exp(jks · d) with ks given by

ks = k(sinϑ cosϕ x + sinϑ sin ϕ y + cosϑ z). (150)

The scattering cross sections are computed from Eq. (80).

D. NUMERICAL RESULTS FOR TWO ARBITRARILY
ORIENTED SPHEROIDS

Normalized bistatic and backscattering cross sections in the far field are pre-
sented for a system of two nonmagnetic prolate spheroids in arbitrary orientation.
The bistatic cross sections are calculated for an axial incidence (ϑi = 0◦) and
for a TE polarization of the incident wave with respect to the system Oxyz. Nu-
merical results of a given accuracy can be obtained by truncating appropriately
the series and the matrices involved. To obtain results with an accuracy of two
significant digits for the examples considered in this section, it has been found
sufficient to consider only the ϕ harmonics ej0, e±jϕ , and e±2jϕ , so that the in-
dexm in Section VII.B is limited to m = −2,−1, 0, 1, 2, and to associate withm
only κ = 0, 1, . . . , 5. Details regarding how this truncation affects the size of the
different submatrices in the system matrix are given explicitly in Cooray (1990).
It should be noticed that, owing to the axial symmetry of the spheroids, the results
presented next are independent of the Euler angle γ0.

Results are presented in Fig. 7 for normalized bistatic and backscattering cross
sections for a system of two identical dielectric prolate spheroids A and B, of
semi-major axis length λ/4, relative permittivity 2, and axial ratio 2, with the
orientation of B relative to A given by the Euler angles α0 = 30◦, β0 = 45◦,
γ0 = 90◦ and the center of B displaced relative to that of A along the z axis of
the coordinate system attached to A. As the distance between the centers of the
spheroids increases from λ/2 to λ, more oscillations appear in both the bistatic
and the backscattering cross sections due to the phenomenon of multiple scatter-
ing in a more resonant system. The maxima and minima of the backscattering
cross section patterns corresponding to TE and TM polarizations occur at the
same angle of incidence in both cases.

Figure 8 shows the normalized scattering cross sections for two different di-
electric spheroids A and B, each of semi-major axis length λ/4, but with axial
ratios 2 and 10, and relative permittivities 2 and 3, respectively. The orientation
and displacements of B relative to A are the same as those in Fig. 7. The E-
and H -plane patterns in this case remain practically the same when the distance
between the centers of the spheroids changes from λ/2 to λ because of the fact
that the field scattered by B is quite small as compared to that of A since B has
a high axial ratio. The backscattering cross section patterns corresponding to TE
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Figure 7 Normalized scattering cross sections for two identical dielectric prolate spheroids of semi-
major axis length λ/4, axial ratio 2, and relative permittivity 2, with one spheroid rotated by the Euler
angles 30◦, 45◦, 90◦ and displaced by a distance (1) λ/2 and (2) λ along the major axis of the other
spheroid.
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Figure 8 Scattering cross sections of two different dielectric prolate spheroids A and B, each of
semi-major axis length λ/4, but with axial ratios 2 and 10, and relative permittivities 2 and 3, respec-
tively. The rotation and the displacements of B relative to A are the same as those in Fig. 7.
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Figure 9 Scattering cross sections for two identical conducting prolate spheroids A and B, each of
semi-major axis length λ/4 and axial ratio 5, with B rotated by the Euler angles 45◦, 90◦, 45◦ relative
to A and displaced by a distance λ/2 along the x axis of the coordinate system attached to A.
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Figure 10 Scattering cross sections for two identical dielectric prolate spheroids of semi-major axis
length λ/4, axial ratio 5, and relative permittivity 3, in a parallel configuration, displaced by a distance
λ/2 along the x axis.
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and TM polarizations have the same behavior for both cases, but the magnitude
for the TM case is higher than the magnitude for the TE case.

In Fig. 9 the normalized bistatic and backscattering cross sections are plotted
for two identical conducting spheroids A and B of axial ratio 5 and semi-major
axis length λ/4, separated by a center-to-center distance of λ/2 along the x axis
of A, with the rotation of B relative to A specified by the Euler angles 45◦, 90◦,
45◦. The behavior of both the E-plane and the H -plane patterns is quite sim-
ilar. However, the backscattering cross section pattern for TM polarization has
more oscillations as compared to the pattern for TE polarization, with two min-
ima around ϑi = 35◦, 145◦ and a maximum around ϑi = 90◦.

Numerical results for two identical dielectric spheroids A and B of axial ra-
tio 5, semi-major axis length λ/4, and relative permitivity 3, in a parallel configu-
ration, are given in Fig. 10. The two spheroids are separated by a center-to-center
distance of λ/2 along the x axis. In this case the E-plane pattern has a sharp min-
imum around ϑ = 90◦, whereas the H -plane pattern presents some oscillation
about the same minimum point. The backscattering cross section has a minimum
around ϑi = 30◦ for both polarizations and exhibits a similar behavior, with a
higher magnitude for the TM case than for the TE case at higher angles of in-
cidence, as expected. Because of symmetry about ϑi = 90◦, the variation of the
backscattering cross section is shown only for the range from ϑi = 0◦ to ϑi = 90◦.
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I. INTRODUCTION

The discrete dipole approximation—also referred to as the coupled dipole
approximation—is a flexible technique for studying scattering and absorption of
electromagnetic radiation by targets with sizes comparable to the wavelength. Ad-
vances in numerical techniques coupled with the increasing speed and memory of
scientific workstations now make it possible for calculations to be carried out for
targets with dimensions as large as several times the wavelength of the incident
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radiation. Although the technique is not well suited for targets with very large
complex refractive index m, it works well for materials with |m − 1| � 3 and
target dimensionD � 5λ, where λ is the wavelength in the surrounding medium.
The discrete dipole approximation (DDA) has been applied to compute scattering
and absorption by targets of size comparable to the wavelength in a broad range of
problems, including interstellar dust grains (Draine and Malhotra, 1993; Draine
and Weingartner, 1996, 1997; Wolff et al., 1998), ice crystals in the atmosphere of
the Earth (Okamoto et al., 1995; Lemke et al., 1998) and other planets (West and
Smith, 1991), interplanetary dust (Mann et al., 1994; Kimura and Mann, 1998),
cometary dust (Okamoto et al., 1994; Xing and Hanner, 1997; Yanamandra-Fisher
and Hanner, 1999), soot produced in flames (Ivezić and Mengüc, 1996; Ivezić
et al., 1997), surface features on semiconductor devices (Schmehl et al., 1997;
Nebeker et al., 1998), and optical characteristics of human blood cells (Hoekstra
et al., 1998).

The discrete dipole approximation was introduced by Purcell and Pennypacker
(1973) and has undergone a number of theoretical developments since then, in-
cluding the introduction of radiative reaction corrections (Draine, 1988), applica-
tion of fast Fourier transform techniques (Goodman et al., 1991), and a prescrip-
tion for dipole polarizabilities based on the lattice dispersion relation (Draine and
Goodman, 1993). The discrete dipole approximation was reviewed recently by
Draine and Flatau (1994).

II. WHAT IS THE DISCRETE
DIPOLE APPROXIMATION?

There has been some confusion about exactly what is being approximated
in the “discrete dipole approximation.” The actual approximation can be simply
stated:

The discrete dipole approximation consists of approximating the actual target by
an array of polarizable points (the “dipoles”).

This is the only essential approximation—once the location and polarizability of
the points are specified, calculation of the scattering and absorption of light by
the array of polarizable points can be carried out to whatever accuracy is required
(within the practical limits imposed by the computational hardware).

Suppose we have an array of points xj , j = 1, . . . , N , each with complex
polarizability tensor αj , and with a monochromatic incident wave Einc,j e

−iωt at
each location, where ω is the angular frequency and t is time. Each of the dipoles
is subject to an electric field that is the sum of the incident wave plus the electric
fields resulting from all of the other dipoles. The self-consistent solution for the
dipole moments Pj e−iωt satisfies a system of 3N linear equations, which can be
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written as

N∑
j=1

AijPj = Einc,i , i = 1, . . . , N, (1)

where the elements Aij are 3 × 3 matrices (see Draine and Flatau, 1994). The
diagonal elements Aii = α−1

i , where α is the 3 × 3 complex polarizability tensor
(see Section VI). The off-diagonal elements Ai �=j depend only on k = ω/c, where
c is the speed of light, and the vector displacement rij ≡ xi − xj . Equation (1) is
a system of 3N complex linear equations; the computational challenge is to find
the solution Pj satisfying this equation.

Once the solution Pj has been found, it is straightforward to calculate the com-
plete scattering matrix for the target, as well as other quantities, such as the ab-
sorption and extinction cross sections, the intensity and polarization of scattered
radiation, and the force and torque exerted on the target by the electromagnetic
field (Draine and Weingartner, 1996).

There are some obvious issues surrounding the discrete dipole approximation:

1. How many dipoles are required for the dipole array to adequately
approximate the target?

2. If a given lattice is to approximate a given continuum target, what choice
of dipole polarizabilities will result in the most accurate approximation?

3. For a given target geometry, size, complex refractive indexm, and incident
wavelength λ, how accurate is the discrete dipole approximation?

4. What are the computational requirements of the discrete dipole
approximation?

These are addressed next.

III. THE DDSCAT SCATTERING CODE

DDSCAT is a portable f77 code developed by B. T. Draine and P. J. Flatau
to carry out calculations using the discrete dipole aproximation. The DDSCAT
code is publicly available1 (Draine and Flatau, 1994), and a comprehensive user
guide is now available (Draine and Flatau, 1997). The calculations reported in the
following discussion were carried out using the current “release,” DDSCAT.5a8.

1http://astro.princeton.edu/∼draine/, or anonymous ftp to astro.princeton.edu, directory draine/
scat/ddscat.
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IV. DIPOLE ARRAY GEOMETRY

Equation (1) applies for any array geometry. For general geometry, there are
(3N)2 distinct complex elements of the matrix A; when considering N � 104

dipoles, it is apparent that computing this matrix would be very central process-
ing unit (CPU) intensive, and storing the elements for reuse would require large
amounts of random access memory (RAM). For example, in the following dis-
cussion we show results computed for a target with N ≈ 200,000 dipoles; storing
the complete A matrix, with 8 bytes per complex number, would require 2.8 TB!
There are great advantages to be gained if the dipoles are located on a lattice,
because now many different pairs i, j have identical rij , and hence identical Aij .

Because of this, DDSCAT requires the target array to reside on a cubic lat-
tice. It is then possible to use fast Fourier transform (FFT) techniques to evaluate
matrix–vector products A ·v (Goodman et al., 1991); because they allow evalu-
ation of the product in O[(3N) ln(3N)] rather than O[(3N)2] operations, FFT
techniques allow use of much larger values of N .

DDSCAT includes routines to generate dipole arrays for a variety of target
geometries, including ellipsoids, rectangular prisms, hexagonal prisms, and tetra-
hedra; it can also accept a user-supplied list of occupied lattice sites. The target
material can be anisotropic and the target can be inhomogeneous.

V. TARGET GENERATION

There is some arbitrariness in the construction of the array of point dipoles in-
tended to represent a solid target of specified geometry. DDSCAT uses a straight-
forward procedure: In the “target frame,” construct a target of volume V . Let the
target centroid define the origin of coordinates. Choose a “trial” lattice spacing d
and construct a lattice (x, y, z) = (nx, ny, nz)d + (ox, oy, oz)d , where the nj
are integers and the “offset” vector (ox, oy, oz) allows the target centroid to be
located at a lattice point or between lattice points, as appropriate.

Having chosen d and (ox, oy, oz), the target array is now taken to consist of
the lattice points located within the target volume; let N be the number of such
points. With these N lattice points now determined, we make a small adjustment
to the lattice spacing and set d = (V /N)1/3 (when N is large, the d so obtained
is nearly the same as the original “trial” d).2

In Fig. 1 we show an N = 59,728 dipole representation of a sphere. The array
fits within a 48 × 48 × 48 region on the lattice. In Fig. 2 we show an N = 61,432

2Because each dipole “represents” a volume d3 of material, we require the array volumeNd3 = V .



Chapter 5 The Discrete Dipole Approximation for Light Scattering 135

Figure 1 N = 59,728 dipole array representing a sphere.

dipole representation for a regular tetrahedron. In this case the dipole array fits
within a 78 × 82 × 96 region on the lattice.

It is convenient to characterize the target size by the “effective radius”

aeff ≡
(

3V

4π

)1/3

=
(

3N

4π

)1/3

d; (2)

aeff is simply the radius of a sphere of equal volume. DDSCAT reports dimen-
sionless scattering, absorption, and extinction efficiency factors, Qsca, Qabs, and
Qext—these are simply the corresponding cross sections divided by πa2

eff.
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Figure 2 Array of N = 61,432 dipoles representing a regular tetrahedron.

VI. DIPOLE POLARIZABILITIES

After constructing a target array with lattice spacing d , it remains to specify
the dipole polarizabilities αj . In the limit d/λ → 0, the Clausius–Mossotti pre-
scription would apply: α(CM) = (3d3/4π)(ε − 1)/(ε + 2), where ε = m2 is the
complex dielectric constant. For finite d/λ, however, this is not the best choice.
It is important to include radiative-reaction corrections, which are of O[(kd)3]
(Draine, 1988). However, there are also corrections of O[(kd)2], and there has
been some controversy about what these should be taken to be (Goedecke and
O’Brien, 1988; Iskander et al., 1989a; Hage and Greenberg, 1990; Dungey and
Bohren, 1991; Lumme and Rahola, 1994; Okamoto, 1995). Because it is intended
that the dipole array mimic a continuum material of dielectric constant ε, a nat-
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ural way to specify the polarizabilities α is to require that an infinite lattice of
points with this polarizability should have the same dispersion relation k(ω) as
the continuum material it is intended to mimic. Using this “lattice dispersion re-
lation” (LDR) approach, Draine and Goodman (1993) obtained a prescription for
assigning dipole polarizabilities, includingO[(kd)2] andO[(kd)3] corrections to
the Clausius–Mossotti estimate. DDSCAT.5a8 uses these LDR polarizabilities.

For targets with large size parameters, Okamoto (1995) advocates approxi-
mating the target as a cluster of spherical monomers, with each monomer then
approximated by a point dipole, but with a polarizability obtained from Mie the-
ory. This approach (Okamoto and Xu, 1998) is similar in spirit, though different
in detail, from that of Dungey and Bohren (1991).

VII. ACCURACY AND VALIDITY CRITERIA

It is intuitively clear that one validity criterion should be

|m|kd � 1 (3)

because we would like to have the “phase” vary by less than approximately 1 rad
between dipoles. It is also clear that we would like to have N as large as feasible,
in order that the dipole array accurately mimic the target geometry.

What accuracies are obtained using the discrete dipole approximation? One
way to answer this question is to apply the discrete dipole approximation to com-
pute scattering and absorption by a sphere, for which exact results are readily
available.

In Fig. 3 we show fractional errors in the absorption and scattering cross sec-
tions Cabs and Csca for a sphere with refractive index m = 1.7 + 0.1i. For
N = 17,904, accuracies are better than 2% up to x = 9.6, and accuracies of
better than 1% are attainable for size parameter x = ka as large as 21.4 using
N ≈ 2 × 105 dipoles, where a is the radius.

The accuracy does depend on the refractive index m; for smaller values of
|m − 1| the accuracy for a given N and |m|kd is generally better. Draine and
Flatau (1994) show accuracies form = 1.33+0.01i, 1.7+0.1i, 2+ i, and 3+4i,
and comparison to exact results for touching spheres has been made by Flatau et
al. (1993).

VIII. SOLUTION METHOD

When considering N � 104, it is apparent that direct solution of Eq. (1) by
standard techniques, requiring approximatelyO[(3N)3] operations, is utterly in-
feasible. However, iterative techniques exist that find excellent approximations
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Figure 3 Fractional errors for scattering and absorption cross sections for anm = 1.7+0.1i pseudo-
sphere for different numbers N of dipoles. For eachN , results are shown up to the value of x for which
|m|kd ≈ 1 [i.e., x = (3N/4π)1/3/|m|]. In the “target frame,” the incident radiation is propagating
along the (1, 1, 1) direction and polarized along the (2, −1, −1) direction.

to the true solution P in a modest number (often only 10–100) iterations (Draine,
1988; Flatau, 1997). Each iteration involves computation of a matrix–vector prod-
uct

∑N
j=1 Aijvj or

∑N
j=1 A†

ijvj , where vj is a 3N-dimensional vector and A†

is the Hermitian conjugate of A. The products are evaluated using FFT tech-
niques, as described previously. Hoekstra et al. (1998) have demonstrated that
the FFT calculations can be parallelized. A number of different iterative pro-
cedures of the complex conjugate gradient type are available (Flatau, 1997).
Draine (1988) originally employed the method of Petravic and Kuo-Petravic
(1979), which DDSCAT retains as an option. Lumme and Rahola (1994) and
Nebeker et al. (1998) recommend the “quasi-minimum residual” method (Fre-
und, 1992) as the most computationally efficient. Flatau (1997) compared a num-
ber of different methods and recommends the “stabilized bi-conjugate gradient”
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method (van der Vorst, 1992) with preconditioning, available as an option within
DDSCAT.

For an approximation P, we define the fractional error to be

err ≡ |AP − Einc|
|Einc| , (4)

where P and Einc are 3N-dimensional vectors and A is the 3N × 3N matrix from
Eq. (1). We routinely iterate until err < 10−5.

IX. COMPUTATIONAL REQUIREMENTS

Numerical techniques for computing scattering by irregular bodies are com-
putationally intensive, and their utility may be limited by computational require-
ments.

A. MEMORY

Because of the use of FFT techniques, the memory requirements of DDSCAT
are proportional to the number NFFT = NxNyNz of sites in the “computational
volume”—anNx×Ny×Nz region of the lattice containing the “occupied” lattice
sites.3 For a rectangular target, NFFT = N , but for other targets NFFT > N . For
spherical targets, NFFT ≈ (6/π)N ; for a tetrahedron,NFFT ≈ 6N .

Using 8 bytes per complex number, DDSCAT requires approximately 1.0 +
0.61(NFFT/1000) MB. Thus a 323 computational volume requires only 21 MB,
but a 643 volume would require 161 MB.

B. CENTRAL PROCESSING UNIT TIME

Most of the computing time is spent iterating until the solution vector P satis-
fies Eq. (1) to the required accuracy. The time spent per iteration scales approx-
imately as NFFT. For a given scattering problem (target geometry, refractive in-
dexm, and x = kaeff), the number of iterations required is essentially independent
ofNFFT, so the overall CPU time per scattering problem scales approximately lin-
early with NFFT.

For example, for anm = 1.7+0.1i sphere and x = 9, solving for two incident
polarizations using a 167-MHz Sun Ultrasparc required 1400 CPU-s for the N =
17,904 sphere and 14,800 CPU-s for N = 140,408.

3When Temperton’s (1992) “generalized prime factor algorithm” is used, Nx , Ny , and Nz must
each be of the form 2p3q5r , with p, q, r integers.
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X. BENCHMARK CALCULATIONS:
SCATTERING BY TETRAHEDRA

In addition to the discrete dipole approximation, there are other approaches
that can be used to calculate scattering and absorption by irregular targets, includ-
ing the “extended boundary condition method,” often referred to as the “T -matrix
method” (Barber and Yeh, 1975; Mishchenko, 1991a; Chapter 6); the “finite dif-
ference time domain method” (e.g., Yang and Liou, 1996a; Chapter 7); and the
“volume-integral method” (e.g., Eremin and Ivakhnenko, 1998; Chapter 2; and
references therein).

The DDA has been compared to some of these other methods for various target
shapes, including spheroids, cylinders, and bispheres (Hovenier et al., 1996) and
cubes (Wriedt and Comberg, 1998).

Figure 4 Scattering of unpolarized incident light by a tetrahedron with m = 1.33 + 0.01i and
kaeff = 5. The incident radiation is propagating in the x direction, and k2Z11 is shown for scattering
in the x–y plane. Axis â1 of the tetrahedron (see Fig. 2) is in the x–y plane at an angle θ = 30◦ from
the x axis. Axis â2 of the tetrahedron is in the x–y plane. The broken line labeled k2〈Z11〉 is k2Z11
averaged over all scattering directions for this orientation. The peak at � = 240◦ is from “specular”
reflection. Accurate results for Z11 are obtained for |m|kd ≈ 0.5, which appears to be sufficient for
good accuracy.
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Figure 5 Same as Fig. 4, but for kaeff = 10. The specular reflection peak at � = 240◦ has become
more pronounced. Once again, good accuracy is obtained for |m|kd ≈ 0.5.

Here I present additional “benchmark” calculations that can be used to com-
pare different techniques. From the standpoint of the discrete dipole approxima-
tion, there are no “special” shapes—a target is just a list of occupied lattice sites.

A regular tetrahedron is a simple target shape with “edges” that can be used
to test different approaches to computing light scattering. The orientation is as
shown in Fig. 2, with the tetrahedron axis tilted θ = 30◦ away from the direction
of propagation of the incident radiation.

Scattering of incident unpolarized light is measured byZ11, one element of the
4×4 phase matrix (see Chapter 1). Figure 4 shows k2Z11 for anm = 1.33+0.01i
tetrahedron with kaeff = 5, for scattering in the x–y plane. Z11 measures the
scattered intensity for incident unpolarized light. Results are shown for different
numbersN of dipoles. For kaeff = 5, the tetrahedron side s = 2.616λ.

Increasing the size of the target by a factor of 2 in linear extent, we obtain the
results shown in Fig. 5. A further increase to s = 7.849λ gives the scattering prop-
erties shown in Fig. 6. Figures 7 and 8 show the results for a different refractive
index.
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Figure 6 Same as Fig. 4, but for x = kaeff = 15. Notice that the specular reflection peak at � =
240◦ has become more pronounced. The results are well converged where Z11 � 0.1〈Z11〉, but do
not appear to be fully converged for directions where the scattering is weak.

Each plot shows the value of k2Z11 averaged over all scattering directions for
this orientation: k2〈Z11〉 = k2Csca/4π , where Csca is the scattering cross section.
We see that for |m|kd � 1 the fractional errors in Z11 are large only for scattering
directions where the scattering is relatively weak to begin with.

In each of these plots it is interesting to note the peak in Z11 at a scattering
angle� = 240◦, corresponding to “specular reflection” off the face of the tetrahe-
dron upon which the radiation is incident. This specular reflection peak becomes
narrower and stronger as the target size is increased, as expected from diffraction
theory.

The CPU time required for these calculations is given in Table I. It will be of
interest to compare these scattering results for tetrahedra with the results of other
computational techniques.4

4For those wishing to repeat these benchmark calculations on their system, the ddscat.par files can
be obtained by anonymous ftp from astro.princeton.edu, directory draine/scat/ddscat/benchmarks.



Chapter 5 The Discrete Dipole Approximation for Light Scattering 143

Figure 7 Same as Fig. 4, but for refractive index m = 1.7 + 0.1i. The results appear to be well
converged for |m|kd � 0.5.

Table I

Timings on Sun Ultrasparc 170 (167 MHz)

m = 1.33 + 0.01i tetrahedron: CPU time (s)

N kaeff = 5 kaeff = 10 kaeff = 15

4,030 78 — —
13,426 311 565 —
31,598 776 1,390 2,280
61,432 1,580 2,850 4,650

105,832 3,600 6,320 11,300

m = 1.7 + 0.1i tetrahedron: CPU time (s)

N kaeff = 5 kaeff = 10

13,426 767 —
31,598 1,920 4,180
61,432 4,080 8,420

105,832 9,590 19,800
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Figure 8 Same as Fig. 7, but for x = kaeff = 10. Notice the strong specular reflection peak at
� = 240◦. The good agreement between the results for N = 61,432 and 105,832 indicates that
N = 105,832 gives a good approximation to the exact results.

XI. SUMMARY

The discrete dipole approximation is an effective technique for computing scat-
tering and absorption by irregular targets, provided the target dimension D � 5λ
and |m− 1| � 3, wherem is the complex refractive index. The portable f77 code
DDSCAT can be used to apply the discrete dipole approximation to a broad range
of scattering problems. It is quite easy to apply DDSCAT to study new target
geometries.

A set of benchmark calculations has been proposed, using tetrahedral targets
with m = 1.33 + 0.01i and m = 1.7 + 0.1i. It is hoped that other methods for
computing scattering from irregular targets will be applied to these test problems,
as this will make possible direct comparison of the accuracy and computational
demands of the different numerical approaches.
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I. INTRODUCTION

The T -matrix method was initially introduced by Waterman (1965, 1971) as
a technique for computing electromagnetic scattering by single, homogeneous
nonspherical particles based on the Huygens principle (otherwise known as the
extended boundary condition, Schelkunoff equivalent current method, Ewald–
Oseen extinction theorem, and null-field method). However, the meant-to-be
auxiliary concept of expanding the incident and the scattered waves in vector
spherical wave functions (VSWFs) and relating these expansions by means of a
T matrix has proved to be extremely powerful by itself and has dramatically ex-
panded the realm of the T -matrix approach. The latter now includes electromag-
netic, acoustic, and elastodynamic wave scattering by single and compounded

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
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scatterers, multiple scattering in discrete random media, and scattering by grat-
ings and periodically rough surfaces (Varadan and Varadan, 1980; Tsang et al.,
1985; Varadan et al., 1988).

At present, the T -matrix approach is one of the most powerful and widely
used tools for rigorously computing electromagnetic scattering by single and com-
pounded nonspherical particles. In many applications it compares favorably with
other frequently used techniques in terms of efficiency, accuracy, and size param-
eter range and is the only method that has been used in systematic surveys of
nonspherical scattering based on calculations for thousands of particles in ran-
dom orientation. Recent improvements have made this method applicable to size
parameters exceeding 100 and, therefore, suitable for checking the accuracy of
the geometric optics approximation and its modifications at lower frequencies.

In this chapter, we review the current status of the T -matrix approach and its
various applications. The chapter is composed of seven sections. The following
section introduces the general concept of the T -matrix approach in application
to an arbitrary nonspherical particle, either single or composite. Section III de-
scribes an efficient analytical method for computing orientation-averaged scatter-
ing characteristics for ensembles of nonspherical particles based on exploiting the
rotational properties of VSWFs. In Section IV we consider the standard scheme
for computing the T matrix for single scatterers, either homogeneous or layered,
and discuss special techniques for improving the numerical stability of T -matrix
computations for particles that are much larger than a wavelength and/or have
large aspect ratios. Section V introduces the superposition T -matrix method for
computing electromagnetic scattering by aggregated particles based on the trans-
lation addition theorem for VSWFs. Section VI briefly describes public-domain
T -matrix codes available on the World Wide Web and discusses their ranges of
applicability. The concluding section reviews multiple practical applications of
the T -matrix approach.

II. THE T -MATRIX APPROACH

Consider scattering of a plane electromagnetic wave by a single particle, as
discussed in Section IV of Chapter 1, and expand the incident and scattered fields
in VSWFs as follows:

Einc(R) =
∞∑
n=1

n∑
m=−n

[
amn Rg Mmn(kR)+ bmn Rg Nmn(kR)

]
, (1)

Esca(R) =
∞∑
n=1

n∑
m=−n

[
pmn Mmn(kR)+ qmnNmn(kR)

]
, R > R>, (2)
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Figure 1 Cross section of a general scattering object bounded by a closed surface S.R> is the radius
of the smallest circumscribed sphere and R< is the radius of a concentric inscribed sphere.

where

Mmn(kR) = (−1)mdnh(1)n (kR)Cmn(ϑ) exp(imϕ), (3)

Nmn(kR) = (−1)mdn

{
n(n+ 1)

kR
h(1)n (kR)Pmn(ϑ)

+ 1

kR

[
kRh(1)n (kR)

]′Bmn(ϑ)} exp(imϕ), (4)

Bmn(ϑ) = ϑ
d

dϑ
dn0m(ϑ)+ ϕ

im

sinϑ
dn0m(ϑ), (5)

Cmn(ϑ) = ϑ
im

sinϑ
dn0m(ϑ)− ϕ

d

dϑ
dn0m(ϑ), (6)

Pmn(ϑ) = R
dn0m(ϑ)

R
, (7)

dn =
[

2n+ 1

4πn(n+ 1)

]1/2

, (8)

k = 2π/λ is the wavenumber, λ is the wavelength in the surrounding medium,
R> is the radius of the smallest circumscribing sphere of the scattering particle
centered at the origin of the coordinate system (Fig. 1), and dnlm(ϑ) are Wigner
d functions (Varshalovich et al., 1988) given by

dnlm(ϑ) = Anlm(1 − cosϑ)(l−m)/2(1 + cosϑ)−(l+m)/2

× dn−m

(d cosϑ)n−m
[
(1 − cosϑ)n−l (1 + cosϑ)n+l

]
(9)
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for n ≥ n∗ = max(|l|, |m|) and by dnlm(ϑ) = 0 for n < n∗. In Eq. (9),

Anlm = (−1)n−m

2n

[
(n+m)!

(n− l)!(n+ l)!(n−m)!
]1/2

. (10)

The d functions can be expressed in terms of generalized spherical functions as
follows (Hovenier and van der Mee, 1983):

dnlm(ϑ) = im−lP nlm(cosϑ). (11)

The expressions for the functions Rg Mmn and Rg Nmn can be obtained from
Eqs. (3) and (4) by replacing spherical Hankel functions h(1)n by spherical Bessel
functions jn. Note that the functions Rg Mmn and Rg Nmn are regular at the ori-
gin, while the use of the outgoing functions Mmn and Nmn in the expansion of
Eq. (2) ensures that the scattered field satisfies the radiation condition at infin-
ity (i.e., the transverse component of the scattered electric field decays as 1/R,
whereas the radial component decays faster than 1/R with R → ∞). The re-
quirement R > R> in Eq. (2) means that the scattered field is considered only
outside the smallest circumscribing sphere of the scatterer (Fig. 1). The so-called
Rayleigh hypothesis (e.g., Bates, 1975; Paulick, 1990) assumes that the scattered
field can be expanded in outgoing waves not only in the outside region, but also
in the region between the particle surface and the circumscribing sphere (Fig. 1).
Because the range of applicability of this hypothesis is still unknown and is in fact
questionable, as recent results by Videen et al. (1996) and Ngo et al. (1997) seem
to indicate, the requirement R > R> in Eq. (2) is important in order to make sure
that the Rayleigh hypothesis is not implicitly used (Lewin, 1970).

The expansion coefficients of the plane incident wave are given by the follow-
ing simple analytical formulas (Tsang et al., 1985, Chapter 3; Eq. (1) of Chap-
ter 1):

amn = 4π(−1)mindnC∗
mn

(
ϑ inc)Einc

0 exp
(−imϕinc), (12)

bmn = 4π(−1)min−1dnB∗
mn

(
ϑ inc)Einc

0 exp
(−imϕinc), (13)

where an asterisk indicates complex conjugation. Owing to the linearity of
Maxwell’s equations and boundary conditions, the relation between the scattered
field coefficients pmn and qmn on the one hand and the incident field coefficients
amn and bmn on the other hand must be linear and is given by a transition (or
T matrix) T as follows (Waterman, 1971; Tsang et al., 1985, Chapter 3):

pmn =
∞∑
n′=1

n′∑
m′=−n′

[
T 11
mnm′n′am′n′ + T 12

mnm′n′bm′n′
]
, (14)

qmn =
∞∑
n′=1

n′∑
m′=−n′

[
T 21
mnm′n′am′n′ + T 22

mnm′n′bm′n′
]
. (15)
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In compact matrix notation, Eqs. (14) and (15) can be rewritten as[
p
q

]
= T

[
a
b

]
=
[

T11 T12

T21 T22

][
a
b

]
. (16)

Equation (16) forms the basis of the T -matrix approach. Indeed, if the T ma-
trix for a given scatterer is known, Eqs. (14), (15), (12), (13), and (2) give the
scattered field and, thus, the amplitude matrix appearing in Eq. (4) of Chapter 1.
Specifically, making use of the large argument asymptotic for spherical Hankel
functions,

h(1)n (kR) � (−1)n+1 exp(ikR)

kR
, kR � n2, (17)

we easily derive in dyadic notation

S
(
nsca,ninc)
= 4π

k

∑
nmn′m′

in
′−n−1(−1)m+m′

dndn′ exp
[
i
(
mϕsca −m′ϕinc)]

×
{[
T 11
mnm′n′Cmn

(
ϑsca) + T 21

mnm′n′ iBmn
(
ϑsca)]C∗

m′n′
(
ϑ inc)

+ [
T 12
mnm′n′ Cmn

(
ϑsca) + T 22

mnm′n′ iBmn
(
ϑsca)]B∗

m′n′
(
ϑ inc)/i}.

(18)

Knowledge of the amplitude matrix allows one to compute any scattering charac-
teristic introduced in Chapter 1.

A fundamental feature of the T -matrix approach is that the T matrix depends
only on the physical and geometrical characteristics of the scattering particle (re-
fractive index, size, shape, and orientation with respect to the reference frame)
and is completely independent of the incident and scattered fields. This means
that the T matrix need be computed only once and then can be used in calcula-
tions for any directions of incidence and scattering and for any polarization state
of the incident field.

Using Eq. (18) and the reciprocity relation for the amplitude matrix [Eq. (44)
of Chapter 1], we derive the following general symmetry relation for the T -matrix
elements:

T klmnm′n′ = (−1)m+m′
T lk−m′n′−mn, k, l = 1, 2. (19)

Energy conservation leads to another important property of the T matrix:∑
ln1m1

(
T
lp
m1n1mn

)∗
T
lq

m1n1m
′n′ ≤ −1

2

[(
T
qp

m′n′mn
)∗ + T pq

mnm′n′
]
. (20)
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The equality holds only for nonabsorbing particles and is called the unitarity prop-
erty (Tsang et al., 1985, Chapter 3). These relations are helpful in practice for
checking the numerical accuracy of computing the T matrix.

It is useful to note that the VSWFs defined by Eqs. (3) and (4) are not the
only possible class of expansion functions. Other classes of expansion functions
resulting in somewhat different T matrices have been used (e.g., Waterman, 1971;
Barber and Yeh, 1975; Ström and Zheng, 1987). We use the VSWFs defined by
Eqs. (3) and (4) because their convenient analytical properties greatly simplify
mathematical derivations. Note also that Eqs. (5)–(7) are often written in terms of
associated Legendre functionsPmn (cosϑ) = (−1)m[(n+m)!/(n−m)!]1/2dn0m(ϑ)

(e.g., Tsang et al., 1985, Chapter 3). It is well known, however, that the numerical
computation of associated Legendre functions via recurrence formulas becomes
highly unstable for large n and m, whereas recurrence formulas for Wigner d
functions (e.g., Varshalovich et al., 1988) remain quite stable and provide accurate
results.

III. ANALYTICAL AVERAGING
OVER ORIENTATIONS

An essential feature of the T -matrix approach is analyticity of its mathematical
formulation. Indeed, the analytical properties of the special functions involved are
well known and can be used to derive general properties of the T matrix and also
to analytically average scattering characteristics over particle orientations. The
latter feature is particularly important because, in most practical circumstances,
particles are distributed over a range of orientations rather than being perfectly
aligned.

To derive the rotation transformation rule for the T matrix, consider a labora-
tory (L) and a particle (P ) coordinate system having a common origin inside the
scattering particle. Let α, β, and γ be Euler angles of rotation that transform the
laboratory coordinate system into the particle coordinate system (Section III of
Chapter 1) and let (kR, ϑL, ϕL) and (kR, ϑP , ϕP ) be the spherical coordinates of
the same radius vector kR in the two coordinate systems, respectively. We then
have

Mmn(kR, ϑP , ϕP ) =
n∑

m′=−n
Dnm′m(α, β, γ )Mm′n(kR, ϑL, ϕL), (21)

Mmn(kR, ϑL, ϕL) =
n∑

m′=−n

[
Dnmm′ (α, β, γ )

]∗Mm′n(kR, ϑP , ϕP ), (22)
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where

Dnm′m(α, β, γ ) = exp(−im′α)dnm′m(β) exp(−imγ ) (23)

are Wigner D functions (Varshalovich et al., 1988). Analogous expansions hold
for the functions Nmn, Rg Mmn, and Rg Nmn. Let T(P ) and T(L) be the T matri-
ces of the particle with respect to the coordinate systems P and L, respectively.
Taking into account Eqs. (1), (2), (14), (15), (21), and (22), we derive (Varadan,
1980)

T klmnm′n′(L) =
n∑

m1=−n

n′∑
m2=−n′

[
Dn

′
m′m2

(α, β, γ )
]∗
T klm1nm2n

′(P )Dnmm1
(α, β, γ ),

k, l = 1, 2. (24)

If we now assume that the T matrix T(P ) is already known and use the Euler
angles of rotation α, β, and γ to specify the orientation of the particle with respect
to the laboratory coordinate system, then Eq. (24) gives the particle T matrix in
the laboratory coordinate system. Therefore, Eqs. (18) and (24) are ideally suited
for computing orientationally averaged scattering characteristics using a single
precalculated T(P ) matrix (Tsang et al., 1985, Chapter 3).

Note that for particles with special symmetries, a proper choice of the particle
coordinate system can substantially simplify the T -matrix calculations. For ex-
ample, for rotationally symmetric particles, it is convenient to direct the z axis of
the particle coordinate system along the axis of symmetry. In this case, the T(P )
matrix becomes diagonal with respect to azimuthal indices m and m′,

T klmnm′n′(P ) = δmm′T klmnmn′ (P ), (25)

where δmm′ is the Kronecker delta, and also has the property

T klmnmn′ (P ) = (−1)k+lT kl−mn−mn′ (P ). (26)

Other possible symmetries of the T matrix are discussed by Schulz et al. (1999a).
The T matrix becomes especially simple for spherically symmetric particles, in
which case we have for any coordinate system:

T 11
mnm′n′ = −δnn′bn, (27)

T 22
mnm′n′ = −δnn′an, (28)

T 12
mnm′n′ = T 21

mnm′n′ ≡ 0, (29)

where an and bn are the well-known Lorenz–Mie coefficients for homogeneous
spheres or their analogs for radially inhomogeneous spheres (Bohren and Huff-
man, 1983, Chapters 4 and 8). Moreover, in the case of spherically symmetric par-
ticles all formulas of the T -matrix approach become identical to the correspond-
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ing Lorenz–Mie formulas. Therefore, the T -matrix approach can be considered
an extension of the Lorenz–Mie theory to particles without spherical symmetry.

Equation (24) can be used to develop analytical procedures for averaging scat-
tering characteristics over particle orientations. In the practically important case of
randomly oriented particles, all particle orientations are equiprobable, and the ori-
entation distribution function po(α, β, γ ) is equal to (8π2)−1 [Eq. (54) of Chap-
ter 1]. Therefore, using Eq. (24) and the orthogonality property of WignerD func-
tions (Varshalovich et al., 1988),∫ 2π

0
dα

∫ π

0
dβ sinβ

∫ 2π

0
dγDnmm′ (α, β, γ )

[
Dn

′
m1m

′
1
(α, β, γ )

]∗
= 8π2

2n+ 1
δnn′δmm1δm′m′

1
, (30)

we derive for the orientation-averaged T matrix

〈
T klmnm′n′

〉 = 1

8π2

∫ 2π

0
dα

∫ π

0
dβ sin β

∫ 2π

0
dγ T klmnm′n′(L)

= 1

2n+ 1
δmm′δnn′

n∑
m1=−n

T klm1nm1n
(P ), k, l = 1, 2. (31)

As a result, we obtain the following general formula for the extinction cross sec-
tion of randomly oriented particles (Mishchenko, 1991b):

〈Cext〉 = 2π

k
Im

[〈S11(n,n)〉 + 〈S22(n,n)〉
]

= −2π

k2 Re
∞∑
n=1

n∑
m=−n

2∑
k=1

T kkmnmn(P ). (32)

A similar but less simple formula was derived by Borghese et al. (1984). Because
the choice of the particle coordinate system is arbitrary, we can conclude that the
orientation-averaged extinction cross section is proportional to the real part of the
trace of the T matrix computed in an arbitrary reference frame. An equally sim-
ple formula can be derived for the scattering cross section of randomly oriented
particles (Mishchenko, 1991a; Khlebtsov, 1992):

〈Csca〉 = 2π

k2

∞∑
n=1

∞∑
n′=1

n∑
m=−n

n′∑
m′=−n′

2∑
k=1

2∑
l=1

∣∣T klmnm′n′(P )
∣∣2. (33)

The orientation-averaged extinction and scattering cross sections must be in-
variant with respect to the choice of the coordinate system. And indeed, using
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Eq. (24) and the unitarity property of Wigner D functions (Varshalovich et al.,
1988),

n∑
m′′=−n

[
Dnm′′m(α, β, γ )

]∗
Dnm′′m′(α, β, γ ) = δmm′ , (34)

we derive the following two general invariants:∑
m

T klmnmn(L) =
∑
m

T klmnmn(P ), (35)∑
mm′

∣∣T klmnm′n′(L)
∣∣2 =

∑
mm′

∣∣T klmnm′n′(P )
∣∣2, k, l = 1, 2. (36)

Energy conservation requires that the orientation-averaged extinction cross
section always be larger than or equal to the orientation-averaged scattering cross
section. Therefore, the elements of the T matrix computed in an arbitrary refer-
ence frame must satisfy the partial inequality [cf. Eqs. (32), (33), (35), and (36)]∑

nn′mm′kl

∣∣T klmnm′n′(P )
∣∣2 ≤ −Re

∑
nmk

T kkmnmn(P ), (37)

where the equality holds only for lossless particles. It is easy to show that this
partial inequality is consistent with Eq. (20).

Computation of the elements of the scattering matrix given by Eq. (61) of
Chapter 1 requires orientation averaging of products of amplitude matrix ele-
ments. This problem was addressed by Mishchenko (1991a) for the case of rota-
tionally symmetric particles, that is, when Eqs. (25) and (26) apply. His approach
is based on exploiting the Clebsch–Gordan expansion

dnmm′(β)dn
′
m1m

′
1
(β) =

n+n′∑
n1=|n−n′ |

C
n1m+m1
nmn′m1

C
n1m

′+m′
1

nm′n′m′
1
d
n1
m+m1, m

′+m′
1
(β) (38)

and the orthogonality relation∫ π

0
dβ sinβ dnmm′(β)dn

′
mm′(β) = δnn′

2

2n+ 1
, (39)

where Cijklmn are the well-known Clebsch–Gordan coefficients, which can be ef-
ficiently computed using the recurrence formulas listed by Varshalovich et al.
(1988). Furthermore, instead of directly computing the scattering matrix elements,
Mishchenko (1991a) first computed the expansion coefficients appearing in Eqs.
(72)–(77) of Chapter 1. Because both the expansion coefficients and the T(P )
matrix elements are independent of the directions and polarization states of the
incident and scattered beams, one may expect a direct relationship between these
two sets of quantities that does not involve any angular variables. And indeed,
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Mishchenko (1991a) derived simple analytical formulas directly expressing the
expansion coefficients of Eqs. (72)–(77) of Chapter 1 in the elements of the T(P )
matrix. As a result, the computation of the highly complicated angular structure
of light scattered by a nonspherical particle in a fixed orientation (Section V of
Chapter 2) with further numerical integration over orientations is avoided, thereby
making the analytical averaging method very accurate and fast. The most time-
consuming part in any computations based on the T -matrix method is evaluation
of multiple nested summations, and an important advantage of the analytical ap-
proach is that the maximal order of nested summations involved is only three. This
makes the analytical approach ideally suited to developing an efficient computer
code (Section VI). Direct comparisons of the analytical method and the straight-
forward averaging procedure using numerical angular integrations over particle
orientations (Wiscombe and Mugnai, 1986; Barber and Hill, 1990; Sid’ko et al.,
1990) have shown that the former is faster by a factor of several tens (Mishchenko,
1991a; W. M. F. Wauben, personal communication).

Mackowski and Mishchenko (1996) extended the analytical approach to ran-
domly oriented particles lacking rotational symmetry. Khlebtsov (1992) and Fu-
cile et al. (1993) studied the same problem but did not use the idea of expanding
the scattering matrix elements in generalized spherical functions.

Mishchenko (1991b, 1992a) considered the problem of computing the extinc-
tion matrix for nonspherical particles axially oriented by an external force. An
orientation distribution function symmetric with respect to the z axis of the lab-
oratory reference frame is given by Eq. (55) of Chapter 1, which, along with
Eqs. (24) and (38), leads to a simple formula for the orientationally averaged T
matrix in the laboratory frame:〈
T klmnm′n′(L)

〉
=
∫ 2π

0
dα

∫ π

0
dβ sin β

∫ 2π

0
dγ T klmnm′n′(L;α, β, γ )po(α, β, γ )

= δmm′
M∑

m1=−M

n+n′∑
n1=|n−n′ |

(−1)m+m1pn1C
n10
nmn′−mC

n10
nm1n

′−m1
T klm1nm1n

′(P ), (40)

whereM = min(n, n′) and

pn =
∫ π

0
dβ sinβ p(β)dn00(β) (41)

are coefficients in the expansion of the function p(β) in Legendre polynomials:

p(β) =
∞∑
n=0

2n+ 1

2
pnPn(cosβ). (42)
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Equations (18) and (40) along with the optical theorem, Eqs. (35)–(41) of Chap-
ter 1, provide a fast and accurate method for computing the ensemble-averaged
extinction matrix with respect to the laboratory frame. Equation (40) was later
rederived by Fucile et al. (1995).

The analytical orientation-averaging approach for randomly and axially ori-
ented nonspherical particles was straightforwardly extended by Paramonov
(1995) to arbitrary quadratically integrable orientation distribution functions. Un-
fortunately, the resulting formulas involve highly nested summations, and their
efficient numerical implementation may be problematic. In this case, the stan-
dard averaging approach employing numerical integrations over orientation an-
gles may prove to be more efficient. This approach was described by Wiscombe
and Mugnai (1986), Barber and Hill (1990), and Vivekanandan et al. (1991) and
is based on the equivalence of averaging over particle orientations and averaging
over directions of light incidence and scattering and the fact that knowledge of
the T(P ) matrix enables computations of the amplitude matrix for any direction
of light incidence and scattering with respect to the particle coordinate system,
Eq. (18).

IV. COMPUTATION OF THE T MATRIX FOR
SINGLE PARTICLES

The standard scheme for computing the T matrix for single homogeneous scat-
terers in the particle reference frame is called the extended boundary condition
method (EBCM) and is based on the vector Huygens principle (Waterman, 1971).
The general problem is to find the field scattered by an object bounded by a closed
surface S (Fig. 1). The Huygens principle establishes the following relationship
between the incident field Einc(R), the total external field E(R) (i.e., the sum of
the incident and the scattered fields), and the surface field on the exterior of S:

E(R)

0

}
= Einc(R)+ integral over S, R

{
outside S

inside S,
(43)

where the integral term involves the unknown surface field on the exterior of S.
The gist of the numerical procedure is to find the surface field on the exterior
of S by applying Eq. (43) to points inside S and then to use this surface field to
compute the integral term on the right-hand side of Eq. (43) for points outside S,
that is, the scattered field.

In more technical terms, the incident and the scattered waves are expanded
in regular and outgoing VSWFs, respectively, according to Eqs. (1) and (2). The
convergence of the expansion of Eq. (1) is guaranteed inside an inscribed sphere
with radius R<, whereas Eq. (2) is strictly valid only for points outside the cir-
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cumscribing sphere. The internal field can also be expanded in VSWFs regular at
the origin:

Eint(R) =
∞∑
n=1

n∑
m=−n

[
cmn Rg Mmn(mkR)+ dmn Rg Nmn(mkR)

]
,

R inside S, (44)

where m is the refractive index of the particle relative to that of the surrounding
medium. Via boundary conditions, the surface field on the exterior of S can be
expressed in the surface field on the interior of S. The latter is given by Eq. (44).
As a result, the application of Eqs. (1), (43), and (44) to points withR < R< gives
a matrix equation [

a
b

]
=
[

Q11 Q12

Q21 Q22

][
c
d

]
, (45)

in which the elements of the Q matrix are simple surface integrals of products of
VSWFs that depend only on the particle size, shape, and refractive index. Inver-
sion of this matrix equation expresses the unknown expansion coefficients of the
internal field c and d in the known expansion coefficients of the incident field a
and b. Analogously, the application of boundary conditions and Eq. (44) to the
integral term on the right-hand side of Eq. (43) for points with R > R> and using
Eq. (2) gives the following matrix expression:[

p
q

]
= −

[
Rg Q11 Rg Q12

Rg Q21 Rg Q22

][
c
d

]
, (46)

where the elements of the Rg Q matrix are also given by simple integrals over
the particle surface and depend only on the particle characteristics. By comparing
Eqs. (16), (45), and (46), we obtain

T = −Rg QQ−1. (47)

Finally, Eq. (16) gives the expansion coefficients of the scattered field and, thus,
the scattered field itself.

General formulas for computing the matrices Q and Rg Q for particles of an
arbitrary shape are given by Tsang et al. (1985, Chapter 3). These formulas be-
come much simpler for rotationally symmetric particles provided that the z axis
of the particle coordinate system coincides with the axis of particle symmetry
[pages 187 and 188 of Tsang et al. (1985); cf. Eqs. (25) and (26)]. This sim-
plicity explains why nearly all numerical results computed with EBCM pertain
to bodies of revolution. However, several successful attempts have been made
to apply EBCM to scatterers lacking rotational symmetry such as triaxial ellip-
soids (Schneider and Peden, 1988; Schneider et al., 1991) and cubes (Wriedt and
Doicu, 1998; Wriedt and Comberg, 1998; Laitinen and Lumme, 1998). Peterson
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and Ström (1974) (see also Bringi and Seliga, 1977a; Wang and Barber, 1979) ex-
tended EBCM to layered scatterers, while Lakhtakia et al. (1985b) and Lakhtakia
(1991) applied EBCM to light scattering by chiral particles embedded in an achi-
ral isotropic or chiral host medium.

Alternative derivations and formulations of EBCM are discussed by Ström
(1975), Barber and Yeh (1975), Agarwal (1976), Bates and Wall (1977), and
Morita (1979). The derivation given by Waterman (1979) is especially simple
and makes it quite clear that EBCM is not based on the Rayleigh hypothesis, and
that scattering objects need not be convex and close to spherical in order to ensure
the validity of EBCM. It is interesting that EBCM can in fact be derived from
the Rayleigh hypothesis (Burrows, 1969; Bates, 1975; Chew, 1990, Section 8.5;
Schmidt et al., 1998). This does not mean, however, that EBCM is equivalent to
the Rayleigh hypothesis or requires it to be valid (Lewin, 1970). The equivalence
of the two approaches would follow from a reciprocal derivation of the Rayleigh
hypothesis from EBCM, but this has not been done so far.

A serious practical difficulty with EBCM is the poor numerical stability of cal-
culations for particles with very large real and/or imaginary parts of the refractive
index, large sizes compared with a wavelength, and/or extreme geometries such
as spheroids with large axial ratios. The origin of this problem can be explained
as follows. Although the expansions of Eqs. (1) and (2) are, in general, infinite,
in practical computer calculations they must be truncated to a finite maximum
size. This size depends on the required accuracy of computations and is found by
increasing the size of the Q and Rg Q matrices in unit steps until an accuracy cri-
terion is satisfied. Unfortunately, different elements of the Q matrix can differ by
many orders of magnitude, thus making the numerical calculation of the inverse
matrix Q−1 an ill-conditioned process strongly influenced by round-off errors.
The ill-conditionality means that even small numerical errors in the computed el-
ements of the Q matrix can result in large errors in the elements of the inverse
matrix Q−1. The round-off errors become increasingly significant with increasing
particle size parameter and/or aspect ratio and rapidly accumulate with increasing
size of the Q matrix. As a result, T -matrix computations for large and/or highly
aspherical particles can be slowly convergent or even divergent (Barber, 1977;
Varadan and Varadan, 1980; Wiscombe and Mugnai, 1986).

Efficient approaches for overcoming the numerical instability problem in com-
puting the T matrix for highly elongated particles are the so-called iterative
EBCM (IEBCM) and a closely related multiple multipole EBCM (Iskander et
al., 1983; Lakhtakia et al., 1983; Iskander and Lakhtakia, 1984; Iskander et al.,
1989b; Doicu and Wriedt, 1997a, b; Wriedt and Doicu, 1997, 1998). The main
idea of IEBCM is to represent the internal field by several subdomain spherical
function expansions centered on the major axis of an elongated scatterer. These
subdomain expansions are linked to each other by being explicitly matched in the
appropriate overlapping zones. IEBCM has been used to compute light scattering
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and absorption by highly elongated lossy and low-loss dielectric scatterers with
aspect ratios as large as 17. In some cases the use of IEBCM instead of the regular
EBCM allows one to more than quadruple the maximal convergent size parame-
ter. The disadvantage of IEBCM is that its numerical stability is achieved at the
expense of a considerable increase in computer code complexity and required
central processing unit (CPU) time.

Another approach to deal with the numerical instability of the regular EBCM
exploits the unitarity property of the T matrix for nonabsorbing particles (Wa-
terman, 1973; Lakhtakia et al., 1984, 1985a). This technique is based on iterative
orthogonalization of the T matrix, is simple and computationally efficient, and re-
sults in numerically stable T matrices for elongated and flattened spheroids with
aspect ratios as large as 20. The obvious disadvantage of this approach is that it is
applicable only to perfectly conducting or lossless dielectric scatterers. Wielaard
et al. (1997) demonstrated that a better approach is to invert the Q matrix using a
special form of the lower triangular–upper triangular (LU) factorization method.
This technique is applicable not only to nonabsorbing but also to lossy particles
and increases the maximum convergent size parameter for lossless and low-loss
particles by a factor of several units.

Mishchenko and Travis (1994a) showed that an efficient general method for
ameliorating the numerical instability of inverting the Q matrix is to improve the
accuracy with which this matrix is calculated and inverted. Specifically, they cal-
culated the elements of the Q matrix and performed the matrix inversion using
extended-precision (REAL*16 and COMPLEX*32) instead of double-precision
(REAL*8 and COMPLEX*16) floating-point variables. Extensive checks have
shown that this approach more than doubles the maximum size parameter for
which convergence of T -matrix computations can be achieved. Timing tests per-
formed on IBM RISC workstations show that the use of extended-precision arith-
metic slows computations down by a factor of only 5 to 6. Other key features
of this approach are its simplicity and the fact that little additional programming
effort and negligibly small extra memory are required.

An interesting method for computing the T matrix for spheroids was developed
by Schulz et al. (1998a), who used the separation of variables method to derive the
T matrix in spheroidal coordinates and then converted it into the regular T matrix
in spherical coordinates.

V. AGGREGATED AND COMPOSITE PARTICLES

According to Eqs. (21) and (22), VSWFs in a rotated reference frame can be
expanded in VSWFs in the original reference frame, thereby leading to a simple
rotation transformation rule for the T matrix, Eq. (24). Analogously, VSWFs in
a translated coordinate system can be expressed in VSWFs in the original co-
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ordinate system via the translation addition theorem, resulting in a translation
transformation rule for the T matrix. The latter can be used to develop a T -matrix
scheme to compute light scattering by aggregated particles. This superposition
T -matrix approach was developed by Peterson and Ström (1973) (see also Peter-
son, 1977) for the general case of a cluster composed of an arbitrary number of
nonspherical components.

Consider a cluster consisting of N arbitrarily shaped and arbitrarily oriented
particles illuminated by a plane external electromagnetic wave and assume that
the T matrices of each of the particles are known with respect to their local coor-
dinate systems with origins inside the particles. Assume also that all these local
coordinate systems have the same spatial orientation as the laboratory reference
frame and that the smallest circumscribing spheres of the component particles
centered at the origins of their respective local coordinate systems do not over-
lap. [Note that Peterson (1977) discusses weaker restrictions on possible particle
configurations.] The total electric field scattered by the entire cluster can be repre-
sented as a superposition of individual scattering contributions from each particle:

Esca(R) =
N∑
j=1

Esca
j (R), (48)

where R connects the origin of the laboratory coordinate system and the observa-
tion point. Because of electromagnetic interactions between the component parti-
cles, the individual scattered fields are interdependent and the total electric field
illuminating each particle is the superposition of the external incident field Einc

0
and the sum of the individual fields scattered by all other component particles:

Einc
j (R) = Einc

0 (R)+
∑
l �=j

Esca
l (R), j = 1, . . . , N. (49)

To make use of the information contained in the j th particle T matrix, we must
expand the fields incident on and scattered by this particle in VSWFs centered at
the origin of the particle’s local coordinate system:

Einc
j (R) =

∑
nm

[
a
j
mn Rg Mmn(kRj )+ bjmn Rg Nmn(kRj )

]
=

∑
nm

[(
a
j0
mn +

∑
l �=j
a
jl
mn

)
Rg Mmn(kRj )

+
(
b
j0
mn +

∑
l �=j
b
jl
mn

)
Rg Nmn(kRj )

]
, j = 1, . . . , N,

(50)
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Esca
j (R) =

∑
nm

[
p
j
mnMmn(kRj )+ qjmnNmn(kRj )

]
, Rj > R>j ,

j = 1, . . . , N, (51)

where the Rj connects the origin of the j th particle local coordinate system and
the observation point R,R>j is the radius of the smallest circumscribing sphere of

the j th particle, the expansion coefficients aj0
mn and bj0

mn describe the external in-
cident field, and the expansion coefficients ajlmn and bjlmn describe the contribution
of the lth particle to the field illuminating the j th particle:

Einc
0 (R) =

∑
nm

[
a
j0
mn Rg Mmn(kRj )+ bj0

mn Rg Nmn(kRj )
]
,

j = 1, . . . , N, (52)

Esca
l (R) =

∑
nm

[
a
jl
mn Rg Mmn(kRj )+ bjlmn Rg Nmn(kRj )

]
,

j, l = 1, . . . , N. (53)

The expansion coefficients of the illuminating and scattered fields are related via
the j th particle T matrix Tj :[

pj

qj

]
= Tj

([
aj0

bj0

]
+
∑
l �=j

[
aj l

bj l

])
, j = 1, . . . , N. (54)

The field scattered by the lth particle can also be expanded in VSWFs centered at
the origin of the lth local coordinate system:

Esca
l (R) =

∑
νµ

[
plµνMµν(kRl)+ qlµνNµν(kRl )

]
, Rl > R>l, (55)

where Rl connects the origin of the lth particle coordinate system and the obser-
vation point R. Using the translation addition theorem (Tsang et al., 1985, Chap-
ter 6), the VSWFs in Eq. (55) can be expanded in regular VSWFs originating
inside the j th particle:

Mµν(kRl ) =
∑
nm

[
Amnµν(kRlj )Rg Mmn(kRj )+ Bmnµν(kRlj )Rg Nmn(kRj )

]
,

Rj < Rlj , (56)

Nµν(kRl ) =
∑
nm

[
Bmnµν(kRlj )Rg Mmn(kRj )+Amnµν(kRlj )Rg Nmn(kRj )

]
,

Rj < Rlj , (57)

where the vector Rlj = Rl − Rj connects the origins of the local coordinate sys-
tems of the lth and the j th particles, and the translation coefficients Amnµν(kRlj )
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and Bmnµν(kRlj ) are given by the analytical expressions listed on page 449 of
Tsang et al. (1985). Comparing Eqs. (53)–(57), we finally derive in matrix nota-
tion [

pj

qj

]
= Tj

([
aj0

bj0

]
+
∑
l �=j

[
A(kRlj ) B(kRlj )
B(kRlj ) A(kRlj )

][
pl

ql

])
,

j = 1, . . . , N. (58)

Because the expansion coefficients of the external plane electromagnetic wave
a
j0
mn and bj0

mn and the translation coefficients Amnµν(kRlj ) and Bmnµν(kRlj ) can
be computed via closed-form analytical formulas, Eq. (58) can be considered a
system of linear algebraic equations that can be solved numerically and yields the
expansion coefficients of the individual scattered fields pjmn and qjmn for each of
the cluster components. When these coefficients are known, Eqs. (51) and (48)
give the total field scattered by the cluster.

Equation (58) becomes especially simple for a cluster composed of spherical
particles because in this case the individual particle T matrices are diagonal with
standard Lorenz–Mie coefficients standing along their main diagonal [Eqs. (27)–
(29)]. The resulting equation is identical to that derived using the so-called multi-
sphere superposition formulation or multisphere separation of variables technique
(Bruning and Lo, 1971; Borghese et al., 1979, 1984; Hamid et al., 1990; Fuller,
1991; Mackowski, 1991; Ioannidou et al., 1995). In this regard, the latter can be
considered a particular case of the superposition T -matrix method. Solutions of
Eq. (58) for clusters of spheres have been obtained using different numerical tech-
niques (direct matrix inversion, method of successive orders of scattering, conju-
gate gradients method, method of iterations, recursive method) and have been
extensively reported in the literature (Hamid et al., 1991; Fuller, 1994a, 1995a; de
Daran et al., 1995; Xu, 1995; Tishkovets and Litvinov, 1996; Rannou et al., 1997;
Videen et al., 1998). Fikioris and Uzunoglu (1979), Borghese et al. (1992, 1994),
Fuller (1995b), Mackowski and Jones (1995), and Skaropoulos et al. (1994, 1996)
extended the superposition approach to the case of internal aggregation by solv-
ing the problem of light scattering by spherical particles with eccentric spherical
inclusions, whereas Videen et al. (1995b) considered a more general case of a
sphere with an irregular inclusion. It should be noted that particles with single in-
clusions can also be treated using the standard EBCM for multilayered scatterers
(Peterson and Ström, 1974).

Inversion of Eq. (58) gives (Mackowski, 1994)

[
pj

qj

]
=

N∑
l=1

Tj l
[

al0

bl0

]
, j = 1, . . . , N, (59)
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where the matrix Tj l transforms the expansion coefficients of the incident field
centered at the lth particle into the j th-particle-centered expansion coefficients
of the field scattered by the j th particle. The calculation of the Tj l matrices im-
plies numerical inversion of a large matrix and can be a time-consuming process.
However, these matrices are independent of the incident field and depend only on
the cluster configuration and shapes and orientations of the component particles.
Therefore, they need be computed only once and then can be used in computations
for any direction and polarization state of the incident field.

Furthermore, in the far-field region the scattered-field expansions from the in-
dividual particles can be transformed into a single expansion centered at the origin
of the laboratory reference frame. This single origin can represent the average of
the component particle positions but in general can be arbitrary. The first step is
to expand the incident and total scattered fields in VSWFs centered at the origin
of the laboratory reference frame according to Eqs. (1) and (2). We again employ
the translation addition theorem given by

Rg Mmn(kR) =
∑
νµ

[
RgAµνmn(kR0l)Rg Mµν(kRl)

+ RgBµνmn(kR0l)Rg Nµν(kRl)
]
, (60)

Rg Nmn(kR) =
∑
νµ

[
RgBµνmn(kR0l )Rg Mµν(kRl)

+ RgAµνmn(kR0l)Rg Nµν(kRl )
]

(61)

and by reciprocal formulas

Mmn(kRj ) =
∑
νµ

[
RgAµνmn(kRj0)Mµν(kR)+ RgBµνmn(kRj0)Nµν(kR)

]
,

R > Rj0, (62)

Nmn(kRj ) =
∑
νµ

[
RgBµνmn(kRj0)Mµν(kR)+ RgAµνmn(kRj0)Nµν(kR)

]
,

R > Rj0, (63)

where R0l = R − Rl , Rj0 = Rj − R, and the translation coefficients
RgAµνmn(kR0l) and RgBµνmn(kR0l ) differ fromAµνmn(kR0l) andBµνmn(kR0l )

in that they are based on spherical Bessel functions rather than on spherical Han-
kel functions. We then easily derive[

al0

bl0

]
=

[
Rg A(kR0l) Rg B(kR0l)

Rg B(kR0l) Rg A(kR0l )

][
a
b

]
, l = 1, . . . , N, (64)
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[
p
q

]
=

N∑
j=1

[
Rg A(kRj0) Rg B(kRj0)

Rg B(kRj0) Rg A(kRj0)

] [
pj

qj

]
. (65)

Finally, using Eqs. (1), (2), (59), (64), and (65), we obtain Eq. (16), in which the
cluster T matrix is given by

T =
N∑
j,l=1

[
Rg A(kRj0) Rg B(kRj0)

Rg B(kRj0) Rg A(kRj0)

]
Tj l

[
Rg A(kR0l) Rg B(kR0l )

Rg B(kR0l ) Rg A(kR0l)

]
(66)

(Peterson and Ström, 1973; Mackowski, 1994). This cluster T matrix can be used
in Eq. (18) to compute the amplitude matrix and in the analytical procedure for
averaging over orientations described in Section III (Mishchenko and Mackowski,
1994; Mackowski and Mishchenko, 1996).

It is rather straightforward to derive a translation transformation law for the
T matrix analogous to the rotation transformation law given by Eq. (24). Sup-
pose that the T matrix of an arbitrary (single or clustered) nonspherical particle
is known in coordinate system 1 and we seek the T matrix in a translated coor-
dinate system 2 having the same spatial orientation. After simple manipulations,
we obtain

T(2) =
[

Rg A(−kR21) Rg B(−kR21)

Rg B(−kR21) Rg A(−kR21)

]
T(1)

[
Rg A(kR21) Rg B(kR21)

Rg B(kR21) Rg A(kR21)

]
,

(67)

where the vector R21 originates at the origin of coordinate system 2 and connects
it with the origin of coordinate system 1. Because the extinction and scattering
cross sections averaged over a uniform orientation distribution must be indepen-
dent of the choice of the coordinate system, Eqs. (32) and (33) lead to the follow-
ing invariants with respect to translations of the coordinate system:∑

nmk

T kkmnmn(2) =
∑
nmk

T kkmnmn(1), (68)

∑
nmn′m′kl

∣∣T klmnm′n′(2)
∣∣2 =

∑
nmn′m′kl

∣∣T klmnm′n′(1)
∣∣2. (69)

Different versions of the superposition T -matrix approach were derived by
Chew et al. (1994), Tseng and Fung (1994), and Şahin and Miller (1998). An
important modification of the T -matrix superposition method was developed by
Ström and Zheng (1988), Zheng (1988), and Zheng and Ström (1989, 1991). Sev-
eral alternative expressions for the T matrix of a composite object were derived,
which enabled the authors to avoid the geometrical constraints inherent in the
standard approach. As a result, this technique can be applied to composite par-
ticles with concavo-convex components and can also be used in computations
for particles with extreme geometries, for example, highly elongated or flattened
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spheroids. In this regard, the technique can be considered a supplement to the
methods for suppressing the numerical instability of the regular T -matrix ap-
proach described in the previous section.

VI. PUBLIC-DOMAIN T -MATRIX CODES

Several Fortran T -matrix codes for computing electromagnetic scattering by
rotationally symmetric particles in fixed and random orientations are available on
the World Wide Web at http://www.giss.nasa.gov/~crmim. The codes incorporate
all the latest developments, including the analytical orientation averaging pro-
cedure for randomly oriented scatterers (Mishchenko, 1991a) and an automatic
convergence procedure (Mishchenko, 1993), are extensively documented, have
been thoroughly tested, and provide a reliable and efficient practical instrument.
The codes compute the complete set of scattering characteristics, that is, the am-
plitude matrix for particles in a fixed orientation (Section IV of Chapter 1) and the
optical cross sections, expansion coefficients, and scattering matrix for randomly
oriented particles (Section XI of Chapter 1).

The code for two-sphere clusters with touching and separated components is
based on the superposition T -matrix technique (Mackowski, 1994; Mishchenko
and Mackowski, 1994, 1996). The codes for homogeneous nonspherical particles
are based on EBCM and are provided in two versions. One version utilizes only
double-precision floating-point variables, whereas the other one computes the
T -matrix elements using extended-precision variables. The extended-precision
code is slower than the double-precision code, especially on supercomputers, but
allows computations for significantly larger particles. The EBCM codes have an
option for inverting the Q matrix using either standard Gaussian elimination with
partial pivoting or a special form of the LU factorization (Wielaard et al., 1997).
The latter approach is especially beneficial for nonabsorbing or weakly absorb-
ing scatterers. In the present setting, the EBCM codes are directly applicable to
spheroids, finite circular cylinders, and even-order Chebyshev particles (Fig. 2).
Note that Chebyshev particles are rotationally symmetric bodies obtained by con-
tinuously deforming a sphere by means of a Chebyshev polynomial of degree n
(Wiscombe and Mugnai, 1986). Their shape in the particle coordinate system with
the z axis along the axis of symmetry is given by

r(ϑ, ϕ) = r0
[
1 + ξTn(cosϑ)

]
, |ξ | < 1, (70)

where r0 is the radius of the unperturbed sphere, ξ is the deformation parameter,
and Tn(cosϑ) = cosnϑ is the Chebyshev polynomial of degree n. The codes can
be easily modified to accommodate any rotationally symmetric particle having a
plane of symmetry perpendicular to the axis of rotation. Mishchenko and Travis
(1998) provide a detailed user guide to the EBCM codes.



Figure 2 Types of rotationally symmetric particles that can be accommodated by publicly available T -matrix codes. Tn(ξ) denotes
the nth-degree Chebyshev particle with deformation parameter ξ .
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Figure 3 Scattering matrix elements for randomly oriented circular cylinders with diameter-to-
length ratio 1, surface-equivalent sphere size parameter 180, and refractive index 1.311. Thin curves
show T -matrix computations; thick curves represent ray-tracing results.

As for all exact numerical techniques for computing electromagnetic scatter-
ing by nonspherical particles, the performance of the T -matrix codes in terms of
convergence and memory and CPU time requirements strongly depends on the
options used and such particle characteristics as shape, size parameter (defined
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Figure 4 Scattering matrix elements for a two-sphere cluster in random orientation (thick curves)
and a single sphere (thin curves). The component spheres and the single sphere have the same size
parameter 40 and the same refractive index 1.5 + 0.005i.

here as the wavenumber times the surface-equivalent sphere radius), and refrac-
tive index. For example, the maximal convergent size parameter increases from
12 for oblate spheroids with an aspect ratio of 20 and a refractive index of 1.311 to
more than 160 for composition-equivalent oblate spheroids with an aspect ratio of
1.5. The sensitivity to refractive index is weaker but is also significant. The use of
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extended-precision variables more than doubles the maximal convergent size pa-
rameter, but makes computations slower. The use of the special LU-factorization
scheme in place of standard Gaussian elimination to compute the Q−1 matrix
can more than triple the maximal convergent size parameter for nonabsorbing
or weakly absorbing particles. All these factors should be carefully taken into
account, especially in planning massive computer calculations for large particle
ensembles (Mishchenko and Travis, 1998).

Figures 3 and 4 exemplify the capabilities of the T -matrix codes. Figure 3
compares T -matrix and geometric optics computations for randomly oriented
circular cylinders with diameter-to-length ratio 1, surface-equivalent sphere size
parameter 180, and refractive index 1.311. The small-amplitude oscillations in
the T -matrix curves are a manifestation of the interference structure typical of
monodisperse particles (Section V.A of Chapter 2). For this large size parame-
ter, the T -matrix computations closely reproduce the asymptotic geometric optics
behavior, in particular, such pronounced phase function features as the 46◦ halo
caused by minimum deviation at 90◦ prisms and the strong backscattering peak
caused by double internal reflections from mutually perpendicular facets (Macke
and Mishchenko, 1996). Figure 4 compares scattering matrix elements for a ran-
domly oriented two-sphere cluster with identical touching components and a sin-
gle sphere with size parameter equal to that of the cluster component spheres. It is
obvious that the dominant feature in the cluster scattering is the single scattering
from the component spheres, although this feature is somewhat reduced by co-
operative scattering effects and orientation averaging (Mishchenko et al., 1995).
The only distinct manifestations of the cluster nonsphericity are the departure of
the ratio a2/a1 from unity and the inequality of the ratios a3/a1 and a4/a1 (cf.
Section V.B of Chapter 2).

An older collection of EBCM codes developed by Barber and Hill (1990) is
also available on the World Wide Web (Flatau, 1998). The codes use single-
precision floating-point variables and do not incorporate the most recent devel-
opments.

VII. APPLICATIONS

Because of its high numerical accuracy, the T -matrix method is ideally suited
for producing benchmark results. Benchmark numbers for particles in fixed and
random orientations were reported by Mishchenko (1991a), Kuik et al. (1992),
Mishchenko et al. (1996a), Mishchenko and Mackowski (1996), Hovenier et al.
(1996), and Wielaard et al. (1997). They cover a range of equivalent-sphere size
parameters from a few units to 60 and are given with up to nine correct decimals.

The great computational efficiency of the T -matrix approach has been em-
ployed by many authors to study electromagnetic scattering by representative
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ensembles of nonspherical particles with various shapes and sizes. Systematic
computations for homogeneous and layered spheroids, finite circular cylinders,
Chebyshev particles, and two-sphere clusters in random orientation were reported
and analyzed by Mugnai and Wiscombe (1980, 1986, 1989), Wiscombe and
Mugnai (1986, 1988), Kuik et al. (1994), Mishchenko and Travis (1994b, c),
Mishchenko and Hovenier (1995), Mishchenko et al. (1995, 1996a, b), and
Quirantes (1999).

The T -matrix approach has been used in many practical applications. Warner
and Hizal (1976), Bringi and Seliga (1977b), Yeh et al. (1982), Aydin and
Seliga (1984), Kummerow and Weinman (1988), Vivekanandan et al. (1991),
Sturniolo et al. (1995), Haferman et al. (1997), Bringi et al. (1998), Aydin et
al. (1998), Seow et al. (1998), Czekala (1998), Czekala and Simmer (1998),
Prodi et al. (1998), and Roberti and Kummerow (1999) used T -matrix compu-
tations in remote-sensing studies of precipitation, whereas Toon et al. (1990),
Flesia et al. (1994), Mannoni et al. (1996), and Mishchenko and Sassen (1998)
analyzed depolarization measurements of stratospheric aerosols and contrail par-
ticles. Bantges et al. (1998) computed cirrus cloud radiance spectra in the ther-
mal infrared wavelength region. Mishchenko et al. (1997b) and Mishchenko and
Macke (1998) studied zenith-enhanced lidar backscatter and δ-function transmis-
sion by ice plates. Hill et al. (1984), Iskander et al. (1986), Lacis and Mishchenko
(1995), Khlebtsov and Mel’nikov (1995), Mishchenko et al. (1997a), Kahn et al.
(1997), Liang and Mishchenko (1997), Krotkov et al. (1997, 1999), Pilinis and
Li (1998), and von Hoyningen-Huene (1998) modeled scattering properties of
soil particles and mineral and soot aerosols using size/shape mixtures of ran-
domly oriented spheroids. Carslaw et al. (1998), Tsias et al. (1998), and Traut-
man et al. (1998) applied the T -matrix technique to remote sensing of polar
stratospheric clouds. Kouzoubov et al. (1998) computed the scattering matrix for
nonspherical ocean water particulates. Kolokolova et al. (1997) used T -matrix
computations to model the photometric and polarization properties of nonspheri-
cal cometary dust grains. Khlebtsov et al. (1996) calculated the extinction prop-
erties of colloidal gold sols. Quirantes and Delgado (1995, 1998) and Jalava
et al. (1998) applied the T -matrix method to particle size/shape determination.
Nilsson et al. (1998) analyzed near and far fields originating from light inter-
action with a spheroidal red blood cell. Latimer and Barber (1978), Barber and
Wang (1978), Wang et al. (1979), Goedecke and O’Brien (1988), Iskander et al.
(1989a), Evans and Fournier (1994), Streekstra et al. (1994), Macke et al. (1995),
Peltoniemi (1996), Wielaard et al. (1997), Mishchenko et al. (1997b), Baran et
al. (1998), Mishchenko and Macke (1998), and Liu et al. (1998) used numeri-
cally exact T -matrix computations to check the accuracy of various approximate
and numerical approaches. Lai et al. (1991), Mazumder et al. (1992), Ngo and
Pinnick (1994), and Borghese et al. (1998) analyzed the effect of nonspheric-
ity and inhomogeneity on morphology-dependent resonances in small particles.
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Mishchenko (1996) studied coherent effects in two-sphere clusters. Pitter et al.
(1998) analyzed second-order fluctuations of the polarization state of light scat-
tered by ensembles of randomly positioned spheroidal particles. Ruppin (1998)
studied polariton modes of spheroidal microcrystals of dispersive materials over
a wide range of spheroid sizes and eccentricities. Ho and Allen (1994) and Liu et
al. (1999) analyzed the effect of nonsphericity on numerical solutions of inverse
problems. Other applications of the T -matrix method were reported by Geller et
al. (1985), Hofer and Glatter (1989), Ruppin (1990), Ryde and Matijević (1994),
Xing and Greenberg (1994), Lumme and Rahola (1998), Balzer et al. (1998),
Mishchenko and Macke (1999), Evans et al. (1999), and Petrova (1999).
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I. INTRODUCTION

The finite difference time domain (FDTD) technique has been demonstrated
to be one of the most robust and efficient computational methods to solve for
the interaction of electromagnetic waves with scatterers, particularly those with
complicated geometries and inhomogeneous compositions. In this method, the
space containing a scattering particle is discretized by using a grid mesh and the
existence of the particle is represented by assigning suitable electromagnetic con-
stants in terms of permittivity, permeability, and conductivity over the grid points.
Because it is not necessary to impose the electromagnetic boundary conditions
at the particle surface, the FDTD approach with appropriate and minor modifi-
cations can be applied to the solution of light scattering by various nonspherical
and inhomogeneous particles such as irregular ice crystals and aerosols with in-
clusions.

Conventional numerical methods for light scattering solve the electromagnetic
wave equations in the frequency domain. However, the FDTD approach directly
seeks numerical solutions of Maxwell’s equations in the time domain. Mathemat-
ically, Maxwell’s equations in the frequency domain are elliptic and the solution
of the scattering problem for an incident electromagnetic wave is carried out as a
boundary value problem. On the other hand, Maxwell’s equations are hyperbolic
if they are expressed in the time domain and the scattering process is described
as an initial value problem whose solution is relatively simpler, particularly when
a complicated particle geometry is involved. Moreover, it has been recognized
that the time domain approach can be more efficient in the numerical modeling of
electromagnetic interactions (Holland et al., 1991).

The FDTD method was developed and pioneered by Yee (1966), but it did not
receive significant recognition until high-quality absorbing boundary conditions
were derived in the 1980s. Through the persistent efforts of a number of electrical
engineers and computational physicists (Taflove, 1980, 1995; Kunz and Luebbers,
1993; Holland et al., 1980), several advantages of the FDTD method have become
widely recognized. In recent years, the FDTD technique has been applied to solve
for the interactions between targets and electromagnetic waves involving such
problems as antenna scattering, numerical modeling of microstrip structures, and
electromagnetic absorption by human tissues (Andrew et al., 1997; Sheen et al.,
1990; Sullivan et al., 1987). Applications of this method to the solutions of the
scattering and polarization properties of atmospheric nonspherical particles have
also been carried out recently by Yang and Liou (1995, 1996a, 1998b) and Tang
and Aydin (1995).

This chapter is organized as follows. In Section II, the physical basis of the
FDTD technique is reviewed. In Section III, we recapitulate the FDTD algorithm
involving the computation of the near field. Six numerical schemes for the dis-
cretization of Maxwell’s equations in time and space are presented. In Section IV,
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we review the three algorithms for the absorbing boundary condition that have
been used to suppress the artificial reflection from the boundary of the compu-
tational domain. Presented in Section V is the transformation of the near field
from the time domain to the frequency domain. In Section VI, we present the
fundamental integral equations for the mapping of the near field to the far field.
The amplitude matrix is explicitly formulated with respect to the two incident
polarization configurations parallel and perpendicular to the scattering plane. In
Section VII, we discuss the scattering and polarization properties of nonspherical
ice crystals and aerosols that are computed using the FDTD technique. Finally,
conclusions are given in Section VIII.

II. CONCEPTUAL BASIS OF THE FINITE
DIFFERENCE TIME DOMAIN METHOD

The FDTD technique is a direct implementation of Maxwell’s time-dependent
curl equations to solve for the temporal variation of electromagnetic waves within
a finite space that contains the scattering object. In practice, this space is dis-
cretized by a number of rectangular cells of which a grid mesh is composed.
Variations of the electromagnetic properties as functions of the spatial location
are specified by defining the permittivity, permeability, and conductivity at each
grid point, as shown in the conceptual diagram in Fig.1a. The time-dependent
Maxwell’s curl equations are subsequently discretized by using the finite differ-
ence approximation in both time and space. At the initial time t = 0, a plane wave
source, not necessarily harmonic, is turned on. The excited wave then propagates
toward the particle and eventually interacts with it, thereby causing a scattering
event. The spatial and temporal variations of the electromagnetic field are sim-
ulated by directly applying the discretized Maxwell’s equations in a manner of
time-marching iterations over the entire computational domain. Information on
the convergent scattered field can be obtained when a steady-state field is estab-
lished at each grid point if a sinusoidal source is used or when the electric and
magnetic fields in the computational domain have reduced to significantly small
values if a pulse source is implemented. The second approach is more popular in
practical computations because a time domain pulse can provide a wide frequency
range.

The conventional FDTD numerical algorithm is based on Cartesian grid
meshes. When a scattering particle with a nonrectangular surface is discretized
over a Cartesian grid mesh, a staircasing effect is inherent because of the step-
by-step approximation of the particle shape. In recent years, significant efforts
have been focused on various FDTD algorithms associated with global curvilin-
ear and obliquely Cartesian grids (Fusco, 1990; Fusco et al., 1991; Jurgens et
al., 1992; Lee, 1993) and local target-conforming grids (Holland et al., 1991;
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Figure 1 (a) Conceptual diagram for the computation of the near field by the FDTD technique.
(b) Locations of various field components on a cubic cell.
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Yee et al., 1992). These endeavors are employed to avoid the staircasing approx-
imation of an oblique or curved surface in a rectangular Cartesian mesh. In ad-
dition, numerical schemes based on computational fluid dynamics have received
considerable attention of late for some special electromagnetic problems, such as
the propagation of a pulse in which a steep gradient appears (Vinh et al., 1992;
Omick and Castillo, 1993). To economize the computer memory and central pro-
cessing unit (CPU) time demands, FDTD algorithms that allow a coarse grid
size and the subgridding technique are also subjects of active research (Kunz and
Simpson, 1981; Cole, 1995). Although the curvilinear grid and target-conforming
schemes are more accurate, they are usually derived for some special geometries
and are relatively inflexible when the scatterers have various sizes and shapes. In
addition, the cells in a globally irregular mesh usually differ in size so much that
one must use a small time increment in order to obtain a stable solution. Further,
irregular schemes are inherently more complicated and tedious than rectangular
Cartesian schemes. In particular, the implementation of absorbing boundary con-
ditions for the truncation of the computational domain is not as straightforward
for a curvilinear grid mesh as for a Cartesian one. It has been shown that the stair-
casing effect is not a serious problem for the FDTD technique when it is applied
to the computation of light scattering by nonferromagnetic and nonconducting ice
crystals and aerosols, once a proper method is developed to evaluate the dielectric
constants over the grid points (Yang and Liou, 1995, 1996a).

Although the actual process of scattering of an electromagnetic wave by a
particle occurs in unbounded space, it must be truncated by imposing artificial
boundaries in practical applications of the FDTD technique. In order for the sim-
ulated field within the truncated region to be the same as in the unbounded case,
an artificial boundary must be imposed with a property known as the absorbing
or transmitting boundary condition. Otherwise, the spurious reflections off the
boundary would contaminate the near field within the truncated domain. The con-
struction of an efficient absorbing boundary condition is an important aspect of
the FDTD technique. An inappropriate boundary condition may lead to numerical
instability. In addition, an absorbing boundary condition with poor performance
may require a substantially large free space between a modeled scatterer and the
boundary, thereby wasting computer memory and CPU time.

Values of the near field computed by the finite difference analog of Maxwell’s
equations are in the time domain. To obtain the frequency response of the scatter-
ing particle, one must transform the field from the time domain to the frequency
domain. If we use a Gaussian pulse as an initial excitation, the discrete Fourier
transform technique can be employed to obtain the frequency spectrum of the
time-dependent signal. This procedure, however, is not so straightforward. In or-
der to avoid numerical aliasing and dispersion, one must correctly select the width
of the pulse in the time domain and properly consider the available frequency
spectrum provided by the pulse.
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To obtain the particle scattering and polarization properties involving the phase
and extinction matrices, one must make the transformation of the frequency re-
sponse from the near field to the far field. To do that, a common approach has
been used that invokes a surface-integration technique on the basis of the elec-
tromagnetic equivalence principle (Umashankar and Taflove, 1982; Britt, 1989;
Yang and Liou, 1995) associated with the tangential components of the electric
and magnetic fields on a surface enclosing the particle. Because it is equivalent
in electrodynamics to define either the field everywhere on the particle surface
or the field everywhere inside the particle in the case of nonconducting object, a
volume-integration technique can also be used to obtain the far field solution, as
formulated by Yang and Liou (1996a).

On the basis of the preceding discussions, the major steps required in the ap-
plication of the FDTD technique to the solution of light scattering by a particle
can be summarized as follows:

1. Discretize the finite space containing the particle by a grid mesh and
simulate the field in this region by the finite difference analog of
Maxwell’s time-dependent curl equations.

2. Apply an absorbing boundary condition to suppress the spurious reflection
from the boundary of the computational domain.

3. Transform the near field from the time domain to the frequency domain.
4. Transform the near field in the frequency domain to the corresponding far

field based on a rigorous electromagnetic integral method.

III. FINITE DIFFERENCE EQUATIONS FOR
THE NEAR FIELD

As stated in the preceding section, the advantage of the FDTD technique is that
the electromagnetic wave is simulated in the time domain so that its interaction
with a target is formulated as an initial value problem. The well-known time-
dependent Maxwell’s curl equations are given by

∇ × H(r, t) = ε(r)
c

∂E(r, t)
∂t

, (1a)

∇ × E(r, t) = −1

c

∂H(r, t)
∂t

, (1b)

where ε is the permittivity of the dielectric medium, usually a complex variable,
and c is the speed of light in vacuum. In Eq. (1b), the permeability has been as-
sumed to be unity because cloud and aerosol particles in the atmosphere and many
other scattering targets are mostly nonferromagnetic materials. When a particle is
absorptive, the imaginary part of the permittivity is nonzero. In this case, effec-
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tive values can be introduced (Yang and Liou, 1996a) to circumvent the complex
calculations required in Eq. (1a). The two effective parameters are defined by εr
and kcεi/4π , respectively, where εi and εr are the imaginary and real parts of the
permittivity, k = 2π/λ is the wavenumber of the incident radiation, and λ is the
wavelength. Based on the effective dielectric constants, Eq. (1a) can be expressed
equivalently as follows:

∇ × H(r, t) = εr(r)
c

∂E(r, t)
∂t

+ kεi(r)E(r, t). (2)

In the formulation, we select a harmonic time-dependent factor of exp(−ikct) for
the electromagnetic wave in the frequency domain. The permittivity can then be
related to the refractive indexm as

εr = m2
r −m2

i , (3a)

εi = 2mrmi, (3b)

where mr and mi are the real and imaginary parts of the refractive index, re-
spectively. Note that the imaginary part of the refractive index is negative if the
harmonic time-dependent factor is selected as exp(jkct) (see Section IV of Chap-
ter 1).

We can now use Eqs. (1b) and (2) to construct the finite difference analog of
Maxwell’s equations. We first discretize the computational space that contains
the particle by using a number of small rectangular cells. A spatial location in the
discretized space is denoted by the indices (I, J,K) = (I�x, J�y,K�z) and
any variable as a function of space and time is defined as

Fn(I, J,K) = F(I�x, J�y,K�z, n�t),
in which �x, �y, and �z are the cell dimensions along the x, y, and z axes,
respectively, and�t is the time increment. The permittivity must be homogeneous
within each cell. For a given cell with its center located at a lattice index (I, J,K),
the mean permittivity can be evaluated on the basis of the Maxwell-Garnett (1904)
rule via

ε(I, J,K) − 1

ε(I, J,K) + 2
= 1

�x�y�z

∫ ∫ ∫
cell(I,J,K)

ε(x, y, z)− 1

ε(x, y, z)+ 2
dx dy dz. (4)

Using the mean permittivity produces smaller staircasing errors than using a sharp
step-by-step approximation for a nonspherical geometry (Yang and Liou, 1996a).

Following Yee (1966), we select components of the magnetic field at the cen-
ter of cell faces and the electric field counterparts at the cell edges, as shown in
Fig. 1b. Such an arrangement ensures that the tangential components of the E
field and the normal components of the H field are continuous at the cell inter-
faces. In reference to Fig. 1b, the general form of the finite difference analog of
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Eqs. (1b) and (2) can be written for each Cartesian component as follows:
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It can be proven that the truncation errors of this finite difference analog of
Maxwell’s curl equations are of second order both in time and in space. Other
schemes with truncation errors of high order have been suggested (Shlager et al.,
1993), but they are less practical. From Eqs. (5a)–(5f) we see that the E and
H fields are interlaced both in time and in space. These equations are in explicit
forms that can be applied to the time-marching iteration directly, provided that the
initial values of the electric and magnetic fields are given. The propagation of the
wave can then be simulated by updating the E and H fields in a straightforward
manner without imposing the electromagnetic boundary condition at the parti-
cle surface. Because this finite difference iterative scheme is completely explicit
without the requirement of revision of the coefficient matrix of a set of linear equa-
tions, the FDTD technique is simple in concept and is also efficient in numerical
computations. It should be pointed out that the location of the spatial and tempo-
ral increments�x,�y,�z, and�t cannot be specified arbitrarily. To circumvent
numerical instability, the cell dimensions and time increments must satisfy the
Courant–Friedrichs–Levy (CFL) condition (Taflove and Brodwin, 1975) in the
form

c�t ≤ 1√
1/�x2 + 1/�y2 + 1/�z2

. (6)

In addition to the preceding CFL condition, the spatial increments, �x, �y, and
�z, should also be smaller than approximately 1/20 of the incident wavelength so
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that the phase variation of the electromagnetic wave is negligible over the distance
of the cell dimensions. Determination of the coefficients a and b in Eqs. (5a)–
(5c) depends on the scheme that is used to discretize the temporal and spatial
derivatives. Based on various integral approximations, six schemes are presented
in the following.

A. SCHEME 1

Consider the equation for the Ez component as an example. Integration of the
z component on the right-hand side of Eq. (2) over a rectangular region enclosed
by four apices with grid indices (I, J,K), (I, J + 1,K), (I + 1, J,K), and (I +
1, J + 1,K) leads to the following:∫ (I+1)�x

I�x

∫ (J+1)�y

J�y

z ·
[
εr(r)
c

∂E(r, t)
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+ kεi(r)E(r, t)
]
z=K�z

dx dy
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2
,K

)
Ez

(
I + 1

2
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2
,K

)]
�x �y, (7)

where z is the unit vector along the z axis of the Cartesian coordinate system, and
the mean values of the real and imaginary parts of the permittivity at the location
indicated by lattice index (I + 1/2, J + 1/2,K) are determined by the averages
of those associated with four adjacent cells as follows:
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= 1
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[
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, (8a)
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]
. (8b)

By applying the Stokes theorem to the integration of the z component on the left-
hand side of Eq. (2) over the same integral domain as in Eq. (7), we obtain∫ (I+1)�x
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It follows from Eqs. (2), (7), and (9) that

εr(I + 1/2, J + 1/2,K)

c

∂Ez(I + 1/2, J + 1/2,K)

∂t

+ kεi

(
I + 1

2
, J + 1

2
,K

)
Ez

(
I + 1

2
, J + 1

2
,K

)
≈
[
H
n+1/2
x

(
I + 1

2
, J,K

)
−Hn+1/2

x

(
I + 1

2
, J + 1,K

)]/
�y

+
[
H
n+1/2
y

(
I + 1, J + 1

2
,K

)
−Hn+1/2

y

(
I, J + 1

2
,K

)]/
�x.

(10a)

Equation (10a) can also be written in a more compact form as follows:
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where τ(I + 1/2, J + 1/2,K) = kcεi(I + 1/2, J + 1/2,K)/εr(I + 1/2, J +
1/2,K). For the present scheme, the temporal derivatives in Eq. (10a) are dis-
cretized according to the following expressions:∫ (n+1)�t

n�t

∂Ez

∂t
dt = En+1
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Based on Eqs. (10a) and (11a)–(11c), it can be shown that the coefficients of the
finite difference analog of Maxwell’s equations are given by

a

(
I + 1

2
, J + 1

2
,K

)
= 1 − τ(I + 1/2, J + 1/2,K)�t/2

1 + τ(I + 1/2, J + 1/2,K)�t/2
, (12a)

b

(
I + 1

2
, J + 1

2
,K

)
= 1

[1 + τ(I + 1/2, J + 1/2,K)�t/2]εr(I + 1/2, J + 1/2,K)
. (12b)

B. SCHEME 2

In this scheme, discretizations of two exponential integrals are applied to
Eq. (10b) for the difference approximation of the temporal derivatives given by∫ (n+1)�t

n�t

∂[exp(τ t)Ez]
∂t

dt = exp[(n+ 1)τ�t]En+1
z − exp(nτ�t)Enz , (13a)∫ (n+1)�t

n�t

exp(τ t)Hx,y dt ≈ H
n+1/2
x,y

∫ (n+1)�t

n�t

exp(τ t) dt

= H
n+1/2
x,y

exp[(n+ 1)τ�t][1 − exp(−τ�t)]
τ

.(13b)

Thus, after some algebraic manipulations we can obtain the coefficients a and b
in Eqs. (5a)–(5c) as follows:

a

(
I + 1

2
, J + 1

2
,K

)
= exp

[
−τ

(
I + 1

2
, J + 1

2
,K

)
�t

]
, (14a)

b

(
I + 1

2
, J + 1

2
,K

)
= 1 − exp[−τ(I + 1/2, J + 1/2,K)�t]
τ(I + 1/2, J + 1/2,K)�tεr(I + 1/2, J + 1/2,K)

.

(14b)

C. SCHEME 3

This scheme is similar to scheme 2, except that a different approximation is
used to replace Eq. (13b) for the temporal discretization associated with the mag-
netic field in the form∫ (n+1)�t

n�t

exp(τ t)Hx,y dt ≈ �t exp

[(
n+ 1

2

)
τ�t

]
H
n+1/2
x,y . (15)



Chapter 7 Finite Difference Time Domain Method for Light Scattering 185

The coefficients a and b in Eqs. (5a)–(5c) can then be obtained from

a

(
I + 1

2
, J + 1

2
,K

)
= exp

[
−τ

(
I + 1

2
, J + 1

2
,K

)
�t

]
, (16a)

b

(
I + 1

2
, J + 1

2
,K

)
= exp[−τ(I + 1/2, J + 1/2,K)�t/2]

εr(I + 1/2, J + 1/2,K)
. (16b)

D. SCHEMES 4, 5, AND 6

Different from schemes 1–3, the present three schemes first discretize the
temporal derivatives. Using the algorithms of schemes 1–3 for the integration
over the time increment n�t to (n + 1)�t , we obtain the following three time-
difference/space-differential equations for schemes 4, 5, and 6, respectively:

En+1 = 1 − τ�t/2
1 + τ�t/2En + c�t

(1 + τ�t/2)εr
∇ × Hn+1/2, (17a)

En+1 = exp(−τ�t)En + [1 − exp(−τ�t)]c�t
τ�tεr

∇ × Hn+1/2, (17b)

En+1 = exp(−τ�t)En + exp(−τ�t/2)c�t
εr

∇ × Hn+1/2. (17c)

Further, we use one of the preceding equations to carry out the spatial discretiza-
tion based on the same procedure described in Eqs. (7) and (9). For example, for
scheme 6 represented by Eq. (17c), the coefficients a and b in Eqs. (5a)–(5c) are
obtained based on the following averaging procedure:

a

(
I + 1

2
, J + 1

2
,K

)
=
∫ (I+1)�x

I�x

∫ (J+1)�y

J�y

exp
[−τ(x, y, z)�t]∣∣

z=K�z dx dy

= 1

4

{
exp

[−τ(I, J,K)�t] + exp
[−τ(I, J + 1,K)�t

]
+ exp

[−τ(I + 1, J,K)�t
]+ exp

[−τ(I + 1, J + 1,K)�t
]}
, (18a)

b

(
I + 1

2
, J + 1

2
,K

)
=
∫ (I+1)�x

I�x

∫ (J+1)�y

J�y

exp[−τ(x, y, z)�t/2]
εr(x, y, z)

∣∣∣∣
z=K�z

dx dy
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= 1

4

{
exp[−τ(I, J,K)�t/2]

εr(I, J,K)
+ exp[−τ(I, J + 1,K)�t/2]

εr(I, J + 1,K)

+ exp[−τ(I + 1, J,K)�t/2]
εr(I + 1, J,K)

+ exp[−τ(I + 2, J + 1,K)�t/2]
εr(I + 1, J + 1,K)

}
.

(18b)

For the nonabsorptive case, that is, εi = 0, schemes 1–3 and 4–6 reduce to two
schemes (hereafter referred to as schemes A and B). The only difference between
schemes A and B is that the spatial discretization is applied first in the former,
whereas the temporal discretization is carried out first in the latter. In other words,
for the former scheme a mean permittivity is evaluated first based on four adja-
cent homogeneous grid cells and is then used to calculate the coefficients a and b
in Eqs. (5a) and (5b). For scheme B, the coefficients a and b are calculated first
for the four cells based on their homogeneous permittivities. Then the averages
of the coefficient values are taken in the time-marching iteration of the electro-
magnetic field using the finite difference analog of Maxwell’s equations. After
the coefficients are determined, the updating iterations of electromagnetic waves
are straightforward.

To compare the accuracy of the six schemes, we have carried out the phase
function computations for an ice sphere with size parameters x = kR of 5 at 0.5-
and 10-µm wavelengths, where R is the sphere radius. In the computations, the
perfectly matched layer (PML) absorbing boundary condition (Berenger, 1994) is
used and the cell size is selected as 1/25 of the incident wavelength. The relative
errors are determined from a comparison with the Lorenz–Mie solution. As shown
in the left panel of Fig. 2, schemes 1–3 produce essentially the same results and
the error patterns of the three schemes are indistinguishable even for the case of
strong absorption (λ = 10 µm). Schemes 4–6 produce the same accuracy for
the computed phase functions (not shown in the diagram). However, the accuracy
of schemes 1–3 differs from that of schemes 4–6. As stated previously, the six
schemes reduce to two schemes for nonabsorptive cases. From the computational
perspective, the six schemes also reduce to two schemes for strong absorption
cases. The middle and right panels in Fig. 2 show the phase functions computed
using schemes A and B for the same 0.5- and 10-µm wavelengths. Scheme A
is more accurate than scheme B, particularly for side scattering. The difference
between these two schemes increases if the grid size increases. Thus, in order to
discretize Maxwell’s equations, permittivity should first be averaged over space.
The calculation of the coefficients can then be performed by using the discretized
electromagnetic difference equations.

The electromagnetic fields involved in Eqs. (5a)–(5f) represent the total
(incident + scattered) field. However, the absorbing boundary condition at the ar-
tificial boundary, as discussed in Section IV, is applicable only to the induced
or scattered field produced by the existence of the particle. To overcome this



Figure 2 Comparisons of the phase functions (i.e., F11 elements of the scattering matrix; see Section XI of Chapter 1) for an
ice sphere computed based on various discretization schemes. The refractive index is 1.313 + 1.91 × 10−9i at λ = 0.5 µm and
1.1991 + 5.1 × 10−2i at λ = 10 µm.
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difficulty, two approaches can be used. First, a connecting surface (also called the
Huygens surface) located between the scatterer and the boundary is introduced
in the computational domain. Inside and on the connecting surface the total field
is computed, but outside the surface only the scattered field is evaluated. Because
the fields computed in these two regions are not consistent, a connecting condition
must be imposed at the surface. Let the cells enclosed by the connecting surface
be defined by the indices I ∈ [IA, IB] and J ∈ [JA, JB]. The connecting con-
ditions can be derived for each electric and magnetic field component. For the
Ex(I, J + 1/2,K + 1/2) connecting condition, I ∈ [IA, IB], we have
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K ∈ [KA− 1,KB], (19a)
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J ∈ [JA− 1, JB]. (19b)

For the Ey(I + 1/2, J,K + 1/2) connecting condition, J ∈ [JA, JB], we have
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K ∈ [KA− 1,KB], (19c)
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Ẽn+1
y

(
I + 1

2
, J,KB + 1

2

)
= En+1

y

(
I + 1

2
, J,KB + 1

2

)
+c�t
�z
H
n+1/2
o,x

(
I + 1

2
, J,KB + 1

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

I ∈ [IA− 1, IB]. (19d)

For the Ez(I + 1/2, J + 1/2,K) connecting condition,K ∈ [KA,KB], we have
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I ∈ [IA− 1, IB], (19e)
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For the Hx(I + 1/2, J,K) connecting condition, I ∈ [IA− 1, IB], we have
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J ∈ [JA, JB]. (19h)

For the Hy(I, J + 1/2,K) connecting condition, J ∈ [JA− 1, JB], we have
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K ∈ [KA,KB], (19i)
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I ∈ [IA, IB]. (19j)

For the Hz(I, J,K + 1/2) connecting condition,K ∈ [KA− 1,KB], we have
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I ∈ [IA, IB], (19k)
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On the right-hand sides of Eqs. (19a)–(19l), the second terms with the subscript
o are the incident fields, whereas the first terms are evaluated by finite difference
equations (5a)–(5f). In this way (hereafter referred to as the total-field FDTD algo-
rithm), the governing equations are the same for both the scattered- and the total-
field regions, except that the connecting conditions are imposed at the surface. The
previous connecting conditions, in principle, are an application of Schelkunoff’s
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electromagnetic equivalence theorem (Schelkunoff, 1943). As pointed out by
Merewether et al. (1980), for the region inside the connecting surface the exis-
tence of the incident field can be substituted by specifying the equivalent electric
and magnetic currents on the surface.

Unlike the total-field algorithm, other approaches construct a global scattered-
field formulation within the entire computational domain. Because the electric
properties of the medium in our consideration are linear, the total field is the
superposition of the incident and scattered fields. Therefore, the pure scattered
field is given by

Es(r, t) = Et (r, t)− Eo(r, t), (20a)

Hs(r, t) = Ht (r, t)− Ho(r, t), (20b)

where the subscripts s, t and o denote the scattered, total, and incident fields,
respectively. Note that Eqs. (1b) and (2) can also be applied to the incident field
except that the permittivity is set at unity. A set of equations similar to Eqs. (5a)–
(5f) can then be derived for the scattered-field algorithm. It should be pointed
out that the total-field algorithm is more accurate than the pure scattered-field
algorithm for metal objects or heavily shielded cavities (Mur, 1981; Umashankar
and Taflove, 1982). The total field algorithm is also more efficient in terms of
numerical computations because specification of the incident field is only required
at the layer associated with the connecting conditions.

To demonstrate the difference between the near fields computed by the total-
and scattered-field algorithms, we have simulated the scattering of a sinusoidal
wave propagating along the z direction with the x-polarized E field by a sphere
with a refractive index of (mr,mi) = (3, 0) and a size parameter of 3.35. The
cell dimensions along the three coordinate axes are selected to be equal, that is,
�x = �y = �z = �s. The wavelength of the sinusoidal wave and the radius
of the sphere are selected to be 30�s and 16�s, respectively. The second-order
modified Liao transmitting boundary condition (Yang and Liou, 1998b) is used
with a “white space” of 15 cells between the target and the boundary. The left
panel in Fig. 3 shows the snapshot of Ex contours on the xy plane through the
center of the sphere, which is computed by the scattered-field algorithm at the
time step n = 600. The existence of the scattering particle is clear as the contour
gradient is much larger inside than outside the particle because the wavelength
inside the sphere decreases by a factor ofmr. The right panel in Fig. 3 is the result
computed by the total-field algorithm, where the square in the right diagram is the
connecting surface. It can be seen that the results by the two algorithms have the
same patterns outside the connecting surface, but some differences are noted for
the region inside the boxes.



Figure 3 Ex contour plots computed by the scattered- (left panel) and total-field (right panel) algorithms for the scattering by a
sphere. The results are observed in the xy plane through the center of the sphere at the time step n = 600.
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IV. ABSORBING BOUNDARY CONDITION

The numerical implementation of the FDTD technique requires the imposition
of an appropriate absorbing boundary condition, which is critical for the stability
of numerical computations and the reliability of results. In addition, the “white
space” between the boundary and the scatterer required by a specific boundary
condition is an important factor determining the computational effort.

The earliest implementation of the absorbing boundary condition in the appli-
cation of the FDTD technique to electromagnetic scattering problems used the
average space–time extrapolating method (Taflove and Brodwin, 1975). Other
approaches such as the mode-annihilating operator (Bayliss and Turkel, 1980)
and the extrapolating scheme based on the Poynting vector of the scattered wave
(Britt, 1989) have also been developed to suppress the reflectivity of the arti-
ficial boundary. In the 1980s, the absorbing boundary conditions derived from
the one-way wave equation (OWWE) were extensively applied in FDTD imple-
mentations. As reviewed by Moore et al. (1988) and Blaschak and Kriegsmann
(1988), various approximations of the pseudo-differential operator in OWWE
can be used to derive numerical schemes for the boundary conditions. Among
them, the algorithm developed by Mur (1981) has been widely used. The second-
order or higher Mur’s absorbing boundary condition involves the wave values
at the intersections of boundary faces. However, the corresponding boundary
equations cannot be posed in a self-closing form; that is, a less accurate first-
order boundary equation or an extrapolating scheme must be used at the inter-
sections. Moreover, Mur’s algorithm is rather tedious, especially in the three-
dimensional (3D) higher order formulation. The field values at the intersections
are not required for updating the field values at interior grid points in the com-
putation of the scattering of electromagnetic waves. This disadvantage of Mur’s
absorbing boundary condition can be avoided by using the transmitting bound-
ary condition developed by Liao et al. (1984) because only the wave values
at the interior grid points along the direction normal to the boundary are in-
volved.

Most recently, Berenger (1994, 1996) has developed a novel numerical tech-
nique called the perfectly matched layer (PML) boundary condition for the ab-
sorption of outgoing waves. With this technique, an absorbing medium is assigned
to the outermost layers of the computational domain backed by a perfectly con-
ducting surface. The absorbing medium is specified such that it absorbs the out-
going wave impinging on it without reflecting it back. Theoretically, the PML
medium has a null reflection factor for a plane wave striking at the interface be-
tween the free space and the PML layers at any frequency and at any incident
angle, as shown by Berenger (1994). Numerical experiments have shown that the
spurious reflection produced by the PML boundary condition is about 1/3000 of
that generated by the analytical absorbing boundary condition derived from the
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wave equation (Katz et al., 1994). In this section, we recapitulate the physical ba-
sis and numerical implementation for three commonly used absorbing boundary
conditions.

A. MUR’S ABSORBING BOUNDARY CONDITION

To review the conceptual basis of this boundary condition, we begin with the
governing equation for a scalar wave or any Cartesian component of the vector
electromagnetic field given by

1

c2

∂2

∂t2
U − ∇2U = 0, (21)

where U denotes the scalar wave displacement or the component of an electro-
magnetic field vector. This wave equation can be expressed in an operator form
as follows (Moore et al., 1988):

L+
x L

−
x U = 0, (22)

where L+
x and L−

x are the OWWE operators for the wave propagation along pos-
itive and negative directions of the x axis, respectively, given by

L+
x = Dx + Dt

c

√
1 − c2(D2

y +D2
z )

D2
t

, (23a)

L−
x = Dx − Dt

c

√
1 − c2(D2

y +D2
z )

D2
t

. (23b)

In Eqs. (23a) and (23b),Dx , Dy , and Dt stand for ∂/∂x, ∂/∂y, and ∂/∂t , respec-
tively. For a boundary at, say, x = 0, it is completely reflectionless if the following
OWWE is satisfied (Blaschak and Kriegsmann, 1988):

L−
x U |x=0 = 0. (24)

The operator L−
x , however, is a pseudo-differential operator resulting from the

existence of the radical. Thus, Eq. (24) cannot be discretized as a finite difference
equation. To obtain the discrete form of OWWE, a rational function should be
used to approximate the OWWE operator. The most common approach is the
expansion of the radical in terms of the Taylor series, as presented by Engquist
and Majda (1977) and Mur (1981). Keeping the first or the first two terms in the
Taylor expansion will lead to the first- and second-order Mur absorbing boundary
conditions, respectively. For the second-order Mur absorbing boundary condition,
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the pseudo-differential operator is expanded in the form

Dt

c

√
1 − c2(D2

y +D2
z )

D2
t

≈ Dt

c
− 1

2

c(D2
y +D2

z )

Dt
. (25)

Based on Eqs. (24) and (25), a second-order approximation of OWWE can be
defined explicitly as follows:[

1

c

∂2

∂t∂x
− 1

c2

∂2

∂t2
+ 1

2

(
∂2

∂y2
+ ∂2

∂z2

)]
U = 0. (26)

As suggested by Mur (1981), Eq. (26) can be discretized by using a central dif-
ference scheme for the differentials in time and space such that

Un+1(0, J,K) = −Un−1(1, J,K)

− �s − c�t
�s + c�t

[
Un−1(0, J,K)+ Un+1(1, J,K)

]
+ 2�s

c�t +�s
[
Un(0, J,K)+ Un(1, J,K)]

+ (c�t)2

2�s(c�t +�s)
[
Un(0, J + 1,K)− 4Un(0, J,K)

+ Un(0, J − 1,K)+ Un(1, J + 1,K)− 4Un(1, J,K)

+ Un(1, J − 1,K)+ Un(0, J,K + 1)+ Un(0, J,K − 1)

+ Un(1, J,K + 1)+ Un(1, J,K − 1)
]
, (27)

where equal cell dimensions along the three coordinate axes are used, that is,
�x = �y = �z = �s. Equation (27) cannot be applied to the corners and edges
of the computational boundary. For these locations, an extrapolation scheme or
the first-order Mur absorbing boundary condition must be used. The continuous
form of the first-order Mur absorbing boundary condition equation is given by[

1

c

∂

∂t
− ∂

∂x

]
U = 0. (28)

The discrete form of this equation can also be obtained by using a central differ-
encing scheme in both time and space given by

Un+1(0, J,K) = Un(1, J,K)− �s − c�t
�s + c�t

[
Un−1(0, J,K)+ Un+1(1, J,K)

]
.

(29)
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B. LIAO’S TRANSMITTING BOUNDARY CONDITION

This numerical scheme, in principle, is based on the propagation of a wave
in the time domain; that is, the wave values at the boundary are the arrivals of
those located at interior grid points at earlier time steps. In the construction of this
transmitting boundary condition, it is assumed that the outgoing scattered wave
can be locally approximated as a plane wave (not necessarily a time-harmonic
plane wave) in the vicinity of the boundary. Under such an approximation, the
boundary values for normal incidence or the one-dimensional (1D) case can be
easily obtained by using an extrapolation scheme in time or space, as noted by
Taflove and Brodwin (1975). However, in the two-dimensional (2D) or 3D case
with oblique incidence, the interior points cannot be located because of the un-
known incident angle of outgoing waves. To overcome this difficulty, Liao et al.
(1984) have developed a multitransmitting method to define the boundary values
in terms of the interior values equally spaced along the directions normal to the
boundary faces.

The fundamental postulation of the multitransmitting method is that the orig-
inal outgoing or scattered wave can be transmitted through the boundary along
the direction normal to the boundary face in an artificial transmitting speed with
a remaining error wave that can also be transmitted in the same manner. Conse-
quently, a second-order error wave is produced. After this procedure is carried out
sequentially, the outgoing wave can be eventually transmitted through the bound-
ary regardless of the incident angle. Based on this principle and the plane wave
condition for the outgoing wave, the wave values at a boundary, say, the right-side
boundary (x = xb), can be expressed as follows:

U(t+�t, xb) =
N∑
L=1

(−1)L+1 N !
(N − L)!L!U

[
t− (L−1)�t, xb −Lcα�t

]
, (30)

whereU is the wave value, cα is an artificial transmitting speed, which may differ
from that of the corresponding real physical wave, and �t is the temporal incre-
ment. Because the ratio of the temporal increment to the spatial increment in the
finite difference computation is subject to the CFL condition given by Eq. (6),
the wave values on the right-hand side of Eq. (30) are usually not located at grid
points. To circumvent this shortcoming, Liao et al. (1984) used a quadratic inter-
polation to obtain the wave values and developed the following algorithm:

U(t +�t, xb) =
N∑
L=1

(−1)L+1 N !
(N − L)!L!TLUL, (31a)

TL = [TL,1 TL,2 · · · TL,2L+1], (31b)

UL = [U1,L U2,L · · · U2L+1,L]T, (31c)
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where the superscript T denotes the transpose of the matrix and Ui,j = U [t −
(j − 1)�t, xb − (i − 1)�s] in which �s is the spatial increment. The matrix TL
can be calculated from a recursive equation given by

TL = T1

×
[
TL−1,1 TL−1,2 · · · · · · TL−1,2L−1 0 0

0 TL−1,1 TL−1,2 · · · · · · TL−1,2L−1 0
0 0 TL−1,1 TL−1,2 · · · · · · TL−1,2L−1

]
for L ≥ 2, (31d)

in which the three elements of T1 are T1,1 = (2 − β)(1 − β)/2, T1,2 = β(2 − β),
and T1,3 = β(β − 1)/2, where β = cα�t/�s. The preceding algorithm is not
stable, and double-precision arithmetic must be used in numerical computations.
To stabilize the transmitting boundary condition algorithm, one can introduce ar-
tificial diffusive coefficients to suppress the amplification of the wave magnitude
in the FDTD time-marching iteration calculations (Moghaddam and Chew, 1991;
Yang and Liou, 1998b).

The original explanation of the transmitting boundary equation given by the
multitransmitting theory is somewhat misleading because fictitious waves, which
may propagate faster than real physical waves, are assumed. It has been shown
that Eq. (30) can be directly derived from the extrapolation of boundary values in
terms of wave values located at interior grid points at earlier steps using the coef-
ficients that minimize the extrapolation errors (Yang and Liou, 1998b). Modified
versions of the transmitting boundary condition equations have been suggested
to produce multiple reflection minima so that the transparency of the boundary
of the computational domain is enhanced for large incident angles (Chew and
Wagner, 1992; Yang and Liou, 1998b). Steich et al. (1993) have compared the
performance of Liao’s boundary condition with that of Mur’s absorbing bound-
ary algorithm and noted that the latter approach requires a larger “white space”
between a modeled scatterer and the boundary to achieve a convergent scattering
solution.

C. PERFECTLY MATCHED LAYER ABSORBING
BOUNDARY CONDITION

Absorption of the outgoing wave by the PML method is based on the absorp-
tion by a medium located at the outermost layers in the computational domain.
The conventional technique based on an absorbing medium is to specifically de-
fine the wave impedance of the medium so that it matches that of the free space.
Such a simple matching approach produces substantial nonzero reflections when
a scattered wave impinges on the absorbing medium obliquely. To overcome the
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disadvantage of the conventional method, Berenger (1994) has developed a per-
fectly matched layer method, in which the absorbing medium is selected such
that the wave decay due to absorption is imposed on the field components par-
allel to boundary layers. To achieve this goal, each Cartesian component of the
electromagnetic field is split into two parts as follows:

(Ex,Ey,Ez) = [
(Ex2 +Ex3), (Ey1 + Ey3), (Ez1 + Ez2)

]
, (32a)

(Hx,Hy,Hz) = [
(Hx2 +Hx3), (Hy1 +Hy3), (Hz1 +Hz2)

]
, (32b)

where the subscripts 1, 2, or 3 denote the component of the electric (or magnetic)
field that is associated with the spatial differential of the magnetic (or electric)
field component along the x, y, and z directions, respectively. With the split field
components, the six scalar equations expressed in a discrete form in Eqs. (5a)–(5f)
that govern the propagation of electromagnetic waves are replaced by 12 equa-
tions. The exponential wave decay factors for these equations can be expressed
by

exp[−τ1(x)t]
c

∂

∂t

{
exp[τ1(x)t]Ey1

} = −∂(Hz1 +Hz2)
∂x

, (33a)

exp[−τ1(x)t]
c

∂

∂t

{
exp[τ1(x)t]Ez1

} = ∂(Hy1 +Hy2)

∂x
, (33b)

exp[−τ2(y)t]
c

∂

∂t

{
exp[τ2(y)t]Ex2

} = ∂(Hz1 +Hz2)
∂y

, (33c)

exp[−τ2(y)t]
c

∂

∂t

{
exp[τ2(y)t]Ez2

} = −∂(Hx2 +Hx3)

∂y
, (33d)

exp[−τ3(z)t]
c

∂

∂t

{
exp[τ3(z)t]Ex3

} = −∂(Hy1 +Hy3)

∂z
, (33e)

exp[−τ3(z)t]
c

∂

∂t

{
exp[τ3(z)t]Ey3

} = ∂(Hx2 +Hx3)

∂z
, (33f)

exp[−τ1(x)t]
c

∂

∂t

{
exp[τ1(x)t]Hy1

} = ∂(Ez1 + Ez2)
∂x

, (33g)

exp[−τ1(x)t]
c

∂

∂t

{
exp[τ1(x)t]Hz1

} = −∂(Ey1 +Ey3)

∂x
, (33h)

exp[−τ2(y)t]
c

∂

∂t

{
exp[τ2(y)t]Hx2

} = −∂(Ez1 +Ez2)
∂y

, (33i)

exp[−τ2(y)t]
c

∂

∂t

{
exp[τ2(y)t]Hz2

} = ∂(Ex2 +Ex3)

∂y
, (33j)

exp[−τ3(z)t]
c

∂

∂t

{
exp[τ3(z)t]Hx3

} = ∂(Ey1 +Ey3)

∂z
, (33k)

exp[−τ3(z)t]
c

∂

∂t

{
exp[τ3(z)t]Hy3

} = −∂(Ex2 +Ex3)

∂z
, (33l)
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where τ1(x), τ2(y), and τ3(z) are zero, except in boundary layers perpendicular
to the x, y, and z axes. It can be shown that these 12 equations are equivalent
to those given by Berenger (1996) and Chew and Weedon (1994). In practical
computations, the parameters τ1(x), τ2(y), and τ3(z) can be specified from zero
at the interface of the free space and PML medium to their maximum values at
the outermost layer. For example, τ1(x) can be defined as

τ1(x) = τ1,max

(
x − xo
D

)p
, (34)

where (x − xo) is the distance of a grid point from the interface of the free space
and PML medium,D = L�x is the thickness of the PML medium for the bound-
ary perpendicular to the x axis, and p is usually selected between 2 and 2.5. The
parameter τ1,max can be specified by the reflectance of the boundary with normal
incidence as follows:

τ1,max = −p + 1

2D
ln
[
R(0◦)

]
c, (35)

whereR(0◦) is the boundary reflection factor. The mean absorption must be taken
into account for each cell distance in discrete computations. Thus, the following
two mean values for the electric and magnetic fields can be used:

τ 1(I) = 1

�x

∫ (I+1/2)�x

(I−1/2)�x
τ1(x) dx

= τ1,max

n+ 1

(I + 1/2)p+1 − (I − 1/2)p+1

LP+1
for the E field,(36a)

τ 1

(
I + 1

2

)
= 1

�x

∫ (I+1)�x

I�x

τ1(x) dx = τ1,max

n+ 1

(I + 1)p+1 − (I)p+1

LP+1

for the H field. (36b)

The discretization of Eqs. (33a)–(33l) can be carried out in a manner similar
to that described in Section III. To economize on computer memory usage, one
uses the preceding 12 equations, Eqs. (33a)–(33l), for the boundary layers, while
the six conventional governing equations given by Eqs. (5a)–(5f) are employed in
the interior domain inside the boundary layers. A number of comparison studies
of the boundary reflection (Berenger, 1994; Katz et al., 1994; Lazzi and Gandhi,
1996) have been made between the PML method and the analytical boundary
condition such as Mur’s absorbing condition (Mur, 1981) and the retarded time
boundary condition (Berntsen and Hornsleth, 1994). The reflection produced by
the PML boundary condition is three orders smaller in magnitude than that ob-
tained by using the analytical boundary equations.
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V. FIELD IN FREQUENCY DOMAIN

The values of the near field computed by the preceding FDTD algorithm are in
the time domain. A transformation of the time-dependent field values to their cor-
responding counterparts in the frequency domain is required to obtain the single-
scattering properties. The transformation algorithm depends on what kind of ini-
tial wave is used. If the input is a continuous sinusoidal wave, the magnitude and
phase information of the final steady-state field can be obtained by determining
the peak positive- and negative-going excursions of the field over a complete cy-
cle of the incident wave (Umashankar and Taflove, 1982). Three successive data
sets in the time sequence of the field can be compared to determine if a peak
has been reached. When the peak is detected, these data sets can then be used
to determine the amplitude and phase of the steady-state field. The positive- and
negative-going peak transitions, however, usually do not occur at the exact peak
of the wave. For this reason, the magnitude and phase obtained by this algorithm
may produce numerical errors. A longer time is also required to obtain a conver-
gent solution by using a sinusoidal wave as the initial excitation, especially for
lower frequencies (Furse et al., 1990). Further, if a continuous sinusoidal wave is
used, each individual run of the FDTD code can also provide just one frequency
response. However, with a pulse excitation each individual run of the FDTD code
will provide various frequency responses.

In FDTD simulations of scattering phenomena, the shape and size of the par-
ticle are fixed for a given execution and the dielectric constants are independent
of the wave frequency if the particle is nonabsorptive. Thus, the FDTD method
with an incident pulse can provide the results for a number of size parameters si-
multaneously. For this reason, a Gaussian pulse will be used as the initial excita-
tion in the computations presented in this chapter. The width of the pulse must be
properly selected to avoid numerical dispersion caused by the finite difference ap-
proximation. To illustrate the dispersion problem, let us consider the x ′-polarized
wave propagating along the z′ direction in the incident coordinate system ox ′y ′z′.
The finite difference equations governing the field variation can be expressed by

En+1
x ′ (I) = Enx ′(I)+ c�t

�s

[
H
n+1/2
y ′

(
I − 1

2

)
−Hn+1/2

y ′

(
I + 1

2

)]
, (37a)

H
n+1/2
y ′

(
I + 1

2

)
= Hn−1/2

y ′

(
I + 1

2

)
+ c�t

�s

[
Enx ′(I)−Enx ′(I + 1)

]
. (37b)

Consider a harmonic solution given by

Enx ′(I) = Eo exp
[
ik(I�s − c∗n�t)], (38a)

H
n+1/2
y ′

(
I + 1

2

)
= Ho exp

{
ik

[(
I + 1

2

)
�s − c∗

(
n+ 1

2

)
�t

]}
, (38b)
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where c and c∗ are the physical and computational phase speeds, respectively,
which are different because of the numerical dispersion. From the preceding equa-
tions, we obtain

c∗

c
= 2 sin−1[c�t sin(k�s/2)/�s]

kc�t
. (39)

Equation (39) implies that the waves with higher frequencies (shorter wave-
lengths) suffer a larger numerical dispersion. The dispersion relationships in
the 2D and 3D cases have been discussed by Taflove and Umashankar (1990).
In these cases, the numerical dispersion depends not only on frequency, but
also on the propagation direction of the wave in the grid mesh. Because var-
ious frequencies are contained in a pulse, progressive pulse distortion can be
produced as higher frequency components propagate slower than lower fre-
quency components. The frequency spectrum of a pulse is determined by
the pulse width in the time domain. Thus, the width of an input pulse
should be properly selected to reduce numerical dispersion. The input Gaus-
sian pulse at the time step n can be represented in a discrete form as fol-
lows:

Gn = A exp

[
−
(
n

w
− 5

)2]
, (40)

whereA is a constant andw is a parameter controlling the width of the pulse. The
center of a Gaussian pulse is shifted by 5w so that the pulse can start with a very
small value (∼10−11) at the initial time.

As stated in Section III, the incident wave is required at the connecting sur-
face when using the total-field algorithm or over the global grid mesh when
using the scattered-field algorithm. The incident pulse at these locations at the
time step n should not be specified analytically in terms of the exact pulse
values given by Eq. (40), because the numerical solution of Eqs. (5a)–(5f)
coupled with an analytical specification of the incident wave may cause in-
consistent dispersion and aliasing, leading to numerical instability. The 1D
FDTD scheme given by Eqs. (37a) and (37b) can be applied to the simula-
tion of the propagation of the incident pulse, which is subsequently interpo-
lated to the required locations by using a natural spline or a linear algorithm.
These two interpolation algorithms produce similar results because the grid sizes
smaller than approximately 1/20 of the incident wavelength are usually re-
quired.

The frequency or wavenumber spectrum of the simulated field can be obtained
by the discrete Fourier transform if a pulse is employed as the initial excitation.
Let f be a component of the field and its value at the time step n be fn. Then, the
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time variation of f can be written as

f (t) =
N∑
n=0

fnδ(t − n�t), (41)

where δ is the Dirac delta function and the maximum time step N is chosen such
that the field in the time domain is reduced to a small value. The corresponding
spectrum in the wavenumber domain is given by

F(k) =
∫ ∞

−∞

[
N∑
n=0

fnδ(t − n�t)
]

exp(ikct) dt =
N∑
n=0

fn exp(ikcn�t), (42)

where k is the wavenumber in vacuum. To avoid aliasing and numerical disper-
sion and to obtain a correct frequency spectrum, one must band the maximum
wavenumber or the minimum wavelength for the region within which the fre-
quency response of the scattering is evaluated. In any finite difference equation,
it is required that the wavelength of a simulated wave be larger than the grid size.
Therefore, if we let kgrid = 2π/�d where �d is the minimum among �x, �y,
and�z, the permitted wavenumber is

k = qkgrid, q ∈ [0, 1). (43)

In practice, the frequency response obtained by the discrete Fourier transform
technique would be inaccurate if the selected parameter q in Eq. (43) were
larger than 0.1 because of significant computational wave dispersion and alias-
ing. For light scattering by a nonspherical particle, the effective permittivity and
conductivity described in Section III can be specified to be independent of the
wavenumber used in the Fourier transform. Thus, by selecting various q val-
ues for the frequency spectrum given by Eq. (42), we can obtain the scatter-
ing properties for various size parameters by carrying out near field compu-
tations. This procedure has been discussed in more detail in Yang and Liou
(1995).

The field values in the frequency domain obtained by this procedure must be
normalized by the Fourier transform of the incident wave at the center of the
grid mesh so that the frequency response of the scattering particle will return to a
unit incident harmonic wave. The discrete Fourier transform given by Eq. (42) is
different from that developed by other researchers (e.g., Furse et al., 1990) by a
constant. However, this constant will eventually be canceled in the procedure of
normalization.
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VI. TRANSFORMATION OF NEAR FIELD TO
FAR FIELD

To obtain the scattered far field, either a surface- or a volume-integration ap-
proach can be used. In the former, a regular enclosing surface that contains the
particle is selected. The far field is then given by the integration of the near field
over the surface. In the latter, the integration of the near field is carried out over
the entire domain inside the particle surface. In the following we review the basic
electromagnetic relationship between the near field and the far field.

A. SCATTERED FAR FIELD

Owing to the electromagnetic equivalence theorem, the field detected by an
observer outside the surface would be the same if the scatterer were removed and
replaced by the equivalent electric and magnetic currents given by

J = nS × H, (44a)

M = E × nS, (44b)

where the electric field E and the magnetic field H are the total fields that include
the incident and the scattered fields produced by the scatterer and nS is the out-
ward unit vector normal to the surface. The Hertz vectors or potentials given by
the equivalent currents are

jm(r) =
∫ ∫

S

M(r′)G(r, r′) d2r′, (45a)

je(r) =
∫ ∫

S

J(r′)G(r, r′) d2r′, (45b)

whereG(r, r′) is the Green’s function in free space, which is defined by

G(r, r′) = exp(ik|r − r′|)
4π |r − r′| . (46)

In the preceding equations, r is the position vector of the observation point; r′
is the position vector of the source point. The electric field induced by the Hertz
vectors can be written in the form

Es (r) = −∇ × jm(r)+ i

k
∇ × ∇ × je(r). (47)

For the radiation zone or far field region, that is, kr → ∞, Eq. (47) reduces to

Es (r)|kr→∞ = exp(ikr)

−ikr
k2

4π
n ×

∫ ∫
S

{
nS × E(r′)− n × [

nS × H(r′)
]}

× exp(−ikn · r′) d2r′, (48)
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where n = r/r is a unit vector in the scattering direction. It is evident that the
far field can be obtained exactly if the tangential components of the electric and
magnetic fields on the surface S are precisely known.

Equation (48) involves both electric and magnetic fields. An equivalent coun-
terpart of Eq. (46), which involves only the electric field, can also be derived.
Based on the vector algebra, it can be proven that the following relationships hold
for two arbitrary vectors P and Q and a scalar function φ:∫ ∫ ∫

V

(
Q · ∇ × ∇ × P − P · ∇ × ∇ × Q

)
dV

=
∫ ∫ ∫

V

(
P · ∇2Q − Q · ∇2P

)
dV +

∫ ∫
S

nS · (Q∇ · P − P∇ · Q) dS, (49a)∫ ∫ ∫
V

(
φ∇2P − P∇2φ

)
dV =

∫ ∫
S

(
φ
∂P
∂nS

− P
∂φ

∂nS

)
dS, (49b)

where S is an arbitrary surface enclosing the volume domain V . Further, we let

P = a · G, Q = E, φ = G, (50)

where a is an arbitrary constant vector, G is the Green’s function, and G is the
dyadic Green’s function given by

G(r, r′) =
(

I + 1

k2 ∇r∇r
)
G(r, r′), (51)

where I is a unit dyad (Tai, 1971). The volume domain V is selected to be the re-
gion outside S and So but bounded by S∞, where So encloses the source that gen-
erates the incident wave (active source), S encloses the scatterer (passive source),
and S∞ denotes a surface infinitely far away. The distance between So and S must
be large enough so that the impact of the scattered field on the source inside So can
be neglected. Using Eqs. (49)–(51), we obtain the electric field inside the region
of V as follows:

E(r) = 1

k2 ∇ × ∇ ×
[∫ ∫

S∞
+
∫ ∫

S

+
∫ ∫

So

]
×
[

E(r′)∂G(r, r
′)

∂nS
−G(r, r′)∂E(r′)

∂nS

]
d2r′, r ∈ V, (52)

where the integral over So is associated with the incident or initial wave. There
will be no contribution from the integral over S∞ if the following Sommerfeld’s
radiation condition (Sommerfeld, 1952) is applied:

lim
r→∞ r[∇ × G − ikn × G] = 0. (53)
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It follows that the scattered or induced field resulting from the presence of a scat-
terer is

Es (r) = 1

k2
∇ × ∇ ×

∫ ∫
S

[
E(r′)∂G(r, r

′)
∂nS

−G(r, r′)∂E(r′)
∂nS

]
d2r′, r ∈ V.

(54)
Instead of using the macroelectrodynamics, the preceding expression can also
be obtained from the molecular optics (Oseen, 1915). For the far field region,
Eq. (54) reduces to

Es (r)|kr→∞ = exp(ikr)

−ikr
k2

4π
n ×

{
n ×

∫ ∫
S

[
nS · nE(r′)+ 1

ik

∂E(r′)
∂nS

]
× exp(−ikn · r′) d2r′

}
. (55)

Equation (55) is equivalent to Eq. (48), but it contains only the E field and is also
simpler for numerical computations.

To derive the far field given by the integration of the near field over the par-
ticle volume, we begin with the electromagnetic wave equation in the frequency
domain written for a dielectric medium in the source-dependent form (Goedecke
and O’Brien,1988) as follows:(∇2 + k2)E(r) = −4π

(
k2I + ∇∇) · P(r), (56)

where P(r) is the polarization vector given by

P(r) = ε(r)− 1

4π
E(r). (57)

The material medium here is the scattering particle, thereby making the polariza-
tion vector nonzero only within the finite region inside the particle. The solution
for Eq. (56) is given by an integral equation as follows:

E(r) = Eo(r)+ 4π
∫ ∫ ∫

V

G(r, r′)
(
k2I + ∇r ′∇r ′

) · P(r′) d3r′, (58)

where the first term on the right-hand side is the incident wave. The domain of
the integration, V , is the region inside the dielectric particle. For the far field,
k(|r − r′|)→ ∞, it can be proven by using Eq. (58) that the scattered or induced
far field caused by the presence of the particle is

Es(r) = k2 exp(ikr)

4πr

∫ ∫ ∫
V

[
ε(r′)−1

]{
E(r′)−n

[
n ·E(r′)

]}
exp(−ikn ·r′) d3r′.

(59)
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Equation (59) is not applicable if a conducting scatterer is involved. In this case,
either Eq. (49) or Eq. (55) can be employed to obtain the scattered far field by
carrying out the involved integration over a regular surface enclosing the scatterer.

To compute the scattering matrix, the scattered field given by Eq. (48), (55),
or (59) must be expressed in terms of the amplitude matrix (Chapter 1). We will
present the required formulation based on the volume integration technique given
by Eq. (59). Similar expressions can be derived for the surface-integration tech-
niques based on Eqs. (48) and (55). Because the scattered field is a transverse
wave with respect to the scattering direction, it can be decomposed into the com-
ponents parallel and perpendicular to the scattering plane in the form

Es (r) = αEs,α(r)+ βEs,β(r), (60)

where α and β are the unit vectors parallel and perpendicular to the scattering
plane, respectively, and satisfy

n = β × α. (61)

Writing Eq. (60) in matrix form, we obtain(
Es,α(r)
Es,β(r)

)
= k2 exp(ikr)

4πr

∫ ∫ ∫
V

[
ε(r′)− 1

] ( α · E(r)
β · E(r)

)
exp(−ikn · r′) d3r′

= exp(ikr)

r
S
(
Eo,α
Eo,β

)
, (62)

where S is a 2 × 2 amplitude scattering matrix and Eo,α and Eo,β are the incident
E-field components defined with respect to the scattering plane. In the FDTD
method, the incident wave is defined with respect to the incident coordinate sys-
tem given by Eo,x and Eo,y . Based on the geometry implied by Eqs. (60) and
(61), we have (

Eo,α
Eo,β

)
=
(

β · x −β · y
β · y β · x

)(
Eo,y
Eo,x

)
, (63)

where x and y are the unit vectors along the x and y axes, respectively. To obtain
the scattering properties of the particle with complete polarization information,
we can select two incident cases: (a) Eo,x = 1 and Eo,y = 0 and (b) Eo,x = 0
and Eo,y = 1, and define the following quantities:(

Fα,x
Fβ,x

)
= k2

4π

∫ ∫ ∫
V

[
ε(r′)− 1

] ( α · E(r′)
β · E(r′)

)
× exp(−ikn · r′) d3r′

∣∣∣∣
Eo,x=1, Eo,y=0

, (64a)
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Fα,y
Fβ,y

)
= k2

4π

∫ ∫ ∫
V

[
ε(r′)− 1

] ( α · E(r′)
β · E(r′)

)
× exp(−ikn · r′) d3r′

∣∣∣∣
Eo,x=0, Eo,y=1

. (64b)

Using Eqs. (62)–(64) along with some algebraic manipulations, it can be proven
that

S =
(
Fα,y Fα,x
Fβ,y Fβ,x

)(
β · x β · y

−β · y β · x

)
. (65)

The amplitude matrix defined in Chapter 1 is obtained by changing the sign of the
off-diagonal elements of the matrix S given by Eq. (65). After defining the am-
plitude matrix, the scattering matrix F can be determined and numerically com-
puted based on the formulas given in Chapter 1. For nonspherical ice crystals
and aerosols oriented randomly in space, the scattering matrix normally has a
block-diagonal structure with eight nonzero elements among which only six are
independent (Section XI of Chapter 1; van de Hulst, 1957).

B. EXTINCTION AND ABSORPTION CROSS SECTIONS

To derive the integral equations for the absorption and extinction cross sec-
tions, we start from Maxwell’s equations. For a nonferromagnetic dielectric
medium with an incident harmonic wave whose time dependence is given by
exp(−ikct), Maxwell’s curl equations in the frequency domain can be written as

c∇ × H = −iω(εr + iεi)E, (66a)

c∇ × E = iωH, (66b)

whereω = kc. Using the preceding equations along with vector algebra, we have

−∇ · s = iω

4π

(
εrE · E∗ − H · H∗) + ωεi

4π
E · E∗, (67a)

s = c

4π
E × H∗, (67b)

where s is the complex Poynting vector and the asterisk denotes the complex
conjugate. Taking the real part of Eq. (67a) and integrating it over the region
inside the scattering particle lead to

−Re
[∫ ∫ ∫

V

∇ · s(r′) d3r′
]

= −Re
[∫ ∫

S

nS · s(r′) d2r′
]

= ω

4π

∫ ∫ ∫
V

εi(r′)E(r′) · E∗(r′) d3r′, (68)
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where nS is the outward-pointing unit vector normal to the particle surface. Based
on the physical meaning of the Poynting vector (Jackson,1975), the surface inte-
gration term in Eq. (68) is the net rate at which electromagnetic energy intersects
with the particle surface, that is, the energy absorbed by the particle. Further, the
incident electromagnetic flux is given by

Fo = c

4π
Eo · E∗

o = c

4π
|Eo|2. (69)

It follows that the absorption cross section of the particle is given by

Cabs = −Re
[∫∫

S
nS · s(r′) d2r′]
Fo

= k

|Eo|2
∫ ∫ ∫

V

εi(r′)E(r′) · E∗(r′) d3r′. (70)

In conjunction with the derivation of the extinction cross section, we note that the
Poynting vector can be decomposed into the incident, scattered, and extinction
components as follows:

s = so + ss + se. (71)

The complex extinction component of the Poynting vector is given by

se = c

4π

(
Eo × H∗ + E∗ × Ho

)
. (72)

Using Eqs. (71) and (72), we can prove that the electromagnetic energy associated
with extinction is defined by

−Re

[∫ ∫
S

nS ·se(r′) d2r ′
]

= ω

4π
Im

[∫ ∫ ∫
V

[
ε(r′)−1

]
E(r′)·E∗

o(r
′) d3r′

]
. (73)

Consequently, the extinction cross section is given by

Cext = ω

4π

Im
{∫∫∫

V
[ε(r′)− 1]E(r′) · E∗

o(r
′) d3r′}

Fo

= Im

{
k

|Eo|2
∫ ∫ ∫

V

[
ε(r′)− 1

]
E(r′) · E∗

o(r
′) d3r′

}
. (74)

For scattering by a nonspherical particle, the absorption and extinction cross
sections depend on the polarization of the incident wave (see Section VII of Chap-
ter 1). However, if the mean values of a cross section (the average of the cross
sections computed with respect to two perpendicularly polarized incident waves)
are considered, they are independent of the plane on which the polarization of the
incident wave is defined. Using Eqs. (62) and (74) along with integration by parts,
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it can be proven that the mean extinction cross section is

Cext = Cext,‖ + Cext,⊥
2

= 2π

4
Im

[
S11

(
ninc) + S22

(
ninc)], (75)

where ninc is a unit vector indicating the incident direction (Chapter 1). The previ-
ous equation is actually a particular form of the optical or extinction theorem. The
mean absorption cross section can be computed from Eq. (70) using the preceding
two incident cases.

The amplitude matrix and the absorption and extinction cross sections given by
Eqs. (64a), (64b), (65), (70), and (74) are presented in continuous integral form.
In practical computations, these equations must be discretized so that the near
field values at the grid points can be summed. Consider the computation of the
extinction cross section as an example. We first normalize the near field values
obtained by the discrete Fourier transform with respect to the Fourier spectrum of
the incident wave calculated at the center of the computational grid lattice. The
Cartesian component of the electric field at a cell center is given by the average
of the field component at four cell edges. Thus, we obtain

Cext = k

4
Im

∑
I

∑
J

∑
K

[
ε(I, J,K) − 1

]
×
{[
Ex

(
I, J − 1

2
,K − 1

2

)
+Ex

(
I, J − 1

2
,K + 1

2

)
+Ex

(
I, J + 1

2
,K − 1

2

)
+Ex

(
I, J + 1

2
,K + 1

2

)]
ex

+
[
Ey

(
I − 1

2
, J,K − 1

2

)
+Ey

(
I − 1

2
, J,K + 1

2

)
+Ey

(
I + 1

2
, J,K − 1

2

)
+Ey

(
I + 1

2
, J,K + 1

2

)]
ey

+
[
Ez

(
I − 1

2
, J − 1

2
,K

)
+Ez

(
I − 1

2
, J + 1

2
,K

)
+Ez

(
I + 1

2
, J − 1

2
,K

)
+Ez

(
I + 1

2
, J + 1

2
,K

)]
ez

}
× exp(−ikxI�x − ikyI�y − ikzI�z), (76)

where ex , ey , and ez are the three coordinate components of a unit vector pointing
along the polarization direction of the incident electric field and kx , ky , and kz
are the components of the incident wavenumber vector projected on the three
coordinate axes. The discrete expressions can also be obtained for the amplitude
matrix and the absorption cross section.
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VII. SCATTERING PROPERTIES OF AEROSOLS
AND ICE CRYSTALS

In this section we apply the FDTD technique to compute the scattering prop-
erties of ice crystals and aerosols with various geometries and compositions. The
numerical results shown in this chapter are intended to be representative rather
than extensive. It should be pointed out that we have carried out comprehensive
validations regarding the accuracy of the FDTD method using infinite circular
cylinders and spheres for which the exact solutions are available (Yang and Liou,
1995, 1996a). Because the FDTD technique does not pose a preferential treat-
ment to any specific geometry (with a possible exception of rectangular targets
in a Cartesian grid mesh), these canonical comparison studies constitute a repre-
sentative test of the accuracy of the FDTD method. In general, when the size of
the grid cells is on the order of 1/20 of the incident wavelength, the FDTD solu-
tions are in good agreement with their corresponding analytical counterparts. The
relative errors of the scattered energy are smaller than 3%. The accuracy of the
FDTD solution is improved when the ratio of the grid size to the incident wave-
length decreases. For size parameters larger than about 15, its accuracy in terms
of the relative errors for the phase matrix elements in some scattering directions,
for example, at backscattering, can reach 40%, although the errors in total scat-
tered energy are small. The time-marching iterative steps should be sufficiently
small in order to obtain a convergent solution in the near field computation when
size parameters are larger than 10–20. Through numerical experiments we have
found that errors in the FDTD solution can be reduced to less than 1% if the grid
size used is on the order of 1/40 of the incident wavelength and sufficiently small
time steps are employed in the time-marching iteration. Our previous validation
efforts demonstrated that the FDTD method can achieve reliable results for size
parameters smaller than about 15–20.

It is well recognized that the approximation of nonspherical particles by using
spheres is physically inadequate and often misleading (Liou and Takano, 1994;
Mishchenko et al., 1996c). Figure 4 shows the FDTD solution for the extinction
efficiency (the ratio of the extinction cross section to the projected area of parti-
cle) of hexagonal ice columns randomly oriented in space, along with results for
equivalent-volume and equivalent-surface spheres for comparison. Both spheri-
cal solutions overestimate the extinction efficiency. This overestimation increases
with increasing size parameter. The equivalent-volume spherical approximation
produces smaller overestimation because the induced dipoles inside the particle,
whose number is proportional to the particle volume, contribute significantly to
the attenuation of incident radiation.
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Figure 4 Extinction efficiencies of randomly oriented hexagonal ice crystals computed by the FDTD
method and the results for equivalent-volume and -surface spheres computed by the Lorenz–Mie
theory. L and a are crystal length and hexagonal diameter, respectively. The refractive index is
1.311 + 3.11 × 10−9i.

A. AEROSOLS

Aerosols in the atmosphere exhibit a variety of shapes ranging from quasi-
spheres to highly irregular geometries (e.g., Hill et al., 1984; Nakajima et al.,
1989; Okada et al., 1987). In addition, aerosols usually appear as a mixed product
of different compositions involving dustlike, water-soluble, soot, oceanic, sulfate,
mineral, water, and organic materials. The refractive indices for these components
have been compiled by d’Almeida et al. (1991). To understand the scattering char-
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acteristics of aerosols, we have defined various representative aerosol geometries
and inhomogeneous compositions for light-scattering computations based on the
FDTD method.

The left panels of Fig. 5 show the phase function (i.e., the F11 element of the
scattering matrix; see Section XI of Chapter 1) and the degree of linear polariza-
tion (DLP) −F12/F11 at λ = 0.5 µm for two randomly oriented dustlike aerosol
shapes with 10 and 6 faces. The size parameters of these irregular aerosols are
specified in terms of the dimensions of their peripheral spheres. Although the two
polyhedrons have the same size parameters, the particle with 10 faces scatters
more energy in the forward direction than its 6-face counterpart. This is because
the volume of the former is larger. The ratio of the extinction cross sections for
these two aerosol shapes is 3.92. Dustlike aerosols are absorptive in the visible
wavelength as indicated by the single-scattering albedos of 0.9656 and 0.9626
for the two polyhedral geometries with 10 and 6 faces, respectively. The mid-
dle panels of Fig. 5 show the other scattering matrix elements associated with
the polarization state of the scattered wave. The detailed structures of aerosol
geometry show a substantial impact on the polarization configuration. From the
results, it appears inadequate to characterize irregular aerosols in terms of periph-
eral spheres.

Black carbon or soot aerosols generated from the incomplete combustion of
fossil fuel and biomass burning can serve as condensation nuclei or become out-
side attachments to water droplets, a potential possibility perhaps relevant for
anomalous cloud absorption (Chýlek et al., 1984a). The right panels of Fig. 5
show the phase function and DLP values for water droplets containing irregular
soot inclusions as compared with the Lorenz–Mie result for a homogeneous water
sphere. The water droplets with inclusions scatter more light in the side directions
between 40◦ and 100◦ than the corresponding homogeneous spheres. Further-
more, the single-scattering properties of these aerosols are also dependent on the
detailed structure of inclusions. The single-scattering albedos of water droplets
with black carbon inclusions are substantially less than 1 for the visible wave-
length. They are 0.9510 and 0.8852 for the shapes with 10 and 6 faces, respec-
tively.

Figure 6 shows the phase functions and PDLs at a visible wavelength for four
aerosol models. In the diagram the prime and double prime denote that the as-
sociated parameters are for mineral/dustlike and soot components, respectively,
whereas the corresponding unprimed parameters are for water parts of the com-
pounded particles. Polyhedral particles and sphere clusters produce smoother an-
gular scattering patterns in comparison with the cases involving spheres with in-
clusions and/or attachments. For the latter, the spherical parts of the compounded
aerosols dominate the scattering properties. From Figs. 5 and 6 it is evident that
the phase functions of polyhedral and cluster aerosols are substantially different
from those of homogeneous spheres.



Figure 5 Phase function and polarization properties for randomly oriented nonspherical and inhomogeneous aerosols.
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Figure 6 Phase function and degree of linear polarization for four aerosol geometries at λ = 0.5 µm.
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B. SMALL ICE CRYSTALS

The scattering characteristics of nonspherical ice crystals with small size pa-
rameters have been investigated previously based on the FDTD technique (Yang
and Liou, 1995, 1996a). We demonstrated that the size parameter and aspect ratio
of ice crystals are critical to their scattering behaviors. For example, the phase
functions for ice plates and long columns are distinctly different, particularly in
the scattering angle region larger than approximately 120◦. Long columns pro-
duce a broad scattering maximum at about 150◦ and a weak backscattering, but
both are absent in the plate case.

Figure 7 illustrates the effects of air bubble and soot inclusions and a cavity
on the phase function and DLP for ice crystals at the 0.5- and 10-µm wave-
lengths. The refractive index of ice for the two wavelengths is (mr,mi) =
(1.313, 1.91 × 10−9) and (1.1991, 5.1 × 10−2). For λ = 0.5 µm, the effect of
the inclusion does not appear to be significant for the phase function but it sub-
stantially affects the DLP patterns. The air bubble and soot inclusions as well as
the cavity structures have a substantial impact on the extinction cross sections.
For λ = 0.5 µm the extinction efficiencies are 3.966, 3.289, 2.768, and 3.782 for
ice crystals with an air bubble, a soot inclusion, a cavity, and for a solid hexagon
(note that the projected areas are the same for these shapes with the geometry
parameters specified in Fig. 7), respectively. Moreover, the soot inclusion signif-
icantly affects absorption for ice crystals at λ = 0.5 µm. The single-scattering
albedo in this case is 0.7904. For λ = 10 µm the extinction efficiencies are 2.357,
2.310, 1.892, and 2.729 for the four cases, whereas the corresponding single-
scattering albedo values are 0.6833, 0.5710, 0.6802, and 0.6931. The inclusion
of soot clearly enhances the absorption of ice crystals at λ = 10 µm. For the ice
crystal size parameters presented in Fig. 7, the distinct scattering peaks associated
with halos are absent. The phase interference of the scattered waves produces fluc-
tuations in the phase functions, which are more pronounced for ice crystals with
cavities at λ = 10 µm. The fluctuations and scattering maxima in the ice crystal
phase functions are due to the interference pattern of the scattered wave associ-
ated with the specific geometries that cannot be completely smoothed out by the
random orientation average.

To understand the size parameter values required for the production of halo
peaks, we perform computations for infinitely long hexagons with size parameters
(with reference to their cross-sectional dimension) of 10 and 60 for two specific
incidence configurations, as shown in Fig. 8. For ka = 10, fluctuations due to
phase interference dominate the phase function pattern. When ka = 60, a pro-
nounced peak around 20◦ is noted for both incidence configurations. In Fig. 8a,
a strong scattering peak at about 120◦ associated with the 120◦ parhelia is also
evident. For hexagonal ice crystals to produce halo patterns, we find that the size
parameters must be greater than about 50.
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Figure 7 Phase function and degree of linear polarization for hexagonal ice crystals with air bubble
and soot inclusions and cavity in comparison with the results for solid columns at λ = 0.5 µm. The
cavity depth of a hollow column is indicated by dc.



Figure 8 Phase function for infinitely long hexagonal cylinders with ka = 10 and 60 for two incident directions.
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Figure 9 Comparison of the phase function and polarization properties for ice crystal bullet rosettes and aggregates at λ = 0.5 and
10 µm. The length of the pyramidal tips of bullet branches is indicated by dtip.
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Figure 9 illustrates the scattering features for ice bullet rosettes and aggre-
gates at λ = 0.5 and 10 µm. The aggregates consist of eight hexagonal elements
whose geometries and relative spatial positions are defined following Yang and
Liou (1998a). The definition of bullet rosettes follows Takano and Liou (1995).
The lengths of the pyramidal tips of bullet branches are assumed to be equal in
the present computation. It is evident from Fig. 9 that bullet rosettes produce sim-
ilar phase functions as aggregates at λ = 0.5 µm, except that the phase functions
for the former display some fluctuations. In addition, aggregates generate weaker
backscattering. For λ = 10 µm, substantial differences between the phase func-
tions for bullet rosettes and aggregates are noted in the scattering region around
140◦. From Fig. 9 it is also evident that the polarization properties depend on the
detailed particle geometry. Because the present results are for ice crystals with
small size parameters, the phase functions shown in Fig. 9 differ from those ob-
tained for large ice crystals based on the geometric ray-tracing technique. For
a large ice crystal, the scattered wave with respect to different substructures is
essentially incoherent. Thus, the phase function for aggregates with hexagonal
elements is similar to that associated with a single ice hexagon, as illustrated in
Yang and Liou (1998a).

From the computed scattering matrix elements shown in Figs. 5–7 and 9 for
complicated ice crystals and compounded aerosols including ice crystal aggre-
gates, aerosols with irregular inclusions, and aerosol clusters, it is clear that the
detailed particle structures are important in the determination of their scattering
and polarization properties for size parameters in the resonant regime. The scatter-
ing properties of nonspherical ice crystals for small size parameters are substan-
tially different from those for large size parameters in the applicable regime of
geometric optics. The effect of small ice crystals in remote-sensing applications
and radiative transfer calculation deserves future study.

VIII. CONCLUSIONS

In this chapter, we have reviewed the physical basis and numerical implemen-
tation of the FDTD technique for light-scattering calculations involving dielec-
tric particles. We discuss four aspects of the methodology including (1) the time-
marching iteration for the near field, (2) the absorbing boundary condition for the
truncation of the computational domain, (3) the field transformation from the time
domain to the frequency domain, and (4) mapping the near field to the far field.
For the discretization of Maxwell’s equations in both space and time, we show
that the best approach is to carry out the spatial discretization first by averaging
the permittivity based on the values of four adjacent cells and then performing
the temporal discretization. Further, the mathematical formulations of the FDTD
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method for specific applications to the solutions of phase matrix and extinction
and absorption cross sections are presented for computational purposes.

To demonstrate the capability and flexibility of the FDTD technique in dealing
with nonspherical and inhomogeneous particles, the single-scattering and polar-
ization properties of aerosols and ice crystals commonly occurring in the atmo-
sphere are presented. New results are illustrated for complicated ice crystals and
compounded aerosols including ice crystal aggregates, aerosols with irregular in-
clusions, and aerosol clusters. It is shown that the detailed particle structures are
important in the determination of their scattering and polarization properties for
size parameters in the resonant regime.
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I. INTRODUCTION

The scattering of electromagnetic radiation by a collection of objects with sizes
comparable to the wavelength of incident radiation, and which are in turn in close
enough proximity to each other to allow any one constituent of this assembly
to affect the total coherent field scattered by the others is, today, a problem of
considerable interest to a broad range of scientific applications. Among these are
climatology, visibility modeling, atmospheric remote sensing, planetary astron-
omy, stellar evolution, fractal optics, nonlinear optics, photonics, sensors, quality
control, and process diagnostics.

Beginning with Lorenz–Mie (LM) theory for light scattering by single spheres
and the addition theorem for vector spherical harmonics, we review advances
made in the study of the optical properties of systems of compound spheres.
For organizational purposes, these systems will be divided into two categories:
(1) aggregates of two or more spherical particles and (2) one or more spherical
inclusions located arbitrarily within a spherical host. As will be discussed, these
two categories differ only by certain details at the level of the addition theorem
and are essentially described by a single theory that encompasses clusters of in-
cluded spheres. We discuss comparisons of theory and measurement, as well as
applications in fields ranging from astrophysics to immunoassays.

II. HISTORICAL OVERVIEW

The study of scattering and absorption by spheres shares a common ancestry
with studies of rainbows, fogbows, glories, and the coloration of minerals and
glass—the latter being Gustav Mie’s motivation for taking up the subject (Mie,
1908). Much has been written on this history and articles appearing in a special
issue on optical particle sizing in Applied Optics (cf. Kragh, 1991; Lilienfeld,
1991; Kerker, 1991), the collection of papers assembled by Kerker (1988), and
surveys by Logan (1965, 1990) provide abundant resources for its pursuit.

Historically, exact theories of dependent scattering of vector fields began with
the use of Fresnel coefficients to study the optical properties of interacting planar
surfaces—interferometry. Even earlier, Fresnel (1866a, pp. 639–653) used argu-
ments of energy and momentum conservation, rather than differential equations
and boundary conditions to arrive at his expressions for the amplitudes of re-
flected and transmitted electric vibration. Stokes (1966a, pp. 89–103) confirmed
these laws by applying the principle of reciprocity to wave propagation. Both
Fresnel (1866b, pp. 787–792) and Stokes (1966b, pp. 155–196; 1966c, pp. 145–
156) derived expressions for reflection and transmission coefficients of two or
more parallel planar surfaces. Fresnel and Stokes were by no means the only ones
to make great contributions to this subject; Newton, Arago, Poisson, and Airy are
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just a few others, but the works referenced here make fascinating study and lay the
foundations for interferometry and, to a degree, plane-parallel radiative transfer.
Twersky (1952) provides a review of the history of multiple scattering involving
very small objects. Scattering by arrays of parallel cylinders were also studied
near the turn of the century, the work of Rayleigh (1903) being the most notewor-
thy. (These arrays were of primary interest in the study of diffraction gratings, but
electromagnetic coupling between the constituents was neglected.) In this con-
text, there is an interesting parallel between Rayleigh–Gans–Debye theory and
Newton’s rings and between the exact theories for two interacting particles and
the Fabry–Perot cavity.

A. SCATTERING BY INTERACTING CYLINDERS

A theory for dependent scattering by cylinders evolved somewhat earlier than
that for spheres because the addition theorem for cylindrical wave functions had
existed since near the turn of the century (Watson, 1962), whereas the first addi-
tion theorem for spherical waves did not appear until the mid-1950s. It was with
the work of Twersky (1952) that a generalized formalism for cooperative acoustic
and electromagnetic (EM) scattering by cylinders began to emerge. Olaofe (1970)
solved the two-cylinder problem in a manner analogous to the multiple-reflection
model for the Fabry–Perot cavity. A more recent treatment of parallel cylinders
is given by Yousif and Köhler (1988) wherein they solve the problem of scat-
tering by a pair of parallel cylinders of different size and composition that are
illuminated by obliquely incident plane wave radiation of arbitrary polarization.
Those authors also calculate scattering matrices for selected angles of incidence.
A brief review of the history of dependent scattering by cylinders is given by
Fuller (1991).

B. SCATTERING BY INTERACTING SPHERES

To our knowledge, the first to attempt a thorough investigation of the prob-
lem of EM scattering by interacting spheres was Trinks (1935). Explicit solutions
can be gleaned from that work for a pair of identical Rayleigh spheres, restricted
in orientation with respect to the incident field. Germogenova (1963) extended
Trinks’ method to account for beam angles of arbitrary incidence on a pair of
dissimilar Rayleigh spheres.

Friedman and Russek (1954) derived an addition theorem for the spherical
scalar waves. Shortly thereafter, Stein (1961) and Cruzan (1962) presented addi-
tion theorems for spherical vector wave functions. Stein’s work was first submit-
ted in 1959 and includes an addition theorem for coordinate rotation as well as
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translation. The works of Stein and Cruzan provided, for the first time, the math-
ematical underpinnings for the transformation of vector spherical waves based in
one coordinate frame to another, arbitrarily located frame. Adding to the obser-
vations of Logan (1965) regarding the early contributions of Clebsch (1863) to
elastic scattering by single spheres, we note that the addition theorem for spheri-
cal wave functions depends on the so-called Clebsch–Gordan coefficients derived
nearly 100 years earlier. (It is also worth noting that Gordan was a contemporary
of Clebsch’s and is not of the Klein–Gordon fame as some believe today.) Re-
cently, Xu has compared the numerical efficiency of different implementations of
these theories (Xu, 1996).

The landmark investigations into dependent scattering by spheres clearly were
made by Liang and Lo (1967) and, especially, Bruning and Lo (1971). This con-
stituted the first comprehensive, computationally viable solution to the problem
of EM scattering by two spheres and included experimental verification via mi-
crowave scattering measurements. These authors assimilated the relevant theo-
rems into a workable theory, which was then applied to the calculation of radar
and bistatic cross sections of linear chains of two or three spheres. Calculations by
Ludwig (1991) indicate that there was probably an error in the computer program
Bruning and Lo used for their calculations for three spheres.

Borghese et al. (1987) have worked extensively in this field, having derived
their theoretical framework independently from Lo and his colleagues. Gérardy
and Ausloos (1982) also derive an independent, rigorous solution to the prob-
lem of light scattering by clusters of spheres and provide what appears to be the
first correct expression for extinction cross sections based on an integral of the
Poynting flux. This work has been recently extended to planar arrays of spheres
by Quinten and Kreibig (1993). Mackowski (1991, 1994) and Fuller (1994a) de-
rive expressions for extinction and scattering cross sections of multiple sphere
configurations, as well, and Mackowski has also provided a direct solution for
absorption cross sections that does not directly involve scattering and extinction
cross sections.

Crucial experimental work continued in the late 1970s when Schuerman
and Wang established a microwave analog facility at which dielectric bodies
of a wide variety of shapes could be constructed and their scattering proper-
ties measured (Schuerman, 1980b; Wang, 1980; Wang et al., 1981). This valu-
able work has been continued by Gustafson and others (Zerull et al., 1993;
Xu and Gustafson, 1997). Kattawar initiated a major extension of the work
of Lo and his colleagues. This led to the theoretical confirmation (Kattawar
and Dean, 1983; Fuller et al., 1986) of the so-called specular resonances ob-
served by Wang et al. (1981), the generalization of Bruning and Lo’s treat-
ment to arbitrarily configured spheres (Fuller, 1987), and the successful order-
of-scattering (OS) technique (Fuller and Kattawar, 1988a, b). In addition to
the studies discussed previously, work in this field has also been carried out by
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Peterson and Ström (1973), Tsang et al. (1991), Ohtaka et al. (e.g., Inoue and
Ohtaka, 1985), Varadan et al. (1983), Hamid et al. (1991), and Ioannidou et al.
(1995). Additional historical information is given by Fuller (1991). This chap-
ter deals with particles that can be divided into unique spherical domains. Re-
cently, Videen et al. (1996) have reported results for light scattering by overlap-
ping domains.

Theories of scattering by eccentrically stratified spheres have been derived
by Fikioris and Uzunoglu (1979), Borghese et al. (1992), Fuller (1993a, b), and
Mackowski and Jones (1995). Treatments for multiple inclusions have been ren-
dered by Fuller (1993a, b) and Borghese et al. (1994). An approximate treatment
of the problem of scattering by structured spheres has recently been developed
that allows the study of nonspherical inhomogeneities and that can also accom-
modate large numbers of inclusions (Hill et al., 1995). An outline of the exact
theory is provided in the next section, including an application of the OS method
to the concentric and single eccentric inclusion problems. Early measurements on
eccentrically stratified spheres were made by Swarner and Peters (1963), and cur-
rent comparisons are underway between the authors of this chapter and the author
of Chapter 13.

Approaches to the compound sphere problem have also been made based on
the Purcell and Pennypacker (1973) method, that is, the discrete dipole approxi-
mation (DDA) covered in Chapter 5. Druger et al. (1979) applied this technique
to eccentrically stratified spheres, and before being made aware of Bruning and
Lo’s work (in a private communication with M. Kerker) Kattawar and Humphreys
(1980) calculated the scattering properties of two pseudospheres, each comprising
32 point dipoles. West and Smith (1991) have used the DDA to model the optical
properties of aggregates of tholin particles.

III. SCATTERING AND ABSORPTION OF
LIGHT BY HOMOGENEOUS AND
CONCENTRICALLY STRATIFIED SPHERES

A. VECTOR SPHERICAL HARMONICS

Time-harmonic fields scattered by a sphere must satisfy the vector Helmholtz
equation

∇2Esca + k2Esca = 0, (1)

which is itself a direct consequence of Maxwell’s equations for an infinite, lin-
ear, isotropic medium containing no free charges or currents. The basis functions
that are to be used to mathematically represent the fields must therefore satisfy
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∇2M + k2M = 0. Because M must also satisfy ∇ · M = 0, a simple choice
for this function is M = ∇ × vψ . Substitution of this expression for M into
Eq. (1) and manipulation of the resulting expressions with the use of identities
from vector calculus lead one to the conclusion that it is sufficient that M satisfies
Eq. (1) if v = R and ψ satisfies the scalar wave equation ∇2ψ + k2ψ = 0. The
preceding discussion is somewhat specific to spherical coordinates and follows
Stratton (1941, Chapter 7) and Bohren and Huffman (1983, Chapter 4). Morse
and Feshbach (1953, Chapter 13) provide an elegant treatment for identifying vψ
in generalized curvilinear coordinates.

A second set of functions that is orthogonal to M and likewise satisfies Eq. (1)
is N = ∇ × M/k. The scalar wave equation is separable in spherical coordinates
and the separation constants are integers m and n, and give rise to a complete set
of mutually orthogonal functions ψmn. A construction of these functions is given
by Bohren and Huffman (1983, Chapter 4). The functions M and N comprise a
complete set of mutually orthogonal functions and any other function that satisfies
Eq. (1) may therefore be projected onto the M,N basis. To streamline the nota-
tion, which becomes rather ornate as one proceeds to more complicated particle
morphologies, we introduce the index p = 1, 2 for reference to the TM (N) and
TE (M) modes of the electric field.

Introducing the angle-dependent functions τmnp ,

τmn1(cosϑ) = d

dϑ
Pmn (cosϑ), τmn2(cosϑ) = m

sinϑ
Pmn (cosϑ), (2)

where Pmn are associated Legendre functions, along with the position vector R =
ReR (eR = R/|R|), the vector spherical harmonics (VSH), otherwise known as
vector spherical wave functions, may be written as

Nmnp(R) = eimϕ
[
(2 − p)zn(kR)

(kR)2
n(n+ 1)Pmn (cosϑ)eR

+ z
[2−p]
n (kR)

kR
τmnp(cosϑ)ϑ

+ ipz
[2−p]
n (kR)

kR
τmn(3−p)(cosϑ)ϕ

]
, (3)

where ϑ and ϕ are unit vectors in the directions of the polar and azimuthal angles
ϑ and ϕ, respectively. The z[0]

n ≡ zn are Ricatti–Bessel functions, with prime
derivatives denoted z[1]

n , which will be expressed in terms of either spherical
Bessel functions as zn(kR) = kRjn(kR) or spherical Hankel functions of the
first kind as zn(kR) = kRh(1)n (kR). The reader is cautioned when referring to the
literature that τmn1 and τmn2 are often written as τmn and πmn (or −πmn and τmn;
cf. Fuller, 1987; Kerker, 1969; Bruning and Lo, 1971) and that zn often represents
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spherical Bessel functions. The VSH are given in a more conventional form by
Fuller (1994a).

B. RESPONSE OF A SPHERE TO HARMONIC PLANE WAVES

The ability of a particle to scatter light depends on its characteristic size s, its
refractive index m(λ), and the wavelength λ of the incident light in the surround-
ing medium. Parameters of the form ks and mks, k = 2π/λ, are typically used
to describe the “optical” dimensions of the scattering system. For a sphere, s is
simply its radius, r .

To quantify the response of a sphere to a train of electromagnetic waves with
planar surfaces of constant phase and unit amplitude, it is best to interpret those
waves into the “native language” of the sphere, that is, to expand the plane wave
in vector spherical harmonics:

Einc = E0 exp
[
ikR · ninc] =

∞∑
n=1

n∑
m=−n

2∑
p=1

pmnpN(1)mnp, (4)

where ninc is the unit vector in the direction of incidence. Hansen (1935, 1937)
was the first to formulate such an expansion, and the Nmnp are sometimes referred
to as Hansen’s functions.

The expansion for the scattered field may be written as

Esca =
∑
m,n,p

pmnpānpN(3)mnp =
∑
m,n,p

amnpN(3)mnp. (5)

The superscripts on the VSH are a standard notation (cf. Stratton, 1941, Chap-
ters 7 and 9; Morse and Feshbach, 1953, Chapter 13), where (1) and (3) indicate
the use of zn(kR) = kRjn(kR) and zn(kR) = kRh

(1)
n (kR), respectively. The ex-

pansion in Eq. (4) allows us to decompose the plane wave into spherical partial
waves with amplitudes pmnp . This process is illustrated in Fig. 1. For practical
purposes the expansion of Einc can be truncated after enough partial waves are
included to reproduce E0 exp[ikR · ninc] at the surface of the sphere with suffi-
cient accuracy, thus allowing one to match boundary conditions and extract the
coefficients of the scattered field. A frequently used estimate of the maximum or-
der nmax required in the expansion is obtained from the criterion developed by
Wiscombe (1980), that is,

nmax = � + 4.05�1/3 + 2, � = kr. (6)
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Figure 1 Decomposition of an infinite plane wave into vector spherical waves with amplitudes
pmnp.

Adopting the notation ψn(�) = �jn(�) and ξn(�) = �h
(1)
n (�), the coeffi-

cients ānp are found from the boundary conditions at the surface of the sphere
to be

ān1 = −mψ ′
n(�)ψn(η)− ψn(�)ψ ′

n(η)

mξ ′
n(�)ψn(η)− ξn(�)ψ ′

n(η)
,

(7)

ān2 = −mψn(�)ψ ′
n(η)− ψ ′

n(�)ψn(η)

mξn(�)ψ ′
n(η)− ξ ′

n(�)ψn(η)
,

with η = m�. These coefficients are variously named after Lorenz (1898), Mie
(1908), and Debye (1909), and we refer to them here as LM coefficients (most
authors have written ān1 and ān2 as −an and −bn, respectively). The ānp coeffi-
cients are complex amplitudes that quantify the response of the sphere to the nth
partial wave in the plane wave decomposition. They are completely analogous to
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the Fresnel coefficients for a plane wave reflecting from a flat surface and follow
from the same simple algebra once the boundary conditions are imposed. The
more difficult part of this process is finding the coefficients pmnp , which is dis-
cussed in Stratton (1941, Chapter 7) and Morse and Feshbach (1953, Chapter 13).
(One commonly sees pmnp written as pmn and qmn for p = 1 and 2, respectively.)
For particles with spherical symmetry, the coordinate system can be chosen so
that the incident field propagates parallel to the z axis of the body-centered coor-
dinate frame, that is, ninc = ez, and this will lead to important simplifications that
allow us to write the scattered electric field in the standard notation:

Esca =
∞∑
n=1

in
2n+ 1

n(n+ 1)

[
ianN

(3)
e1n − bnM(3)

o1n

]
(8)

(Bohren and Huffman, 1983, Chapter 4)

=
∞∑
n=1

2∑
p=1

[
a1npN(3)1np

]
. (9)

C. REPRESENTATIONS WITH THE ROTATION
FUNCTIONS Ds

mn

Recursion relations for the quantities pmnp and τmnp are known (Tsang et al.,
1985; Fuller, 1987). However, it is useful to express them here in terms of the rota-
tion functionsDsmn. The Dsmn are equivalent, to a normalizing factor, to the matrix
elements of finite rotations defined by Edmonds (1974) and Mishchenko et al.
(1996b), and methods for calculating them are given in Section VIII.C.

The functions τmnp may be expressed as

τmnp = −1

2

[
n(n+ 1)Dm1n + (−1)pDm−1n

]
. (10)

In the most general sense, the incident field Einc(R) represented by the expansion
of Eq. (4) is taken to propagate in the z′ direction and is polarized in the x ′ direc-
tion, where z′ and x ′ are obtained by the rotation of the sphere coordinate frame
through the Euler angles α, β, and γ (Fig. 2 of Chapter 1). This gives

pmnp = −(−1)min+1 2n+ 1

2
e−imα

×
(

1

n(n+ 1)
D1
mn(β)e

−iγ + (−1)pD−1
mn(β)e

iγ

)
. (11)

Note that this representation corresponds to an incident propagation direction of
ϑ = β, ϕ = α, and a polarization direction of γ relative to the sphere x axis in the
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x–z plane. The expansion coefficients for the incident field at an origin O�, de-
noted p�mnp , are obtained from a simple phase shift between initial and translated
origins, that is,

p�mnp = exp(ik · R�)pmnp

= exp
[
iR�(cos�� cosβ + sin�� sin β cos( � − α))]pmnp, (12)

in which R�, ��, and  � denote the spherical coordinates of O� relative to the
initial origin.

D. RADIOMETRIC QUANTITIES

For an unpolarized beam of unit intensity incident along the z axis, the scat-
tered power into the solid angle d� is proportional to the Z11 element of the
sphere’s phase matrix, otherwise known as the differential scattering cross sec-
tion dCsca/d�. The scattering cross section may be written as

Csca =
∫
�

Energy scattered/unit time/unit solid angle

Incident energy flux (energy/unit area/unit time)
d�

=
∫

4π

dCsca

d�
d�. (13)

The phase function is defined to be

a1(ϑ
sca) = 4π

Csca

dCsca

d�
(14)

and the scattered intensity at a distance R from the particle is then simply

I sca = Cscaa1(ϑ
sca)I inc

4πR2
. (15)

The free-space Maxwell’s equations for time-harmonic fields allow us to write the
scattered magnetic field as Hsca = −i∇×Esca/ωµ0, whereµ0 is the permeability
of the free space and ω is the free-space angular frequency, and the total scattering
cross section, Csca, can be found from an integral of the time-averaged Poynting
flux of scattered radiant energy Esca × (Hsca)∗ over all directions (ϑsca, ϕsca):

Csca = 1

|Einc × (Hinc)∗|
1

2
Re

∫ π

0
sinϑsca dϑsca

∫ 2π

0
dϕsca Esca×(

Hsca)∗· nscaR2,

(16)
where Einc × (Hinc)∗ is the Poynting flux of the incident field, and time-averaging
over an interval that is much longer than the period of the stimulating radiation is
accomplished with the complex conjugation (∗) of H (Stratton, 1941, p. 135). By
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integrating Eq. (16) over an imaginary spherical surface that is concentric with
the scatterer, it can be shown that the scattering cross section of a sphere is

Csca = 2π

k2

∞∑
n=1

(2n+ 1)
(|an|2 + |bn|2

) = 2π

k2

∞∑
n=1

2∑
p=1

(2n+ 1)|ānp|2. (17)

Essential to polarimetry is the amplitude matrix S. As defined in Chapter 1, it
is seen that when the incident beam is directed along the z axis and the xz plane
serves as the scattering plane

S
(
ϑsca) = 1

ik

∑
n

2∑
p=1

2n+ 1

n(n+ 1)

(
ānpτ1np(ϑ

sca) 0

0 ānpτ1n3−p(ϑsca)

)
. (18)

The extinction cross section may be found from the optical theorem, namely,

Cext = 2π

k
Im[S11(0)+ S22(0)] = −2π

k2

∞∑
n=1

2∑
p=1

(2n+ 1)Re(ānp). (19)

Conservation of energy then provides the absorption cross section Cabs = Cext −
Csca and the single scattering albedo � = Csca/Cext. An expansion for the ab-
sorption cross section can be obtained by integrating the radial component of
the Poynting vector for the internal field, evaluated at the surface of the sphere.
The same expansion also follows from substitution of Eqs. (19) and (17) into
Cext − Csca (Kattawar and Eisner, 1970). The expansion for Cabs is

Cabs = 2π

|m|2k2

∞∑
n=1

(2n+ 1)Re iψ ′
n(η)ψ

∗
n (η)

(
m|c̄n1|2 + m∗|c̄n2|2

)
, (20)

where c̄np are the expansion coefficients for the internal fields, which can be writ-
ten in terms of the LM coefficients as

c̄n1 = imān1

mψ ′
n(�)ψn(η)− ψn(�)ψ ′

n(η)
,

(21)

c̄n2 = imān2

mψn(�)ψ ′
n(η)− ψ ′

n(�)ψn(η)
.

Note that c̄n1 and c̄n2 are interchanged in the notation of others (cf. Bohren and
Huffman, 1983, p. 100; Mackowski, 1991).
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E. CONCENTRICALLY STRATIFIED SPHERES

1. Reflection and Transmission of an Outgoing Spherical
Wave at a Concentric, Concave Spherical Boundary

Consider now the case of an outgoing electric partial wave, represented by
Emn = N(3)mn + M(3)

mn, that crosses a spherical dielectric discontinuity of radius r1
centered about the coordinate system to which the VSH are referenced. Let the
refractive index of the interior region be m1 and that of the exterior be unity. The
outgoing field will be partially reflected and partially transmitted at the interface.
The tangential components of the exterior (transmitted) partial field must match
the sum of the interior (incident + reflected) partial fields at the boundary and we
may therefore write[

č1
nN(3)mn + ď1

nM(3)
mn

]
ϑ,ϕ

= [
ǎ1
nN(1)mn + b̌1

nM
(1)
mn + N(3)mn + M(3)

mn

]
ϑ,ϕ
. (22)

Because of the orthogonality properties of the VSH, there is no coupling of themn
to the m′n′ normal modes (nor is there coupling between the TE and TM modes)
at the boundary. Thus the angular dependence of the ϑ and ϕ components of the
partial fields cancel algebraically in Eq. (22). Because of the different refractive
indices on either side of the boundary, the radial functions do not cancel and we
have

m1č
1
nξ

′
n(�1) = ξ ′

n(η1)+ ǎ1
nψ

′
n(η1), (23)

where �1 = kr1 and η1 = m1�1. From the magnetic counterpart of Eq. (23) we
obtain

č1
nξn(�1) = ξn(η1)+ ǎ1

nψn(η1). (24)

Thus

č1
n = ψn(�1)ξ

′
n(�1)− ξn(�1)ψ

′
n(�1)

m1ξ ′
n(�1)ψn(η1)− ξn(�1)ψ ′

n(η1)
. (25)

As in Eq. (21), by virtue of the Wronskian,

W{jn(z), yn(z)} = z−2i (yn represents the spherical Neuman functions),
(26)

we can write

č1
n = −i

m1ξ ′
n(�1)ψn(η1)− ξn(�1)ψ ′

n(η1)
. (27)
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Precisely the same arguments produce the expressions

ǎ1
n = − m1ξ

′
n(�1)ξn(η1)− ξn(�1)ξ

′
n(η1)

m1ξ ′
n(�1)ψn(η1)− ξn(�1)ψ ′

n(η1)
, (28)

ď1
n = − ξ ′

n(η1)ψn(η1)− ξn(η1)ψ
′
n(η1)

m1ξn(�1)ψ ′
n(η1)− ξ ′

n(�1)ψn(η1)
, (29)

b̌1
n = m1ξn(�1)ξ

′
n(η1)− ξ ′

n(�1)ξn(η1)

m1ξn(�1)ψ ′
n(η1)− ξ ′

n(�1)ψn(η1)
, (30)

and for incoming spherical waves, the standard LM coefficients are given as ā1
n1 ≡

−an, ā1
n2 ≡ −bn, c̄1

n1(= −m1č
1
n) ≡ −cn, and c̄1

n2(= −m1ď
1
n) ≡ −dn.

For incoming spherical waves, the LM coefficients of order n for the scattered
and internal partial fields are the spherical wave analogs to the Fresnel coeffi-
cients for reflection and refraction of a plane wave at a planar boundary. With the
derivation of the “ ˇ ” (háček) coefficients (Nussenzveig, 1992, Chapter 9; Fuller,
1993a, b; Mackowski and Jones, 1995), the analogy can now be extended to the
case of outgoing spherical waves reflected and transmitted by concave spherical
surfaces. Application of these concepts leads to an elegant solution of the standard
concentrically stratified sphere problem. This solution is summarized in the next
subsection and will also serve as an introduction to the OS technique applied in
Sections IV and V.

2. Scattering Coefficients of a Concentrically Coated Sphere

The following treatment is an alternative to the original derivation by Aden and
Kerker (1951). Perhaps the simplest coefficients for reflection and transmission
by multilayered structures are those based on coefficients for a thin film. Their
derivation is illustrated in Fig. 2, where r̄�p, ř�p, t̄�p, and ť�p represent the Fresnel
coefficients for reflection and transmission at the surfaces indicated for orthogonal
polarizations p. In this case we may express the amplitude of the electric field
reflected by the film as

Eref
p = r̄Einc

p , (31)

Eref
p = Einc

p

(
r̄1p+ t̄1pr̄2pť1p

∞∑
k=0

[r̄2př1p]k
)

= Einc
p

(
r̄1p+ t̄1pr̄2pť1p

1 − [r̄2př1p]
)
. (32)

Posing the problem of electromagnetic scattering by concentrically coated spheres
as one of multiple reflection of spherical partial waves, with amplitudes given by
the coefficients for coupling of plane waves to spherical partial waves, as illus-
trated in Fig. 3, one is led to a surprisingly simple solution (Fuller, 1993a, b): The
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Figure 2 Development of the reflected electric field amplitude from a dielectric thin film in terms of
the Fresnel coefficients.

Figure 3 Development of the scattered electric field partial wave amplitude from concentric spheres
in terms of the LM coefficients.
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Figure 4 Resonance spectra, offset for clarity, of a spherical core concentric with shells of two
different thicknesses. The dotted curve depicts the absorption spectrum of a weakly dye-doped core
inside a much larger host, and all features of that spectrum can be explained in terms of morphology-
dependent resonances in the core. The solid curve is for a shell that is thin enough to allow its resonant
modes to couple with those of the core. Several features in the latter spectrum cannot be explained in
terms of the independent whispering gallery modes of the core or shell, but are found to arise in the
“coefficient of finesse” associated with this coupling. For example, the peak at a core size parameter
of just over 44.8 is due to the [1 − ā2

63 1ǎ
1
63 1]−1 term in Eq. (33).

scattering coefficients can be expressed simply as

a1
1np = p1np

(
ā1
np + c̄1

npā
2
np

1čnp

∞∑
k=0

[
ā2
npǎ

1
np

]k)

= p1np

(
ā1
np + c̄1

npā
2
npč

1
np

1 − [ā2
npǎ

1
np]

)
, (33)
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and the scattered field may be written as

Esca =
∑
n,p

a1
1npN(3)1np −→ −

∞∑
n=1

(
aTn N(3)e1n + bTnM(3)

o1n

)
. (34)

Because the structure of Eq. (34) is the same as that of Eq. (8), all of the radio-
metric properties discussed in the previous section will be of the same form, but
with aTn and bTn replacing an and bn. That structure also suggests features, per-
haps observed by Essien et al. (1993), that cast the stratified sphere as a concave–
convex spherical resonator. Calculations illustrating such behavior are presented
in Fig. 4. In addition to better physical insight, Eq. (33) also allows implementa-
tion of a coated sphere algorithm with the addition of only a few lines of code to
an existing LM program. This algorithm also avoids the problems of numerical
instability encountered by Bohren and Huffman (1983, p. 484). Another numer-
ically stable algorithm is provided by Toon and Ackerman (1981) and Bhandari
(1985).

Recursive algorithms for multilayered spheres have been developed by Bhan-
dari (1985) and Mackowski et al. (1990), and the treatment in this section also
readily lends itself to a recursive treatment that parallels that for multilayered
films. An example (out of many) of the use of multilayered spheres to model the
optical properties of droplets with radially varying refractive index is provided by
Massoli (1998).

IV. ECCENTRIC TWO-SPHERE SYSTEMS

In the previous section, we proceeded from the case of a homogeneous sphere
to that of a system composed of two concentrically stratified spheres. The next
step to be taken in laying the foundations for the theory of systems of compound
spheres is to address the case of eccentric two-sphere systems. This includes
pairs of distinct spheres as well as spheres that are eccentrically stratified (i.e.,
an arbitrarily placed spherical inclusion in an otherwise homogeneous spherical
host).

To match boundary conditions at the surfaces of each sphere, one must provide,
in addition to the transformation of the incident plane wave, a transformation that
will represent the outgoing spherical waves of one sphere in terms of the regular
basis functions of the other. This is accomplished with the use of the addition
theorem for vector spherical harmonics, with which we may write

N(3)mnp(R�′) =
∞∑
l=1

l∑
k=−l

2∑
q=1

{
A��

′
klq mnp

Ã��
′

klq mnp

}
N

{(1)(3)}
klq (R�), R��′

{≥
≤
}
R�. (35)
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Ã

}
are translation coefficients that represent a projection of one VSH basis,

centered about the �th origin, onto the VSH basis associated with the �′th ori-
gin a distance R��′ away, and are analogous to the projections pmnp of a plane
wave onto the normal modes of a sphere in standard LM theory. The strengths
of the couplings of fields scattered from sphere � to normal modes associated
with sphere �′ are gauged by the translation coefficients. Continued progress in
this field has hinged, in part, on advances in the treatment of the translation co-
efficients A��

′
klq mnp and Ã��

′
klq mnp , and a novel derivation of the addition theorem,

along with methods for computing the translation matrix elements, are given in
Section VIII.

A. ORDER-OF-SCATTERING SOLUTION

1. Two-Sphere Clusters

The processes that arise when pairs of spheres scatter EM radiation may be de-
scribed as follows: An infinite train of plane waves stimulates the normal modes
of each sphere in the manner delineated by LM theory. Unlike the case for con-
centrically stratified spheres, however, all of the multipole fields emanating from
one sphere stimulate each of the normal modes in the other because the modes of
a particular sphere are not orthogonal to those of one centered about a different
origin. Each sphere responds to the field incident on it from the other, scattering
radiation to the field point and back to the other sphere. The total scattered field
may be written as

Esca = Esca
1 + Esca

2 =
∞∑
j=0

[(j)Esca
1 +(j) Esca

2

]
, (36)

where the j th-order partial fields (j)Esca
� are in turn expressed as

(j)Esca
� =

∑
n,m,p

(j)a�mnpN(3)mnp(R�), (37)

with

(j)a�mnp = ā�np

∑
ν,µ,q

(j−1)a�
′
µνqA

�,�′
µνq mnp, j �= 0,

(38)
(0)a�mnp = ā�npp

�
mnp.
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The expansion of the total scattered field from either sphere is then

Esca
� =

∑
n,m,p

∞∑
j=0

(j)a�mnpN(3)mnp(R�) =
∑
n,m,p

a�mnpN(3)mnp(R�). (39)

2. Nonconcentric Spheres

Now let a wavefront be incident on a composite particle made from a sphere
of refractive index m2 and size parameter �2 located arbitrarily within a spher-
ical and otherwise homogeneous host of refractive index m1 and size parame-
ter �1. The incident wavefront will still couple to the normal modes of the host
with a strength determined by pmnp . The shell will produce a scattered and a
transmitted field with associated partial wave amplitudes (0)a1

mn1(= −pmna1
n),

(0)a1
mn2(= −qmnb1

n), and (0)c1
mn1(= −pmnc1

n),
(0)c1

mn2(= −qmnd1
n), respectively.

The coefficients for the first-order partial fields of the inclusion are

(1)a2
mnp = ā2

np

(0)∑
ν,µ,q

c1
µνqÃ

12
µνq mnp, (40)

where the ā2
np are the LM coefficients of a core particle immersed in an infinite

medium of refractive index m1. The fields scattered by the inclusion are then par-
tially transmitted beyond the mantle or internally reflected by its surface with the
respective amplitudes (2)č1

mnq and (2)ǎ1
mnq . The internally reflected fields will in

turn be scattered by the inclusion and so on. The coefficients for the total scattered
field may thus be constructed as

aTmnp =
∞∑
j=1

(j)a1
mnp, (41)

where
(j)a1

mnp = č1
np

∑
ν,µ,q

(j)a2
µνqÃ

12
µνq mnp,

(j+1)a2
mnp = ā2

np

∑
ν,µ,q

(j)c1
µνqÃ

12
µνq mnp, (42)

(j)c1
mnp = ǎ1

np

∑
ν,µ,q

(j)a2
µνqÃ

12
µνq mnp

for j > 0. The coefficients ǎ1
np and č1

np were introduced in Section III.E as,
respectively, the reflection and transmission coefficients for outgoing spherical
waves (concentric with the host) at its concave outer surface. As with the case
of external aggregation, the fields from the other sphere must first be represented
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in the basis functions that are concentric with the surface being considered, but
then that surface will respond with the same set of amplitudes as it would for a
plane wave. This process is illustrated in Fuller (1995b). Calculations based on
this order-of-scattering treatment are in agreement with those obtained by Borgh-
ese et al. (1992), who solved a system of linear equations to obtain the scattering
coefficients. For a concentric inclusion, Eq. (41) reduces to Eq. (33).

V. AGGREGATES OF NS ARBITRARILY
CONFIGURED SPHERES

A. EXTERNAL AGGREGATION

The scattering model is now expanded to represent an ensemble of NS sepa-
rate (i.e., external to each other) spheres. The spheres are characterized by size
parameters x� = kr� and refractive indices m� = mr� + imi�, and are located at
positions X�, Y�, and Z� on a coordinate frame fixed to the cluster. The incident
field consists of a plane, linearly polarized wave. As opposed to the single-sphere
case, we adopt here a more general representation of the incident field, in that it is
taken to propagate in the z′ direction and is polarized in the x ′ direction, where z′
and x ′ represent the rotation of the cluster coordinates z and x through the Euler
angles α, β, and γ . Note that β and α represent the polar and azimuth angles of
the incident field direction relative to the cluster frame, and γ represents the ro-
tation of the electric field vector from the x–z plane. The incident field Einc

0 (R0)

is represented by Eq. (4) referenced to the origin of the cluster. Because of the
linearity of Maxwell’s equations, scattering from an ensemble of NS spheres can
be formulated as the superposition of fields that are scattered from the individual
spheres,

Esca =
NS∑
�=1

Esca
� . (43)

The field of each sphere can, in turn, be represented as a VSH expansion centered
about the origin of that sphere,

Esca
� =

∞∑
n,m,p

a�mnpN(3)mnp(R�). (44)

As before, the scattering expansion coefficients for sphere �, a�mnp , will be given
by

a�mnp = ā�npf �mnp, (45)
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Figure 5 Any sphere in a cluster is stimulated by the field incident on the cluster plus the scattered
fields of all other spheres in the cluster.

where f �mnp now denote the coefficients for the VSH expansion, centered about
the origin of sphere �, of the exciting field at �. As illustrated in Fig. 5 for two
spheres, the exciting field will consist of the incident plane wave at � as well as the
scattered fields that originate from all other spheres in the ensemble and arrive at �,
represented by the application of Eq. (35), where the A��

′
mnp klq are chosen. Note

that this leads to the representation of the scattered field from �′ in terms of regular
(as opposed to outgoing) harmonics centered about �. By inserting Eq. (35) into
Eq. (44) (now written for �′) and summing over all spheres except �, the exciting
field at � is described by

Eex
� =

∑
n,m,p

(
p�mnp +

NS∑
�′=1
�′ �=�

∑
l,k,q

A��
′

mnp klqa
�′
klq

)
N(1)mnp. (46)

By replacing Eq. (46) into Eq. (45), a linear relationship for the scattered field
expansion coefficients is obtained

a�mnp − ā�np
NS∑
�′=1
�′ �=�

∑
l,k,q

A��
′

mnp klqa
�′
klq = ā�npp�mnp. (47)
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In practice, the expansion for the scattered field from � is truncated after n =
nmax,� orders. The total number of complex-valued equations represented by
Eq. (47) will then be given by

M = 2
NS∑
�=1

nmax,�(nmax,� + 2). (48)

Several previous investigations have found that nmax,� depends almost entirely
on the size parameter of sphere � and is not affected by the number, sizes, and
locations of surrounding spheres. Two situations in which Eq. (6) appears to un-
derestimate the required number of orders are known. One (discussed in the next
section) involves whispering gallery modes of bispheres (Fuller, 1991) and the
other is for highly conducting, Rayleigh-limit spheres in contact (|m�|2 � 1 and
x� � 1). In the latter case, it was shown (Mackowski, 1995) that nmax = 10 or-
ders were required to describe the scattered fields of a pair of identical spheres in
contact, with x� = 0.01 and m = 3 + 2i. [Similar problems have been noted by
Fuller (1987), p. 93, in relation to metal spheres.] Clusters of dielectric Rayleigh-
limit spheres, on the other hand, can usually be modeled with an electric dipole
approximation, for which the TE mode is neglected and the expansions are trun-
cated after one order. For this case, it can be shown that the formulation given here
becomes equivalent to the dipole iteration models developed by Purcell and Pen-
nypacker (1973) and Jones (1979) and results in 3NS complex-valued equations
for a�m11, with m = −1, 0, and 1.

In a compact matrix form, Eq. (47) can be represented by

a� − a�
NS∑
�′=1
�′ �=�

A��
′
a�

′ = a�p�, (49)

in which a� and p� are length-2nmax,�(nmax,� + 2) vectors for the scattering and
incident field coefficients for sphere �, A��

′
is the translation matrix between ori-

gins �′ and �, and a� is a diagonal matrix representing the LM coefficients for
sphere �. Equation (49) can also be generalized to clusters of nonspherical parti-
cles, in which a� would be replaced by the T matrix for particle � (see Chapter 6).
It is important to note, however, that this general formulation relies on an accu-
rate T -matrix representation of the scattered field (as opposed to the far field)
in the near zone. In general, this would require that the smallest circumscrib-
ing spheres of the particles do not overlap—which implies that the superposition
method could not be used to calculate, for example, the scattering properties of
densely packed clusters of ellipsoidal particles.
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B. SPHERES WITH MULTIPLE SPHERICAL INCLUSIONS

The multiple-inclusion problem closely parallels the problem of scattering by
sphere clusters. In addition to the standard expansions for the total fields exterior
to the host and interior to the inclusions, it is assumed that the total electric field
at points inside the host but outside the inclusions is (Fuller, 1993a, b, 1995b;
Mackowski and Jones, 1995)

Ehost =
∑
n,m,p

[
c1
mnpN(1)mnp

(
R1) +

∑
�>1

a�µνpN(3)mnp
(
R1)]. (50)

The boundary conditions of the multiple-inclusion system can also be satisfied
with the aid of the addition theorem for VSH, and one is led to a self-consistent
set of linear equations for the scattering coefficients

a1
mnp = ā1

nppmnp + č1
np

∑
� �=1

∑
ν,µ,q

a�µνqÃ
1�
mnp µνq, (51)

where

a�mnp = ā�np

∑
ν,µ,q

(
c1
µνqÃ

�1
µνq mnp +

∑
�′ �=�

a�
′
µνqA

��′
mnp µνq

)
, (52)

c1
mnp = c̄1

np + ǎ1
np

∑
� �=1

∑
νµ

∑
q

a�µνqÃ
1�
mnp µνq. (53)

This latter system of equations is then solved and the coefficients a1
mnp of the ex-

ternal field can be calculated. The summation in Eq. (52), delineating the total
exciting field at the �th inclusion, is physically the same as Eq. (47), but with
the plane wave coefficients pmnp replaced by the coefficients of the host field,
expanded in the �th basis. There is now a circumscribing spherical surface that
interacts with the inclusions, but this interaction can be described as before and
poses no significant complication to the basic solution, which will be described in
the next sections. All radiometric quantities can then be derived from the expan-
sion of the external field

Esca =
∞∑
n=1

n∑
m=−n

∑
p

a1
mnpN(3)mnp

(
R1). (54)



Chapter 8 Electromagnetic Scattering by Compounded Spherical Particles 247

C. FIXED-ORIENTATION PROPERTIES

1. Solution Methods

Given a cluster configuration and incident beam direction and polarization,
Eq. (49) is solved most efficiently using iteration methods. Perhaps the most
widely used method—and the most conceptually straightforward—is the OS tech-
nique, introduced in the earlier discussion of two-sphere systems. This corre-
sponds to the Born expansion of Eq. (49), in which

a� = a�
(
δ��′I +

NS∑
�′=1
�′ �=�

A��
′
a�

′ +
NS∑
k=1
k �=�

A�kak
NS∑
�′=1
�′ �=k

Ak�
′
a�

′ + · · ·
)

p�
′
, (55)

where I is the unit matrix. The first term in the series, which is equivalent to the
Rayleigh–Gans–Debye (RGD) approximation, represents the interaction of the
sphere � solely with the incident wave (i.e., no multiple scattering). The second
term represents interaction with waves that have undergone one “reflection” from
the neighboring spheres; the third represents interaction with doubly reflected
waves, and so on. The rate of convergence of Eq. (55) depends on the spectral
radius of Eq. (49)—which is affected most strongly by the magnitude of the el-
ements in a�. In particular, when the spheres sustain cavity resonances, the Born
series diverges at the resonance frequency of the �′th monomer. Interestingly, it
has been seen that two nearly identical spheres will exhibit a resonance spec-
trum characteristic of the bisphere that evolves through splitting or shifting of
the monomer resonance and the OS series can converge at the frequencies of the
bisphere resonance, but the number of terms in the series can be at least two or-
ders of magnitude larger than when no resonance is involved. Under conditions
of such system resonances, the truncation order will be about 50% larger when
calculating the scattering coefficients because that many more modes are needed
to match boundary conditions in the near field. On the other hand, once the scat-
tering coefficients have been determined, the truncation index for the expansion
of the scattered fields is once again given by Eq. (6) (cf. Fuller, 1989, 1991).

The OS solution technique is implemented by successive substitution into
Eq. (55), which yields

a� =
∞∑
j=0

(j)a�, (0)a� = a�p�, (j)a� = a�
NS∑
�′=1
�
′ �=�

A��
′[(j−1)a�

′]
. (56)

The biconjugate gradient method has also been used to solve iteratively Eq. (49).
Although this method typically involves over twice the number of operations as
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OS to perform a single iteration, it has been reported that the method can converge
significantly faster than OS when the spheres are near resonance.

Scattering properties of the cluster for different orientations relative to the inci-
dent wave can be obtained either by fixing the incident direction and polarization
and realigning the sphere positions in the cluster or by fixing the sphere positions
and realigning the incident wave. The latter method is computationally more effi-
cient than the former, because it involves changing only the right-hand-side vector
in Eq. (49). To calculate the scattering matrix (described later), this approach does
require a rotation transformation on the calculated scattering coefficients, so that
the scattering angles ϑ and ϕ become defined relative to the incident beam. The
transformation is not required if only the total cross sections of the spheres are
needed.

2. Cross Sections

To determine the total power, W , radiated from an imaginary surface ! en-
closing an ensemble of NS scatterers, the integrals

W =
NS∑
�=1

∫
!

[
Einc × (

Hsca
�

)∗ + Esca
� × (

Hinc)∗] · eR�R
2
� sinϑ dϑ dϕ

+
∫
!

(∑
�

[
Esca
� × (

Hsca
�

)∗]+
∑
�

∑
�′ �=�

[
Esca
� × (

Hsca
�′
)∗])

× eR�R
2
� sinϑ dϑ dϕ (57)

must be evaluated.
The first integral in Eq. (57) represents the interference between the incident

electromagnetic field and the fields scattered by each of the monomers in the sys-
tem. This interference term corresponds to the total power removed from the inci-
dent beam. The extinction cross section of sphere � in the cluster is obtained from
that integral or by application of the optical theorem to the partial field scattered
from the sphere, giving

C�ext = −2π

k2

∑
n,m,p

Emn Re a�mnp
[
p�mnp

]∗
,

with Emn = n(n+ 1)

2n+ 1

(n+m)!
(n−m)! . (58)

The second integral is equal to the total power scattered by the �th sphere, whereas
the third integral accounts for interference between the fields of the �th and �′th
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scatterers, which contributes further to the scattering cross section of the ensem-
ble. The surface of integration is henceforth assumed to be a sphere centered about
the principal origin.

The equation for the total scattering cross section can be written as

C�sca = 2π

k2

∑
n,m,p

Emn
[∣∣a�mnp∣∣2 + Re

([
a�mnp

]∗ NS∑
�′=1
�
′ �=�

∑
l,k,q

A��
′

mnp klqa
�′
klq

)]
. (59)

The first and second terms in the preceding equation can be loosely viewed
as “self” and “interference” contributions to scattering. The interference con-
tributions to scattering were not properly accounted for in the early work of
Borghese et al. (1979).

It can be shown that Eq. (59) is equivalent to

Csca = 4π

k2

∑
m,n,p

Emn|amnp|2, (60)

where amnp are the cluster-centered expansion coefficients for the scattered field,
to be discussed presently. This illustrates that, as in the case of a single sphere,
Csca is an inherently real quantity—the real part of Eq. (57) need not be taken
because the integral itself is real valued. The structure of this equation is identical
to that for single spheres, where the amplitude coefficients of the natural modes of
the sphere have been replaced with amplitude coefficients that may be associated
with the natural modes of the cluster. These latter modes depend, in turn, on the
amplitudes of the normal modes of the monomers in the cluster and on the precise
information on the geometry of the cluster that is contained in the translation
coefficients.

The absorption cross section of sphere � can be obtained from integration of
the internal field Poynting vector over the surface of the sphere, which yields

C�abs = −2π

k2

∑
n,m,p

Emn
(

Re
1

[ā�np]∗
+ 1

)∣∣a�mnp∣∣2. (61)

Alternatively, the preceding form could be deduced by multiplying the complex
conjugate of Eq. (47) by Emna�mnp/[ā�np]∗; summing over n, m, and p; and using
the definitions in Eqs. (58) and (59). The total extinction and absorption cross
sections of the cluster are obtained simply from the sum of the sphere cross
sections.

The absorption cross section has a clear physical interpretation; that is, I incC�abs
is the rate of radiant energy absorption by sphere �. The extinction and scatter-
ing cross sections for the sphere, on the other hand, are less physically mean-
ingful. It is entirely possible for C�ext < C

�
abs, or even C�ext < 0, for a sphere in
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a cluster. The latter case would correspond to the forward-scattered wave from
sphere � constructively interfering with the incident wave. By the same token,
C�sca ≤ 0 is also possible, which would imply that the net scattered intensity above
the surface of � is directed inwards, rather than outwards. Such “anomalous”
results on the sphere level—which disappear on the cluster level—are merely
mathematical artifacts of the superposition method used to solve the wave equa-
tions, that is, the separation of the scattered field into partial fields from each
sphere.

3. Amplitude and Scattering Matrices

Two basic approaches can be taken to calculate the scattering matrix elements,
as a function of the scattering angle, from the cluster as a whole. The first method
retains the superposition of partial fields that are scattered from each sphere in the
cluster. Because these fields emanate from different origins, it is necessary in this
approach to explicitly account for the phase differences among the partial fields
as they interfere in the far-field region—much in the same way as RGD theory.
The second approach transforms the separate partial field expansions into a single
expansion based on a single origin of the cluster. This approach obviates the need
to account for phase differences in the scattered field, yet it does increase the order
of the expansions.

The sphere-centered (or partial field superposition) method will be discussed
first. Here, the scattered field is given by Eq. (43), with each partial field rep-
resented by Eq. (44). The vector harmonic expansions for the scattered field in
Eq. (44), however, are defined relative to the cluster coordinate system. In calcu-
lating the amplitude and scattering matrix of the cluster, it is more appropriate to
transform the solution so that the harmonics are defined relative to the incident
field coordinate system. Because the incident field system is defined by the Euler
rotation of the cluster system through α, β, and γ , an inverse rotation will align
the harmonics relative to the incident field system. The appropriate transformation
on the scattering coefficients is given by

a′�
mnp = exp(imγ )

n∑
k=−n

Dkmn(β) exp(ikα)a�knp. (62)

When the transformed coefficients a′�
mnp are used in Eq. (44), the angles ϑ and

ϕ are defined relative to the incident field frame; that is, when ϑ = 0 is the
direction of the incident wave, ϕ = 0 is the direction of the incident electric field
vector.
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Using the asymptotic form of the spherical Hankel functions for large argu-
ment, the far-field components of the scattered wave from sphere � will appear
as

Esca
ϑ,� = i

kR
exp(ikR�)

∑
n,m,p

(−i)n+1a′�
mnpτmnp(ϑ) exp(imϕ),

(63)

Esca
ϕ,� = − 1

kR
exp(ikR�)

∑
n,m,p

(−i)n+1a′�
mnpτmn 3−p(ϑ) exp(imϕ).

To combine the waves from the different spheres in the far-field region, it is neces-
sary to account for phase differences that appear in the exp(ikR�) term. This can
be done by referencing the fields to a common origin of the cluster and employing
the relation

exp[ik(R� − R0)] = exp
[
ikR�0(cos��0 cosϑ + sin��0 sinϑ cos( �0 − ϕ))]

≡ ��(ϑ, ϕ). (64)

The total scattered field in the far-field region can now be described by

Esca
ϑ =

NS∑
�=1

Esca
ϑ,��� = i

kR0
exp(ikR0)

∑
n,m,p

(−i)n+1Fmnp(ϑ, ϕ)τmnp(ϑ),

(65)

Esca
ϕ =

NS∑
�=1

Esca
ϕ,��� = − 1

kR0
exp(ikR0)

∑
n,m,p

(−i)n+1Fmnp(ϑ, ϕ)τmn 3−p(ϑ),

in which

Fmnp = exp(imϕ)
NS∑
�=1

a′�
mnp��. (66)

This is similar to the formulation given by Bruning and Lo (1971).
To identify the elements of the amplitude scattering matrix, a scattering plane

is first defined by ϕ = 0 (i.e., the x ′–z′ plane). Components of the scattered field
that are polarized parallel and perpendicular to this plane are given by Esca

ϑ and
Esca
ϕ , respectively. The solution to Eq. (49), for a given incident state defined by α,
β, and γ , will correspond to incident radiation polarized parallel to the scattering
plane. A second solution, in which γ is incremented by π/2 in Eq. (11), will
correspond to incident radiation polarized perpendicular to the scattering plane.
Using both solutions, the four elements of the amplitude matrix can be expressed
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as

S11 = i

k

∑
n,m,p

τmnp(ϑ)(−i)n+1F 1
mnp(ϑ, ϕ),

S22 = i

k

∑
n,m,p

τmn 3−p(ϑ)(−i)nF 2
mnp(ϑ, ϕ),

(67)

S12 = i

k

∑
n,m,p

τmnp(ϑ)(−i)n+1F 2
mnp(ϑ, ϕ),

S21 = i

k

∑
n,m,p

τmn 3−p(ϑ)(−i)nF 1
mnp(ϑ, ϕ),

in which the superscripts 1 and 2 on F correspond to scattering coefficients cal-
culated for parallel or perpendicular incident field polarization, respectively. The
elements of the phase matrix can be directly calculated from the amplitude matrix
elements (Chapter 1).

The cluster-centered approach to calculating the amplitude and phase matrices
begins by combining the partial scattered fields into a single expansion about
a common cluster origin. The “total” scattering coefficients in this expansion,
denoted amnp , are obtained from the addition theorem translation given by

amnp =
NS∑
�=1

a0�
mnp,

(68)
a0�
mnp =

∑
l,k,q

Ã0�
mnp klqa

�
klq, n = 1, 2, . . . , nmax,�0.

The total coefficients can then be transformed according to Eq. (62) to align them
with respect to the incident field. The far-field components of the electric field
will be given by Eq. (65), in which the partial coefficients are replaced by the total
coefficients. The amplitude matrix elements are also given by Eqs. (67), with F 1

and F 2 replaced by a1 and a2.
The maximum order n on the translated scattering coefficient a�0mnp, which is

denoted nmax,�0, will, in general, be greater than the partial field truncation limit
of nmax,�. This is because the expansion of the partial field of sphere � about the
cluster origin 0 must now include the phase shift effects as described in Eq. (64).
The number of orders required to describe this effect will increase as the distance
between the sphere and the cluster origins, R�0, increases. It has been shown that
nmax,�0 can be conservatively estimated by applying Eq. (6) to the size parame-
ter based on the smallest sphere, centered about the cluster origin, that encloses
sphere �, that is, x�0 = k(R�0 + a�). It should also be emphasized that the re-
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expansion of the partial fields about a common origin occurs after a solution to
Eq. (49) has been obtained—and thus does not affect the truncation limits nmax,�

that are used on the partial field expansions.

VI. CLUSTER T MATRIX AND
RANDOM-ORIENTATION PROPERTIES

A. SPHERE-CENTERED AND CLUSTER-CENTERED
T MATRICES

Calculation of the random-orientation cross sections and scattering matrix el-
ements of a cluster can proceed obviously by numerical quadrature of the fixed-
orientation properties over the incident direction and polarization states as defined
by α, β, and γ . Although such quadrature-based methods can be relatively effi-
cient when used to calculate the total cross sections of sphere clusters—especially
clusters that possess a random structure (i.e., fractal-like aggregates)—they are
less efficient when accurate values for the scattering matrix elements are needed.
Recent investigations of the polarimetric scattering properties of sphere clus-
ters have shown that the depolarized scattering components can be highly sen-
sitive to the orientation of the cluster with respect to the incident field (e.g.,
Mishchenko et al., 1995). Because of this, accurate numerical calculation of
the polarimetric scattering properties of a cluster can require an extremely fine
quadrature scheme. For such situations, it can be computationally advantageous
to calculate the T matrix of the sphere cluster and employ established relations to
extract the random-orientation cross sections and scattering matrix elements from
the T matrix (Mackowski, 1994; Mackowski and Mishchenko, 1996).

The inversion of Eq. (49) identifies the sphere-centered T��
′

matrix for
sphere �, that is,

a� =
NS∑
�′=1

T��
′
p�

′
. (69)

The sphere-centered T��
′
matrix retains the partial field representation of the scat-

tered field—and is therefore subject to the same phase difference constraints in the
calculation of the scattered field that were encountered in the previous section. On
the other hand, the random-orientation cross sections of the individual spheres,
and of the cluster as a whole, can be obtained directly from the T��

′
matrices.

In particular, the random-orientation extinction and absorption cross sections of
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sphere � are given by〈
C�ext

〉 = − Re
2π

k2
T ��

′
mnp klqÃ

�′�
klq mnp,

(70)〈
C�abs

〉 = −2π

k2

Emn
Euw Re

(
1

[a�np]∗
+ 1

)
T ��

′
mnp klqÃ

�′�′′
klq uvw

[
T ��

′′
mnp uvw

]∗
.

In the preceding and in what follows we adopt a tensorial approach, in that sum-
mation over all subscripts/superscripts not appearing on the left-hand side of the
equation is implied.

The cluster T matrix represents the scattered wave from the cluster by a single
expansion, centered about the origin of the cluster. It is defined so that

amnp = Tmnp klqpklq, (71)

in which the incident field coefficients pklq are referenced with respect to the
cluster origin. The transformation of the sphere-centered T matrices to the cluster
T matrix is accomplished by two successive addition theorem transformations,
given by

Tmnp klq = Ã0�
mnp uvwT

�
uvw klq,

(72)
T �mnp klq = T ��

′
mnp uvwÃ

�′0
uvw klq.

The cluster T matrix, defined by the preceding equations, is completely equivalent
to that which would be calculated via the extended boundary condition method
(Chapter 6).

B. ITERATIVE SOLUTION OF THE CLUSTER T MATRIX

An efficient scheme for calculating the cluster T matrix, which obviates the
need to directly invert Eq. (49) for the T ��

′
matrices, is obtained by transforming

Eq. (49) according to Eq. (72). This results in a system of equations for the n, m,
and p components of T �mnp klq , given by

T �mnp klq = ā�np(1 − δ��′)A��′mnp uvwT �
′
uvw klq + ā�npÃ�0mnp klq. (73)

The basic procedure for calculating the cluster T is to solve the preceding system
for the row vectors of T � using successive values of l, k, and q . Note that, for
each l, k, and q , Eq. (73) contains the same number of unknowns as Eq. (49).
Following each solution, the obtained vector is translated and added into T fol-
lowing Eq. (69). The maximum value of l, for a given origin �, can be identified
in the course of the calculations by examining the convergence of the independent
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scattering cross section of sphere �, that is,〈
C�sca,ind

〉 = 2π

k2

Emn
Ekl

∣∣T �mnp klq∣∣2. (74)

Once the relative change in 〈C�sca,ind〉 for successive values of l decreases below

an acceptable limit, the T � matrix for sphere � can be removed from Eq. (73).
Spheres that are closer to the cluster origin will have their T � matrices converge
faster than those that are farther removed. In this sense, the number of equations
to be solved decreases as the entire T matrix approaches convergence.

C. RECURSIVE T-MATRIX ALGORITHM

Wang and Chew (1993) proposed a recursive T -matrix algorithm (RTMA),
which makes use of a successive transformation of sphere clusters into single-
particle T -matrix representations. To describe the method, consider the example
when a cluster T matrix is calculated for a two-sphere system. Denote the matrix
T (2), and now add a third sphere to the system. If the third sphere lies outside
of a circumscribing sphere about the two-sphere system, the resulting scattering
problem can be viewed as a two-body problem, in which the third sphere interacts
solely with the original bisphere. In the form of Eq. (73), the problem would be
represented as

T 3
mnp klq − ā3

npA
30
mnp uvwT

2
uvw klq = ā3

npÃ
30
mnp klq,

(75)
T 2
mnp klq − T (2)mnp rstA03

rst uvwT
3
uvw klq = T

(2)
mnp klq ,

in which the coordinate origin for the three-sphere system is taken to coincide with
the origin of the two-sphere system. Following solution of Eq. (75), the three-body
T matrix would be obtained from

T
(3)
mnp klq = Ã30

mnp uvwT
3
uvw klq + T 2

mnp klq . (76)

A fourth sphere could now be added and the process repeated, until the T matrix
for the entire cluster has been calculated.

The apparent advantage of this process is that it reduces calculation of the
cluster T matrix into a sequence of two-body calculations—the latter can be per-
formed efficiently by realigning (via rotational transformations, discussed later)
the two bodies to share a common z axis. However, for reasons alluded to previ-
ously, the process would not be expected to be accurate for arbitrary clusters of
spheres. The T matrix for a cluster will provide a valid description of the scattered
field only for regions that are outside of a circumscribing sphere of the cluster.
This constraint alone would appear to limit the RTMA to relatively simple clus-
ters, for example, linear chains of spheres. In addition, the number of harmonic
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orders needed to accurately describe the near-field scattered wave will, in general,
be larger than that needed to describe the far-field wave. Because of this, applica-
tion of the RTMA procedure would involve increasingly larger truncation limits
on the “partial” cluster T matrices.

VII. MEASUREMENTS AND APPLICATIONS

It is to be understood that the subheadings in this section serve only as gen-
eral groupings and that there can be considerable overlap between them. It has
been difficult to divide this section into subsections because light scattering is a
quintessentially multidisciplinary study, and it is unnatural to compartmentalize
applications of scattering and absorption by compounded spheres into exclusive
categories.

Several general classes of compounded structures are intermingled in the spe-
cific applications discussed in the following. At present these classes can be rep-
resented as (1) agglomerates of similar particles, (2) composites assembled from
dissimilar particles, (3) media containing high volume fractions of grains, and (4)
fabricated arrays.

A. PARTICLE CHARACTERIZATION

Advances in light-scattering instruments for real-time characterization or dis-
crimination of micrometer-sized particles are important in environmental and pro-
cess monitoring. Knowledge of the chemical and physical nature of such particles
is often a fundamental step in the analysis of their production and implications,
but many current interpretations of light-scattering data are based on simplify-
ing assumptions with regard to particle morphology and internal structure. Com-
pounded spheres can be inherently nonspherical, nonhomogeneous particles, and
reliable calculations for their optical properties provide a valuable means of en-
hancing the information content of optical particle measurements.

1. Optics of Soot Agglomerates

Much of the development of multiple-sphere radiative models has been mo-
tivated by the need to better predict the absorption and scattering properties of
flame-generated carbonaceous soot particles. Soot typically consists of aggregates
of small (radius ∼ 10–30 nm) primary spheres. The average number of spheres
in an aggregate can range from a few 10s for soot formed in rich premixed flames
to 104 for large-scale turbulent diffusion flame soot. Because the primary spheres
coagulate by Brownian diffusion, the structure of soot aggregates can be well
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described by fractal relationships. Numerical simulations of diffusion-limited ag-
gregation typically result in fractal dimensions Df between 1.7 and 1.9 and pre-
factors kf between 1.3 and 1.6 (Mountain and Mulholland, 1988). In addition to its
relevance to atmospheric radiation (to be addressed in Section B), it is well recog-
nized that heat transfer from flames can be dominated by thermal emission from
soot particles, which makes an accurate understanding of their radiative proper-
ties important in combustion diagnostics and heat transfer modeling. Furthermore,
soot can be associated with mutagenic organic carbon compounds, and exact opti-
cal models will be useful in any upgrades to emissions monitoring resulting from
revised U.S. Environmental Protection Agency standards.

The relative simplicity of the RGD model has enabled several researchers to
use the method to extract, via laser light-scattering measurements, the structural
properties of soot aggregates (Dobbins and Megaridis, 1991; Sorensen et al.,
1992, 1997; Köylü and Faeth, 1992; Cai et al., 1993). Typically, these methods in-
volve measurement of the vertical–vertical polarized component of the scattering
distribution for which the primary particle contribution will be a constant.

As the first term in the Born expansion of Eq. (49), the RGD approximation
neglects intracluster scattering. Most of the attempts to explicitly model multiple
scattering (i.e., near-field interactions) among the primary spheres in an aggregate
have been performed using various dipole interaction models (Purcell and Pen-
nypacker, 1973; Jones, 1979; Chen et al., 1991; Charalampopoulos and Chang,
1991; Sorensen et al., 1992; Markel et al., 1997). Because of their treatments of
dipole self-interactions and field translations, some of these models are not com-
pletely equivalent to that obtained when the exact, multipole formulation is re-
duced to the dipole limit. In particular, the models of Jones (1979) and Chen et al.
(1991) have been shown to violate energy conservation, whereas the multipole
formulation obeys energy conservation at all levels of approximation—including
the dipole limit.

A key difference between interacting dipole and RGD models is in the predic-
tion of depolarized scattering effects (e.g., vertical–horizontal polarization scat-
tering distributions)—which is a manifestation solely of the sphere interactions.
Recent calculations by Singham and Bohren (1993) and Charalampopoulos and
Chang (1991) have indicated that measurement of such depolarization effects
could be used, in combination with interacting sphere models, to extract higher-
order structure information on soot aggregates.

Aggregates that have overall sizes significantly smaller than the radiation
wavelength can be modeled using an electrostatics approach. Here, the electric
field is represented by the gradient of a potential, with the potential, in turn, sat-
isfying Laplace’s equation. Analytical solutions for sphere clusters in the electro-
statics limit have been developed by Gérardy and Ausloos (1980) and Mackowski
(1995) using multipole techniques analogous to those used for electromagnetic
interactions among spheres. Application of the electrostatics solution to fractal-
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like aggregates has been performed by Mackowski (1995), in which a series ap-
proximation for the aggregate polarizability was developed. It was shown that
the dipole (i.e., single electric order) approximation is insufficient to accurately
describe the electric fields in contacting, Rayleigh-limit spheres that have rela-
tively large |m|—which will typically be the case for carbonaceous soot in near-
to mid-infrared wavelengths. As a result, the absorption cross sections of soot ag-
gregates in the infrared can be a factor of 2 greater than that predicted by the RGD
model.

In addition to validating or correcting assumptions regarding the RGD approx-
imation, it is not uncommon that aggregates are composed of primaries with sizes
lying well out of the Rayleigh range, in which case the rigorous theory becomes
even more important, or that aggregates and composite particles of other materi-
als, such as fumed silica or TiO2, are of interest. Journals on colloid and surface
science, as well as analytical chemistry, are replete with such examples.

2. Immunoassay

Flow cytometry is often fluorescence based, but of recent interest in medical
diagnostics is the determination, by elastic scattering, of the aggregation of micro-
and nanospheres by bioconjugate-mediated agglutination. Models of the radiant
power scattered into a given detector angle based on exact theories of scattering
by aggregates have proven useful in this regard (e.g., Fuller et al., 1998). (A bit
more on immunoassay will be covered in Section C.)

3. Two-Dimensional Scattering

Analysis of two-dimensional (2D) scattering is of increasing utility in optical
characterization. Kaye et al. (1992) have demonstrated that it can aid in the char-
acterization of nonspherical particles. Hirst et al. (private communication) have
also found that 2D scattering images may discriminate between concentric and
eccentrically stratified spheres in accelerating flows, and Holler et al. (1998) are
exploring its ability to characterize aggregates and other particle shapes. Calcula-
tions made in concert with these recent works are displayed in Fig. 6.

B. REMOTE SENSING AND CLIMATOLOGY

1. Atmospheric Aerosols

It has become clear that a sufficiently accurate understanding of climate change
depends on a more complete understanding of aerosol composition and geo-
logic distribution (National Research Council, 1996). Limits in the sensitivity and
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accuracy of satellite-based aerosol measurements will be pushed back as sen-
sor technology evolves; instrumentation on the NASA Earth Observing System
fleet being deployed presently and in the near future (e.g., Mishchenko et al.,
1997c; Gordon, 1997) is an example. To an ever-increasing degree, scalar ra-
diative transfer and its implicit reliance on single scattering will no longer pro-
vide an adequate means of interpreting such measurements (Lacis et al., 1998).
These inadequacies will, in turn, require that treatments of multiple scatter-
ing, particle absorption, and vector radiative transfer be employed more ex-
tensively than in the past. Spectral multiangle radiometry (Kahn et al., 1997)
and polarimetry (e.g., Mishchenko and Travis, 1997; Herman et al., 1997;
Bréon et al., 1997) will provide unprecedented sensitivity to combinations of
particle shapes, size distribution, and composition. On the other hand, existing
standard aerosol optics models (Shettle and Fenn, 1979; d’Almeida et al., 1991)
that are used for atmospheric radiation calculations (e.g., Gordon, 1997) likely
do not properly account for chemical speciation, aerosol absorption, and particle
morphology.

Through the mid-1990s, considerable attention was paid to sulfate aerosol scat-
tering with relatively little focus on the effects (light absorption, in particular)
of carbonaceous (soot and organic) particles on Earth’s radiation balance; yet in
some regions their mass concentrations are often comparable to or greater than
those of sulfates (Malm et al., 1994). Atmospheric soot occurs as aggregates of
black carbon spherules coated with unburned or partially oxidized fuel. In an-
thropogenic haze, individual haze elements frequently occur in the form of sul-
fate/soot composite particles (e.g., Podzimek, 1990; Parungo et al., 1992). The
theory for compounded spheres is thus a valuable tool for understanding the op-
tical properties of a major class of atmospheric particulates and in assessing the
impact of such particles on radiation balance, as well as on visual air quality. Cal-
culations indicate that externally and internally mixed aerosols can have signifi-
cantly different radiative properties (Fuller et al., 1994a; Fuller, 1994b, 1995a, b;
Chýlek et al., 1996). Fuller et al. (1999) have modeled soot absorption for more
realistic scenarios than those considered in the preceding references and the im-
pacts of these different properties on climate forcing and boundary layer heating
rates are being investigated, but earlier work indicates that instantaneous column
heating in an aerosol layer is quite sensitive to changes in absorption (Fuller et al.,
1994b).

Airborne dust can be a significant aerosol component and the complex mor-
phology and composition of dust particles renders their optical properties diffi-
cult to model (Sokolik et al., 1997). The theory can also be applied to the study
of radiometric properties of wind-blown dust and soil and can augment existing
scattering models by significantly extending the range of morphologies, sizes, and
compositions that can be studied.
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Figure 6 Two-dimensional scattering patterns. Upper panel: The 2D intensity pattern is calculated for close-packed clusters of
identical spheres for (a) a triangular array illuminated by radiation incident in the plane of the triangle, at one of the vertices;
(b) with the addition of a fourth sphere to form a tetrahedron; and (c) with the addition of a fifth sphere to form a hexahedron. Lower
panel: A pair of very different spheres, illuminated at broadside incidence where (a) a satellite droplet resides on the surface of a
larger host, (b) the smaller droplet resides just inside the host, and (c) an inclusion is displaced by a distance equal to its radius from
the center of the host. The size parameters of the spheres are about 3 for the calculations displayed in the upper panel. For the lower
panel, the size parameter of the host is about 50 and that of the smaller sphere is about 20.261
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2. Cloud Absorption

Carbon/sulfate composite aerosols can serve as cloud condensation nuclei, and
through either nucleation or impact scavenging, carbon can be incorporated into
cloud droplets. The occurrence of carbon on or in cloud droplets is, in turn, of in-
terest as a possible contributor to light absorption by clouds. The so-called cloud
absorption anomaly has been given considerable attention (Stephens and Tsay,
1990; Ramanathan et al., 1995; Stephens, 1996), and even though carbonaceous
material often appears to be of secondary importance, in some cases it may in-
crease absorption by a few percent (Heintzenberg and Wendisch, 1996) and so,
play a role in regional cloud forcing. Figure 7 demonstrates the effects of trace
amounts of carbon, typical of remote marine loadings, on the absorption efficiency
(the ratio of Cabs to geometric cross section) of cloud droplets. The conclusions
that can be drawn from these calculations contrast somewhat with the speculations
by Chýlek and Hallett (1992) and Chýlek et al. (1996).

Cloud absorption may also play a role in monitoring indirect climate forcing
by aerosols: It is anticipated that changes in cloud albedo, which would be dif-
ficult to detect, at best, could be linked to aerosol-induced changes in droplet
size distribution. These size distributions would then be used to estimate modi-
fications of cloud lifetime and of cloud radiative forcing by pollution. Because a
reduction in albedo by absorbing carbon could offset increases in albedo resulting
from changes in droplet size, a rigorous model of droplet absorption is necessary
if one is to infer actual changes in droplet size distributions from changes in cloud
albedo induced by anthropogenic aerosols and biomass burning.

3. Astronomy

In planetary astronomy, the radiative properties of surfaces and some cloud lay-
ers can be strongly influenced by the occurrence of scatterers as compounded par-
ticles. It has been shown that surface albedos can be strongly affected by how scat-
terers are mixed with absorbers in planetary regoliths (Hapke, 1993; Hapke et al.,
1975; Hapke et al., 1998). There is also evidence, based on radiometric proper-
ties of aggregates, that such particles may exist in certain layers of extraterres-
trial atmospheres (West and Smith, 1991). Calculations of aggregates have also
been used to help interpret data from radio occultations by planetary rings (Gresh,
1990). As discussed elsewhere in this book (Chapters 13 and 19), interplanetary
and interstellar grains are often nonspherical and may frequently occur as aggre-
gated particles. An ability to relate their optical and structural properties enables
scientists to better understand the astrophysical processes involved in early stellar
and planetary evolution (Poynting–Robertson drag being an example). It is note-
worthy that attempts to understand ultraviolet scattering by carbon grains led to
major progress in the production of C60 molecules and the discovery of a new
crystalline form of carbon (Huffman, 1991).
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Figure 7 Absorption efficiency of monodisperse water droplets, 5 µm in radius, with randomly lo-
cated 0.03-µm carbon inclusions. The mass ratios are equivalent to about 400 ng of light-absorbing
carbon per gram of water, representative of polluted cloud water. In the visible, the lower curve is for
pure water and the upper curve includes absorption by encapsulated carbon. The band-averaged ab-
sorption efficiency of the droplets rises from 1.6×10−5 for pure water to 1.4×10−4 for droplets inoc-
ulated with carbon grains. Approximately 20% of the absorption efficiency of the inoculated droplets
is due to carbon grains exposed to high fields associated with the droplet whispering gallery modes.

C. PHOTONICS

1. Morphology-Dependent Resonances in Microparticles

One of the most interesting features of light scattering by microspheres is their
ability to act as resonance cavities, sustaining whispering gallery modes with
quality (Q) factors reaching nearly 1010 (Gorodetsky et al., 1996; Vernooy et al.,
1998). This produces low-threshold nonlinear optical effects such as stimulated
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Raman scattering, lasing, spectral hole burning, and cavity quantum electrody-
namic effects.

There is, at this time, an accelerating interest in the role of systems of com-
pound spheres in photonics. Work continues with concentric core–shell mor-
phologies, especially in relation to lasing emission from layered microspheres
and cladded fibers (e.g., Lock, 1990; Essien et al., 1993; Knight et al., 1993). Re-
ferring back to Fig. 3, it has also been shown that, in addition to the whispering
gallery modes of the component spheres in systems of concentrically stratified
spheres, resonances produced by poles in the “coefficient of finesse” in Eq. (33)
can arise that are analogous to the resonant modes of a Fabry–Perot cavity. (Obvi-
ously, this same analysis can be readily applied to coaxial fibers and multilayered
structures.)

Because many microdevices based on microcavity resonances will likely in-
volve spheres residing in contact with a substrate or other optical elements, the
theory of dependent scattering is important in understanding how coupling to
these other objects will affect their resonance properties (e.g., Arnold et al., 1991,
1992). One interesting feature of interparticle coupling is an alteration of reso-
nance spectra that depends on the incident direction of the beam (Fuller, 1991;
Arnold et al., 1994).

A theoretical understanding of inclusions is of interest because of observed
reduced threshold lasing in microdroplets inoculated with nanometer-sized scat-
terers (e.g., Taniguchi et al., 1996), as well as other effects of seeding on mi-
crodroplet optical properties. Because the mode volumes of resonances in micro-
spheres are concentrated in equatorial or sagittal planes of the spheres, studies
of mode coupling in structures such as multisphere or stratified sphere systems
should be useful in the study of microdisk lasers. This may be especially true
with regard to improvements to input and output coupling to the resonances (e.g.,
Nöckel and Stone, 1997; Djaloshinski and Orenstein, 1998).

It has been found that microparticles can be organized by intense optical fields
(Burns et al., 1990). To a first approximation, the organization may be described
in terms of potential wells related to the local intensity in and near the parti-
cles. These potentials can be modified, however, by electromagnetic interactions
between the particles. The organization of microparticles is also relevant to op-
tical band gap materials—dielectric “crystals” composed of periodic arrays of
spheres that have photonic properties analogous to those of semiconductors (Ro-
manov et al., 1997). The study of cooperative scattering by arrays of dielectric
particles may provide a deeper understanding of these phenomena. Photon local-
ization and coherent backscatter (Mishchenko, 1996; Wiersma et al., 1997) are
other active areas of research where mutual polarization effects on interparticle
scattering are of interest. Interestingly, and somewhat counterintuitively, strongly
scattering media have been found that act as high-gain media for laser emission
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(Oliveira et al., 1997; Beckering et al., 1997), and the role of particle interactions
under such circumstances is poorly understood at this time.

2. Biosensors and Biomedical Optics

Closely related to such fields as photon localization and diffuse reflectome-
try of planetary regoliths is the subject of diffuse reflectance and transmittance
through biological tissue. These topics are addressed through the study of wave
propagation through discrete random media—a subject of considerable experi-
mental and theoretical research. For example, Zurk et al. (1995) and Tsang et al.
(1998) have modeled extinction rates as functions of particulate volume fraction
for collections of several thousand Rayleigh spheres and ellipsoids, respectively.
Work is also being carried out in the area of 2D imaging of Mueller matrix ele-
ments for light backscattered from turbid media (Cameron et al., 1998; Raković
and Kattawar, 1998). Our understanding of radiative transfer in such media would
be advanced if one could determine effective values for Cext,� , and 〈cos�〉 that
account for coupling between neighboring particles.

Surface-enhanced Raman spectroscopy (SERS) utilizes the strong local fields
produced by dipolar plasmon resonances in nanometer-sized metal particles
(Moskovits, 1985). Because of the biological compatibility of gold and silver,
nanoparticles made of these metals are used in the detection and spectroscopy
of biomaterials. The ability to control the quality of such Raman-active sur-
faces depends on how the metal particles couple to substrates and to each other
(Grabar et al., 1995; Freeman et al., 1995; Westcott et al., 1998; Quinten et al.,
1998). Oldenburg et al. (1998) have also been active in the study of hybrid parti-
cles similar to those used in the immunoassay scheme mentioned previously. This
area can clearly benefit from applications of the theory described in this chapter,
though one is cautioned that the interactions between small metal spheres can,
once again, be problematic (Fuller, 1987).

3. Photon Correlation Spectroscopy

In addition to the photon correlation spectroscopy of bulk colloidal suspen-
sions (e.g., Ovod et al., 1998), there is considerable interest in the optical prop-
erties of micrometer-sized particles that entrain micrometer- or submicrometer-
sized inhomogeneities. One focus of this interest is on the effects that the
inhomogeneities might have on the phenomena associated with the morphology-
dependent resonances of their hosts. Investigations have been carried out in this
context on fluctuations in the intensity of elastically scattered light (Bronk et al.,
1993) and in the resonance spectra (Ngo and Pinnick, 1994; Fuller, 1994c, 1995b).
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D. NUMERICAL TEST BED FOR OTHER TECHNIQUES

Compounded spheres can form inherently nonspherical, nonhomogeneous
scatterers. As techniques for exact or approximate solutions for scattering by non-
spherical particles are introduced, the exact theories described in this chapter will
continue to enjoy use as a means of testing those techniques, as they have in the
past (Mulholland et al., 1994; West, 1991; Flatau et al., 1993; Hill et al., 1995).
It is anticipated that the analysis discussed in this chapter will be of use in deter-
mining the accuracies of calculations based on the finite difference time domain
(Chapter 7; Cole, 1998) and geometric optics approximations [see Chapters 10
and 15; Roll et al. (1998) for examples of recent advances in geometric optics
applied to nonspherical and spherical particles, respectively].

There is also a need to validate effective medium theories (Bohren, 1986;
Chapter 9) and recent calculations have been made that compare exact calcula-
tions for absorption by internally mixed soot to selected effective medium ap-
proximations (Fuller et al., 1999).

Scattering by clusters has enjoyed a synergism with microwave measurements
(Kattawar and Dean, 1983; Fuller et al., 1986; Fuller and Kattawar, 1988a, b; Xu,
1997; Chapter 13). The availability of microwave data was instrumental in the
evolution of the theoretical work of Kattawar et al., and that theory has, in turn,
been used to calibrate measurements at other microwave facilities.

E. EXTENSIONS OF THE THEORY

1. Focused Beams

As long as one is able to express the incident field as an expansion in vec-
tor spherical harmonics, it is possible to solve the boundary value problem for
incident waveforms other than plane waves. Applications of this approach to sin-
gle spheres can be found in the works of Grehan et al. and Barton et al. (e.g.,
Barton et al., 1989; Barton, 1998; Wu et al., 1997) on generalized LM theory.
Recently the beam shape coefficients of Gouesbet and Grehan have been cast in
terms of the VSH addition coefficients (Doicu and Wriedt, 1997c).

2. Pulses

In this case, one works with the Fourier transform of the pulse to express the
incident beam in the frequency domain. Provided that the range and resolution of
the scattering spectra are not too great, it should be a relatively straightforward
matter to investigate interactions between multisphere systems, analogous to the
studies carried out for cases of single spheres (Rheinstein, 1968; Inada, 1974;
Eiden, 1975; Shifrin and Zolotov, 1995).
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3. Higher Degrees of Compound Structure

There are structures that are somewhat more complicated than those dis-
cussed in this chapter, which, with fairly straightforward extensions of the theory,
can be addressed. Among these are multiple concentric layers (Bhandari, 1985;
Mackowski et al., 1990), aggregates of coated particles (Borghese et al., 1987;
Hamid et al., 1992; Fuller et al., 1999), higher levels of eccentric layering (Videen
and Ngo, 1998), and aggregates of compounded spheres.

VIII. VECTOR ADDITION THEOREM

A. DERIVATION

Stein (1961) and Cruzan (1962) developed the vector harmonic addition theo-
rem by a painstaking application of the scalar harmonic addition theorem, devel-
oped by Friedman and Russek (1954), to the vector components of an outgoing
spherical wave. A more direct approach, demonstrated here, is to consider the
vector addition theorem as applied to a plane, linearly polarized wave.

As before, the propagation and polarization directions of the incident wave
are defined by rotation of a z-propagating wave, with electric field pointed in the
x direction, through the Euler angles (α, β, γ ). The expansion coefficients for the
plane wave, in terms of the vector harmonics about origin �, are related to the
coefficients about origin 0 by the phase shift given in Eq. (12). The expansion
coefficients about origin � can also be obtained by application of the addition
theorem, which appears as

p�mnp =
∑
l,k,q

Ã�0np klqpklq . (77)

Equating Eq. (77) with Eq. (12) and using the orthogonality relation for the plane
wave expansion coefficients,

1

8π2

∫ 2π

0
dα

∫ 1

−1
d(cosβ)

∫ 2π

0
dγpmnpp

∗
klq = 2n+ 1

n(n+ 1)

(n−m)!
(n+m)!δnlδmkδpq

(78)
gives

Ã�0mnp klq = 1

8π2

n(n+ 1)

2n+ 1

(n+m)!
(n−m)!

∫ 2π

0
dα

∫ 1

−1
d(cosβ)

∫ 2π

0
dγpmnpp

∗
klq

× exp
[
ikR�0(cos��0 cosβ + sin��0 sin β cos( �0 − α))]. (79)
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The integrations can be performed by employing the rotation function repre-
sentation of pmnp(α, β, γ ) given in Eq. (11). The product of two rotation func-
tions, which occurs when pmnpp∗

klq is expanded, can be linearized into a series of
rotation functions by the relation

DsmnDs
′
kl = (−1)k+s ′ (l − k)!(l + s

′)!
(l + k)!(l − s′)!D

s
mnD−s ′

−kl

= (−1)k+s ′
(l − k)!(l + s′)!
(l + k)!(l − s′)!

×
∑
w

(−1)n+l+wĈw−mnklĈwsn−s ′lDs−s
′

m−kw, (80)

in which the Ĉ are equivalent (to a normalizing factor) to the vector-coupling
coefficients. The sum over w includes values from w = max(|n − l|, |m − k|,
|s − s′|) to w = n+ l. By recognizing that

l(l + 1)Ĉw1n−1l = (−1)n+l+wn(n+ 1)Ĉw−1n 1l (81)

and

D0
m−kw(β) = (−1)k−mPk−mw (cosβ), (82)

it can readily be shown that

1

2π

∫ 2π

0
pmnpp

∗
klq dγ = −1

2
il−n(−1)k(2n+ 1)

2l + 1

l(l + 1)

(l − k)!
(l + k)!

× Ĉw−mnklĈw−1n 1lP
k−m
w (cosβ) exp[i(k −m)α]. (83)

The sum over w spans the same range as before, yet now includes only even
n+ l+w if p = q and odd n+ l+w if p �= q . The phase factor in Eq. (79) is now
expanded using addition theorems for spherical Bessel functions and associated
Legendre functions:

exp
[
ikR�0(cos��0 cosβ + sin��0 sin β cos( �0 − α))]

=
∞∑
v=0

iv(2v + 1)jv(kR�0)

×
v∑

u=−v
Puv (cos��0) exp(iu �0)P−u

v (cosβ) exp(−iuα). (84)
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The orthogonality properties of the Legendre functions can now be used to per-
form the remaining integrations over α and β in Eq. (79). The final result is

Ã�0mnp klq = −il−n(−1)m(2n+ 1)
∑
w

iwĈw−mnklĈw−1n 1ljw(kR�0)

× Pk−mw (cos��0) exp[i(k −m) �0],
w = max(|n− l|, |m− k|), . . . , n+ l. (85)

Again, if p = q then w + n + l takes on even values; otherwise w + n + l is
odd. The addition coefficients for translation of spherical waves, A�0mnp klq with
R�0 > R�, will be identical in form to Eq. (85), except with the spherical Bessel
function jw(kR�0) replaced by the spherical Hankel function hn(kR�0).

It has been shown (using the symbolic package Mathematica) that the result
in Eq. (85) is completely equivalent to the previously derived results of Stein and
Cruzan. Unlike the previous formulas, however, the result here shows that the
same-mode and cross-mode coupling coefficients (i.e., p = q and p �= q) have
the same basic formula.

B. SYMMETRY AND ROTATIONAL DECOMPOSITION

The following relations are useful in calculation of the addition coefficients:

A��
′

mnp klq = (−1)m+n+p+k+l+q (2n+ 1)l(l + 1)

(2l + 1)n(n+ 1)
A��

′
−klq−mnp

= (−1)m+k (2n+ 1)l(l + 1)

(2l + 1)n(n+ 1)
A�

′�
−klq−mnp

= (2n+ 1)l(l + 1)

(2l + 1)n(n+ 1)

(n−m)!(l + k)!
(n+m)!(l − k)!

[
A�

′�
klq mnp

]∗
. (86)

The same relations apply to the plane wave addition coefficient Ã. In the last
relation, the conjugate applies to all complex quantities in the addition coefficient
with the exception of the basis function hw(kR��′). This exception need not be
made for Ã when the medium has a real refractive index.

In the course of the iterative solution of Eq. (47), it is necessary to perform the
matrix–vector multiplication

a��
′

mnp = A��′mnp klqa�
′
klq. (87)

This operation requires on the order of (nmax)
4 multiplications to transform a�

′

into a��
′
. The process is accelerated considerably if the translation from �′ to �

corresponds to the z axis of the cluster; that is, the translation is along the symme-
try axis. For this case the azimuthal degrees become decoupled, and the addition
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coefficient is nonzero only for k = m. The multiplication process is now reduced
to the order of (nmax)

3 steps. This savings in computational time can be exploited
for general translations by decomposing the addition coefficient into three steps:
the first involving a coordinate rotation of �′ toward �, the second involving an
axial translation of �′ to �, and the last involving an inverse rotation back to the
original frame. The steps involved in this process are

a��
′,1

mnp = exp(ik ��′)Dkmn(���′)a�
′
knp,

a��
′,2

mnp = A′��′
mnpmlqa

��′,1
mlq , (88)

a��
′

mnp = (−1)m+k exp(−im ��′)Dkmn(���′)a��
′,2

knp ,

in which the addition coefficient in the second step is calculated for axial transla-
tion between �′ and �, that is, �′

��′ =  ′
��′ = 0. Because each step in the process

involves on the order of (nmax)
3 steps, it can be significantly faster when nmax is

large than the direct process of Eq. (87). In addition, the rotational and axial trans-
lation matrices can be stored in less memory space (by a factor of approximately
nmax) than the undecomposedA��

′
.

C. ROTATION FUNCTIONS AND VECTOR COUPLING
COEFFICIENTS

The rotation coefficients Dmkn appearing in this work are related to the general-

ized spherical functions d(n)km by

Dmkn(β) = (−1)m+k
[
(n− k)!(n+m)!
(n+ k)!(n−m)!

]1/2

d
(n)
km (β). (89)

In addition, they are also related to the Jacobi polynomials by

Dmkn(β) = (−1)m+k (n− k)!
(n−m)!

(
cos

(
β

2

))k+m(
sin

(
β

2

))k−m
× P(k−m),(k+m)n−k (cosβ). (90)

A recurrence relation for calculating the functions upwards in m is

D0
kn(β) = (−1)kP−k

n (cosβ),
(91)

Dm+1
kn = cos2

(
β

2

)
Dmk−1 n − (n− k)(n+ k + 1) sin2

(
β

2

)
Dmk+1 n

− k sin(β)Dmkn.
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The symmetry relations are

D−m
kn (β) = (−1)m+k (n−m)!(n− k)!

(n+m)!(n+ k)!D
m−kn(β)

= D−k
mn(β) = (−1)k+mD−k

mn(−β). (92)

The Ĉ coefficients appearing in this work are related to the vector coupling
coefficients by

Ĉwmn,kl =
(
(n+m)!(l + k)!(w −m− k)!
(n−m)!(l − k)!(w +m+ k)!

)1/2

Cm+kw
mn,kl . (93)

The Ĉ coefficients can be calculated by first defining

Ĉwmn,kl = gnlw(n+m)!(l + k)!(w −m− k)!Swmn,kl, (94)

where

gnlw =
(
(2w + 1)(n+ l −w)!(w + n− l)!(w + l − n)!

(n+ l + w + 1)!
)1/2

. (95)

The S coefficients, in turn, obey the three-term downwards recurrence relation

Sw−1
mn,kl = bwSwmn,kl + cwSw+1

mn,kl, (96)

bw = (2w + 1){(m− k)w(w + 1)− (m+ k)[n(n+ 1)− l(l + 1)]}
(w + 1)(n+ l −w + 1)(n+ l +w + 1)

,

(97)

cw = −w(w + n− l + 1)(w + l − n+ 1)(w +m+ k + 1)(w −m− k + 1)

(w + 1)(n+ l −w + 1)(n+ l +w + 1)
,

with starting values of

Sn+l+1
mn,kl = 0,

(98)

Sn+lmn,kl = 1

(n−m)!(l + k)!(n+m)!(l − k)! .

The minimum value of w will be the larger of |n − l| or |m + k|. Recurrence
formulas for S in the n and l indices can be obtained from the formulas

Swmn,kl = (−1)w+n+kSnm+kw,−kl = (−1)w+n+kSnkl,−m−kw
= (−1)n+mSlmn,−m−kw = (−1)n+mSlm+kw,−mn. (99)
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I. INTRODUCTION

The optical properties of heterogeneous particles have been of considerable in-
terest and importance in several different branches of science. They are needed in
various applications in atmospheric science, oceanography, astronomy, and other
fields of geophysical science. Individual aerosol particles may be a composed
mixture (black carbon in ammonium sulfate, black carbon in quartz, clay min-
eral in quartz, black carbon in water, sulfuric acid with a crustal core, ammonium
sulfate in sulfuric acid, silica and black carbon agglomerates, metals in sulfuric
acid, etc.). Such particles can have a very complicated morphology (Gillette and
Walker, 1977; Chýlek et al., 1981; Pinnick et al., 1985; Sheridan and Mussel-
man, 1985; Sheridan, 1989a, b; Sheridan et al., 1993; Reitmeijer and Janeczek,
1997). The problem of scattering and absorption of electromagnetic radiation by
these composite particles is so complicated that the exact solution of Maxwell’s
equations with appropriate electromagnetic boundary conditions is not practical.
Moreover, the exact shapes, sizes, positions, orientations, and numbers of inho-
mogeneities are usually unknown. Even if we could spend an enormous amount
of computer time to obtain the numerical solution, the lack of information con-
cerning the detailed structure of atmospheric particles prevents us from obtaining
an appropriate solution.

For these reasons it seems attractive to have a way to determine some aver-
age optical properties of heterogeneous materials that would enable us to treat
that heterogeneous material in much the same way as we treat homogeneous sub-
stances. This problem is not limited to problems of atmospheric science or the
geosciences. The first attempts to find a way to simplify heterogeneous materi-
als by describing them by average or effective material constants is almost as old
as electromagnetic theory itself (Maxwell-Garnett, 1904). The Maxwell-Garnett
mixing rule is still frequently used today in the geophysical sciences and other
fields.



Chapter 9 Effective Medium Approximations for Heterogeneous Particles 275

Other prescriptions for the average optical properties of heterogeneous materi-
als followed soon thereafter and, as of today, we have a rather long list of so-called
mixing rules or effective medium approximations (EMAs). They all were derived
under various sets of restrictive conditions. However, they have one basic assump-
tion in common, namely, that the typical dimension d of an inhomogeneity must
be much smaller than the wavelength λ of the considered radiation, d � λ.

Practical physical and geophysical situations frequently present problems that
do not conform to the essential requirement of smallness of the regions of inho-
mogeneity compared to the wavelength. Consequently, there is an ongoing search
for new ways to extend the region of applicability of EMAs to slightly larger sizes
of inclusions and inhomogeneties. EMAs that are constructed to allow larger sizes
of inclusions (but still smaller than the wavelength) are generally called extended
effective medium approximations (EEMAs). The targeted region of their appli-
cability is d < λ instead of d � λ, as required for ordinary effective medium
approximations.

Effective and extended effective medium approximations (for which we will
at times simply use the term effective medium approximations to cover both) are
not approximations in a strict mathematical sense. It is not generally possible to
estimate the accuracy of a given approximation by considering the magnitude
of neglected terms with respect to those that are kept. EMAs are often based
on an ad hoc assumption that leads to a simplified, solvable model of a real,
complicated, and usually unsolvable situation. As a result, one is able to derive a
simple or only moderately complicated prescription (e.g., the mixing rule) of how
to calculate the average optical properties of a heterogeneous composite material
from the known properties and amounts of its individual components. Because
there are no specific algebraic terms neglected and because the exact solution of
the problem is usually unknown, the accuracy of such derived effective material
constants (effective dielectric constants or effective refractive indices of material)
and the precise conditions for their permissible use are not easy to assess.

II. EFFECTIVE MEDIUM APPROXIMATIONS

The EMAs for composite materials are traditionally developed for electrostatic
fields. The starting point is the basic electrostatic linear relation between the elec-
tric displacement D and electric field E. For an ideal homogeneous material, the
relation is D = εE, provided that the material is also isotropic in space.

In the case of heterogeneous particles with macroscopic inclusions, the appro-
priate linear relation is

D(x, y, z) = ε(x, y, z)E(x, y, z), (1)
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where ε(x, y, z) is a dielectric constant at the point (x, y, z) within the particle.
The dependence of ε on position accounts for the inhomogeneity. More general
linear relations could be used to account for possible anisotropic and nonlocal
correlation in space, but those are not required for our purposes.

For the case of an inhomogeneous medium, the effective dielectric constant
εeff of a composite material is defined by (Landau and Lifshitz, 1960)∫

V

D(x, y, z) dx dy dz =
∫
V

ε(x, y, z)E(x, y, z) dx dy dz

= εeff

∫
V

E(x, y, z) dx dy dz, (2)

where E(x, y, z), D(x, y, z), and ε(x, y, z) are the local electric field, local elec-
tric displacement and local dielectric constant, respectively.

Using a definite set of assumptions concerning the shapes of inclusions and
the topology of a mixture, one can obtain an appropriate analytical expression for
an effective dielectric constant as a function of volume fractions, f1 and f2, and
dielectric constants, ε1 and ε2, of individual components. The famous formulas
for an effective dielectric constant derived in this way include, among others, the
Lorentz–Lorenz (Lorentz, 1880; Lorenz, 1880),

f1
ε1 − 1

ε1 + 2
= εeff − 1

εeff + 2
, (3)

the Maxwell-Garnett (1904),

f1
ε1 − ε2

ε1 + 2ε2
= εeff − ε2

εeff + 2ε2
, (4)

f2
ε2 − ε1

ε2 + 2ε1
= εeff − ε1

εeff + 2ε1
, (5)

and the Bruggeman (1935)

f1
ε1 − εeff

ε1 + 2εeff
+ f2

ε2 − εeff

ε2 + 2εeff
= 0 (6)

mixing rules.
In the case of the Lorentz–Lorenz mixing rule, the second component is vac-

uum with ε2 = 1. The Maxwell-Garnett expression [Eq. (4)] assumes that inclu-
sions with a dielectric constant ε1 are embedded in a host material with a dielectric
constant ε2. When the roles of the inclusion and the host material are reversed the
inverse Maxwell-Garnett [Eq. (5)] is obtained. Bruggeman treats both materials
on an equal basis and his mixing rule, Eq. (6), is symmetric with respect to an
interchange of materials.
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These classical EMAs can be generalized for the case of an n-component mix-
ture and written in a simple generic form (Aspens, 1982),

εeff − ε0

εeff + 2ε0
= f1

ε1 − ε0

ε1 + 2ε0
+ f2

ε2 − ε0

ε2 + 2ε0
+ f3

ε3 − ε0

ε3 + 2ε0
+ · · · , (7)

where fi and εi are the volume fraction and dielectric constant of the ith com-
ponent and ε0 is the dielectric constant of the host material. For the case of the
Lorentz–Lorenz EMA, the host material is taken to be vacuum, ε0 = 1. The
Maxwell-Garnett EMAs are obtained by choosing one of the dielectric constants
of the components to be the host medium. The Bruggeman EMA is obtained by
assuming that the inclusions are embedded in an effective medium with ε0 = εeff.

Other simple mixing rules used occasionally in various applications include
volume averages of the dielectric constants,

εeff = f1ε1 + f2ε2 + · · · , (8)

the refractive indices, m = √
ε,

√
εeff = f1

√
ε1 + f2

√
ε2 + · · · , (9)

or the cube roots of the dielectric constants (Landau and Lifshitz, 1960),

ε
1/3
eff = f1ε

1/3
1 + f2ε

1/3
2 + · · · . (10)

In the case of time-dependent fields the response of the medium depends on
how fast the changes of the field are. If the changes of the strength of the electric
field are sufficiently slow compared to the time required for the response of the
medium, the medium will be nearly in equilibrium with the electric field at any
moment and the dielectric constant of the medium can be taken to be equal to
the electrostatic dielectric constant. There is no difference between the medium
response to the static or to a slowly changing time-dependent electric field. In this
quasistatic region the relation represented by Eq. (1) remains valid. The extension
of the electrostatic mixing rules into the quasistatic regime is accomplished by
assuming that the mixing rules obtained from electrostatic considerations are valid
also for slowly time varying fields.

III. FREQUENCY-DEPENDENT
DIELECTRIC FUNCTION

When the changes of the electric field are fast compared to the time required
for atoms and molecules of the medium to reach an equilibrium position and
orientation with respect to the changing electric field, the electric displacement D
will not be in phase with the electric field E. A simple linear relation between D
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and E as given by Eq. (1) will no longer be valid. Different physical processes
will play a role for the case of a conductor as compared to an insulator.

A. IDEAL INSULATOR

An ideal insulator is characterized by vanishing conductivity, σ = 0. Let the
time dependence of a harmonic electric field be given by

E(t) = Eo cosωt. (11)

When the induced polarization is not able to follow the changes in the electric
field fast enough to stay in phase with it, the electric displacement vector will
have a time lag with respect to the electric field vector. The displacement vector
at any given time t will depend on the past values of the electric field and on the
ability of a medium to respond to the time-varying electric field. The response of
the medium is conveniently characterized by a time-delayed dielectric response
function ε(t−t ′) and the relation between D and E is written in the form (Bottcher
and Bordewijk, 1978)

D(t) =
∫ t

−∞
ε(t − t ′)E(t ′) dt ′ = Eo

∫ t

−∞
ε(t − t ′) cosωt ′ dt ′. (12)

Substituting τ = t − t ′, the electric displacement vector of Eq. (12) can be ex-
pressed as

D(t) = Eo(ε1 cosωt + ε2 sinωt), (13)

where the notation

ε1(ω) =
∫ ∞

0
ε(τ) cosωτ dτ (14)

and

ε2(ω) =
∫ ∞

0
ε(τ) sinωτ dτ (15)

is introduced.
We note that both the electric field E and the electric displacement D are real.

However, the D field is out of phase with the E field. This manifests itself in a
sinωt term in Eq. (13).

Alternatively this out-of-phase behavior can be characterized by a phase dif-
ference δ in an equivalent form

D(t) = Do cos(ωt − δ), (16)
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with

cos δ = Eo

Do
ε1(ω) (17)

and

sin δ = Eo

Do
ε2(ω). (18)

B. ABSORPTION OF ELECTROMAGNETIC RADIATION BY A
PERFECT INSULATOR

The work δW done by one cycle of an electromagnetic radiation field per unit
volume of a medium while increasing its electric displacement from D to D+ δD,
for the case of an isotropic and homogeneous medium, is given by (Jackson, 1975;
Bottcher and Bordewijk, 1978)

δW = 1

4π

∫ D(T )

D(0)
E dD, (19)

where T = 1/ν is the time period of a cycle. Using Eq. (13), dD is obtained in
the form

dD = ωEo(−ε1 sinωt + ε2 cosωt) dt. (20)

Substituting Eqs. (13) and (20) into Eq. (19) and performing the integration, one
finds that the work done by electromagnetic radiation per one cycle is

δW = 1

4
ε2E

2
o . (21)

Finally, the workW done by an electromagnetic field on the medium per sec-
ond is obtained by multiplying the last expression by a number of cycles per
second, ω/2π :

W = ω

8π
ε2E

2
o . (22)

This work done by radiation on the medium is equal to the amount of radiation
energy being absorbed by a unit volume of a medium per second.

We note that the absorption occurs even in perfect insulators because of a lag
in the electric displacement with respect to an applied time-variable electric field.
Both fields, E and D, are real fields and the value of the material constant ε2(ω)

is fully determined by the time lag of the D field [Eq. (18)].
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C. COMPLEX NOTATION

Although the electric field and electric displacement are real field vectors, it
is customary for mathematical convenience to introduce complex fields. This is
achieved by adding a suitable imaginary part to the real fields so that the time de-
pendence becomes exponential. If we choose exp(−iωt) for the time dependence,
the electric field will have a form

E(t) = Eoe
−iωt , (23)

with the understanding that only the real parts of E and D have physical signif-
icance. We refer to the real coefficient Eo in Eq. (23) as the electric field ampli-
tude.

In analogy with the electrostatic relation given by Eq. (1), the complex form of
the electric displacement and electric field can be related by

D(t) = ε(ω)Eoe
−iωt , (24)

with complex frequency-dependent dielectric function

ε(ω) = εR(ω)+ iεI(ω), (25)

where εR(ω) and εI(ω) are the real and imaginary parts of the complex dielectric
function ε(ω).

Finally, the real and imaginary parts of the electric displacement D can be
written as

Re D(t) = Eo(εR cosωt + εI sinωt) (26)

and

Im D(t) = Eo(εI cosωt − εR sinωt). (27)

Comparing the real part of the complex dielectric displacement from Eq. (26) with
the original real electric displacement in Eq. (13), we find

εR(ω) = ε1(ω) =
∫ ∞

0
ε(τ) cosωτ dτ, (28)

εI(ω) = ε2(ω) =
∫ ∞

0
ε(τ) sinωτ dτ. (29)

We emphasize that the physical fields themselves, both E(t) and D(t), are real.
The complex notation is introduced only for mathematical convenience. In the
low-frequency limit ω → 0 we have εR = ε and εI = 0. Thus in the zero-
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frequency limit the complex dielectric function ε(ω) reduces to the electrostatic
dielectric constant ε.

D. ABSORPTION OF ELECTROMAGNETIC RADIATION
BY A CONDUCTOR

If, due to free charges, the material has a nonzero conductivity σ an additional
dissipation of energy will occur as a result of an electric current density

I(t) = σE(t). (30)

The amount of energy dissipated per unit volume of material per one cycle of an
electromagnetic field with circular frequency ω is (Jackson, 1975)

δW =
∫ T

0
I (t)E(t) dt

= σE2
o

∫ T

0
cos2ωt dt = π

ω
σE2

o . (31)

The electromagnetic energy dissipated as a result of a nonzero conductivity of a
medium per unit volume and unit time is then

W = 1

2
σE2

o . (32)

By summing the rates of electromagnetic energy absorbed because of the out-of-
phase part of the electric displacement in the dielectrics [Eq. (22)] and because
of a nonzero value of conductivity [Eq. (32)], we obtain the total rate of energy
absorption as

WT = ωE2
o

8π

(
ε2 + 4πσ

ω

)
. (33)

Thus, we can formally account for the amount of energy dissipation resulting
from the electric current density by adding the 4πσ/ω term to ε2. The material
constants ε1(ω), ε2(ω), and σ are all real. When the conductivity-dependent term
4πσ/ω is added to the imaginary part of the complex dielectric function ε(ω),
Eq. (29) is modified to

εI(ω) = ε2(ω)+ 4πσ

ω
. (34)
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IV. DYNAMIC EFFECTIVE MEDIUM
APPROXIMATION

The effective dielectric function of a mixture of materials can be defined using
a relation of a form similar to Eq. (2). For a harmonic field of circular frequencyω,
we can write∫

V

D(x, y, z, ω) dx dy dz =
∫
V

ε(x, y, z, ω)E(x, y, z, ω) dx dy dz

= εeff(ω)

∫
V

E(x, y, z, ω) dx dy dz, (35)

where E(x, y, z, ω) and D(x, y, z, ω) denote the local electric field and displace-
ment amplitudes at circular frequency ω and ε(x, y, z, ω) is the local complex
dielectric function at the point (x, y, z) and frequency ω. Equation (35) can be
supplemented by additional simplifying assumptions and used as a starting point
for the analytical derivation of classical effective medium approximations. It can
also be used in combination with a suitable numerical technique to find the so-
lution of Maxwell’s equations to determine numerically the effective dielectric
constant of a given composite medium.

A. NUMERICAL APPROACH

For numerical evaluation we subdivide the considered volume V of the com-
posite medium intoN small volume elements�Vi in such a way that each volume
element is filled by only one of the materials of a composite medium. We replace
the electric field amplitude E(x, y, z, ω) within each volume element by its aver-
age value Ei and replace the integral by the summation over all volume elements.
Thus, at a given frequency ω we have

εeff

N∑
i=1

Ei�Vi −
N∑
i=1

εiEi�Vi = 0. (36)

This vector equation comprises three separate scalar equations: one for each of
the vector components of E. Because we have assumed the composite medium to
be isotropic, the three scalar equations are identical. Therefore, for an isotropic
composite medium, we can apply Eq. (36) to just one of the vector components
of E to obtain

εeff

N∑
i=1

Ei�Vi −
N∑
i=1

εiEi�Vi = 0, (37)
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where Ei stands for the considered component of an average electric field within
a volume element �Vi . The summation is over all volume elements �Vi with∑
�Vi = V .
For a composite medium consisting of n materials with dielectric constants

ε1, ε2, . . . , εn, we can write

εeff

(
N1∑
i=1

E1i�V1i +
N2∑
j=1

E2j�V2j +
N3∑
k=1

E3k�V3k + · · ·
)

= ε1

N1∑
i=1

E1i�V1i + ε2

N2∑
j=1

E2j�V2j + ε3

N3∑
k=1

E3k�V3k + · · · , (38)

where the summation index i runs over N1 volume elements filled with material
of dielectric constant ε1, j runs over N2 volume elements filled with material
of dielectric constant ε2, and so on. E1i , E2j , . . . are the corresponding average
components of electric fields within volume elements�V1i ,�V2j , . . . .

Now, we use a suitable numerical method for solution of Maxwell’s equations
to calculate the average electric field in each of the volume elements and eval-
uate numerically the effective dielectric constant of a given n-component mix-
ture:

εeff = ε1
∑N1
i=1E1i�V1i + ε2

∑N2
j=1 E2j�V2j + ε3

∑N3
k=1 E3k�V3k + · · ·∑N1

i=1 E1i�V1i +∑N2
j=1E2j�V2j +∑N3

k=1E3k�V3k + · · · . (39)

The effective dielectric constant of a composite medium depends in general
on all the details of all the components. It depends on the sizes and shapes of the
individual inclusions and on the way the individual grains are distributed through-
out the composite material. In solving numerically Maxwell’s equations to obtain
the electric fields E within each volume element, the electromagnetic boundary
conditions must be satisfied on the interfaces between all grains as well as on
the surface of the composite particle. Therefore, the effective dielectric constant
of a composite particle generally depends also on the size and the shape of the
composite particle itself.

The advantage of the numerical approach is that all known details of a compos-
ite medium can be taken into account in the evaluation of the effective dielectric
constant. The obvious disadvantage is that each specific case must be considered
separately. This requires a large amount of computer time and is impractical for
many applications, particularly because some details of the particle’s composition
may be unknown. For the extension of such numerical results to heterogeneous
particles in practice, additional assumptions concerning the boundary conditions
and other details of the composition usually have to be made and averaging over a
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large number of possible distributions of grains within a composite material must
be performed. A parameterization of the numerical results obtained in this way
may be useful for a limited range of applications. However, because the details
of the distribution of the materials in the mixture are often unknown, there is no
guarantee that the numerical solution of the effective dielectric constant, using
Eq. (39), will provide more accurate and useful data than some of the analytical
mixing rules.

B. MIXTURE OF NONMAGNETIC MATERIALS
REMAINS NONMAGNETIC

An effective magnetic permeability of a mixtureµeff may be defined as a func-
tion of the distribution of the local magnetic permeability µ(x, y, z, ω) by an
equation analogous to Eq. (35). Replacing ε by µ and E by H, we have∫

V

µ(x, y, z, ω)H(x, y, z, ω) dx dy dz

= µeff(ω)

∫
V

H(x, y, z, ω) dx dy dz. (40)

In the special case of nonmagnetic individual components in a mixture, that is,
if µ(x, y, z) = 1 for all components, we always obtain µeff = 1. That means
that a mixture of nonmagnetic material remains nonmagnetic. This is to be ex-
pected when materials are treated on a macroscopic level, that is, when their
magnetic and electric properties are characterized by bulk material constants
and interface effects are negligible. Such a treatment seems to be appropri-
ate for naturally occurring materials in atmospheric and geophysical applica-
tions.

It has been suggested (Bohren, 1986; Perrin and Lamy, 1990; Ossenkopf,
1991) that a definite effective magnetic permeability different from unity should
be assigned to a mixture of nonmagnetic materials in order to obtain better agree-
ment with the transmission and reflection of radiation by a plane-parallel layer
consisting of composite particles. Because nonmagnetic components produce
only a nonmagnetic composite particle according to Eq. (40), such an assignment
is equivalent to using different definitions and different values of an effective di-
electric constant for calculation of the transmission and the reflection by a layer of
composite particles. As a practical tool for obtaining more accurate parameteriza-
tions this may be an acceptable procedure; however, an expectation that a mixture
of nonmagnetic materials is really magnetic is not supported by theoretical or
experimental evidence.
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C. VANISHING FORWARD SCATTERING AMPLITUDE

The usual derivation of EMAs is based on electrostatic considerations of
the electric field and electric displacement within the heterogeneous material
(Maxwell-Garnett, 1904; Bruggeman, 1935; Aspens, 1982). After appropriate ex-
pressions for effective dielectric constants are derived, it is assumed that they are
also valid at finite (nonzero) frequencies as long as the size of the inclusions is
much smaller than the wavelength of radiation within the host material. This basic
limitation of EMAs is usually expressed in the form of the size parameter x that
relates the inclusion’s characteristic dimension d to the wavelength of radiation
in the host medium:

x = πd Re(m)

λ
� 1, (41)

where Re(m) is the real part of the refractive index of the matrix (host material)
and λ is the wavelength of the electromagnetic radiation in vacuum.

An alternative derivation of the classical EMAs can be obtained by impos-
ing the requirement that the scattering amplitude S for scattering of radiation by
spherical inclusions placed in an effective medium vanishes in the forward direc-
tion (Stroud and Pan, 1978; Niklasson et al., 1981; Ossenkopf, 1991)

S11(n,n) = S22(n,n) = iλ

2π
S(� = 0) = 0, (42)

where � is the scattering angle (Chapter 1). It has been shown (Stroud and Pan,
1978) that the definition of the effective dielectric constant given by Eq. (35) im-
plies the vanishing of the forward scattering amplitude [Eq. (42)]. The advantage
of starting with the S(0) = 0 condition over that of an electrostatic approach is
appreciated when one considers generalizing one of the EMAs beyond the inclu-
sion size limitation given by Eq. (41). This point will be expanded upon in the
section dealing with extended effective medium approximations.

For simplicity, let us consider a heterogeneous material consisting of a binary
mixture of grains of materials with complex dielectric constants ε1 and ε2 and vol-
ume fractions f1 and f2. For the case of spherical grains we use the Lorenz–Mie
scattering formalism and explicitly write down the forward scattering amplitude
for an individual grain embedded in an effective medium with an effective refrac-
tive indexmeff. We obtain (van de Hulst, 1957; Bohren and Huffman, 1983)

S(0) = 1

2

∞∑
n=1

(2n+ 1)(an + bn), (43)

where an and bn are the usual Lorenz–Mie scattering coefficients, which depend
on the size of the inclusions and their relative refractive indices with respect to
the medium in which they are embedded.
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For particles in the Rayleigh scattering regime, all but the first Lorenz–Mie
scattering amplitude a1 can be neglected. The electric dipole contribution a1 of
a homogeneous sphere can be expanded in a power series of the size parameter.
Keeping only the leading term, proportional to the third power of the expansion
parameter, the scattering amplitude of grains of refractive indicesm1 andm2, with
the corresponding volume fractions f1 and f2 embedded in an effective medium
with an effective dielectric constant εeff, can be written as a sum of contributions
of individual grains.

Under these conditions, the vanishing forward scattering amplitude,

S(0) = −i
(

2πr

λ

)3

ε
3/2
eff

[
f1
ε1 − εeff

ε1 + 2εeff
+ f2

ε2 − εeff

ε2 + 2εeff

]
= 0, (44)

leads directly to the Bruggeman mixing rule of Eq. (6).
If the inclusions of the material of dielectric constant ε1 and volume fraction

f1 are surrounded by a host (matrix) material of dielectric constant ε2 and volume
fraction f2, we use a layered sphere model instead of a homogeneous one. We as-
sume that the inhomogeneity embedded in an effective medium has the structure
of a layered sphere with the host material forming the outer layer and the inclu-
sion material forming the core. The volume fraction of the inclusions is simply
the cube of the ratio of the core and shell radii. Neglecting all partial waves (an
and bn) except a1 and keeping only the leading term in the size parameter expan-
sion of a1, we obtain the Maxwell-Garnett expression of Eq. (4) for the effective
dielectric constant for inclusions of material ε1 within a host of material ε2. Simi-
larly, the inverted Maxwell-Garnett [Eq. (5)] and the Lorentz–Lorenz mixing rules
are also obtained from the condition of the vanishing forward scattering amplitude
with the appropriate host and inclusion specifications.

D. NUMERICAL RESULTS

We limit the comparison of various mixing rules to the case of two-component
mixtures, containing either water and ice or black carbon and water. These cases
are of interest for remote sensing of melting snow or hail and for the evaluation
of the effect of black carbon on the absorption of solar radiation by atmospheric
aerosols and cloud droplets.

The Maxwell-Garnett rules provide extreme cases of the topological distribu-
tion (Fig. 1) of materials, where the grains of one of the components are com-
pletely isolated from each other. For the case of real dielectric constants, the
Maxwell-Garnett mixing rules of Eqs. (4) and (5) provide the upper and the lower
bounds on possible values of the effective dielectric constants of a two-component
mixture. The random distribution of grains, as considered by the Bruggeman mix-
ing rule given by Eq. (6) or volume averaging of dielectric constants and their
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Figure 1 Schematic representation of a two-component mixture. The Maxwell-Garnett topology of
white grains embedded in a shaded matrix (a) and of shaded grains embedded in a white matrix (b) are
modeled in a dynamic EMA approach by layered spheres with an inclusion material forming a core
and the matrix forming the outer layer. The Bruggeman topology (c) is modeled by an ensemble of
homogeneous spheres.

square or cubic roots [Eqs. (8)–(10)], lead to effective dielectric constants that are
always between the two extreme values given by the Maxwell-Garnett results.

The dependence of the effective dielectric constant on the topological distribu-
tion of the components is demonstrated in Figs. 2 and 3 for the case of a water
(εw = 42.6 + 41.3i) and ice (εi = 3.2 + 0.01i) mixture at λ = 3.17 cm. The
numerical results suggest that the effective dielectric constant of the mixture, and
especially its imaginary part, is highly sensitive to the topological distribution of
its components. For a wide range of volume fractions the dependence of the ef-
fective dielectric constant on the topological structure, demonstrated by the differ-
ences between the two Maxwell-Garnett curves, is stronger than the dependence
on the volume fractions of the components.

A study of the liquid water distribution in hailstones (Chýlek et al., 1984b)
suggests that the water and ice distribution does not follow any of the basic topo-
logical patterns of Fig. 1 exactly. In certain regions liquid water is confined into
isolated droplets separated by an ice matrix, whereas water in other regions forms
a maze of connected continuous veins and sheets. Apparently, some fraction of
liquid water could be described by the Maxwell-Garnett topology with isolated
water droplets within an ice matrix, whereas the remaining part of the liquid water
distribution resembles isolated ice grains within a water matrix or a random dis-
tribution of water and ice. This situation may be typical for the general structure
of a water and ice mixture. It suggests that a volume average of the Bruggeman
and the Maxwell-Garnett results (Chýlek et al., 1991) may be a more realistic
approximation than the assumption of the validity of one or the other mixing rule.

The dielectric constants of water and black carbon at visible wavelengths are
closer to each other than water and ice dielectric constants at centimeter wave-
lengths. Consequently, the differences between the two versions of the Maxwell-
Garnett, Bruggeman, and other mixing rules are not so large for this case.
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Figure 2 Imaginary part of the effective dielectric constant as a function of the liquid water volume
fraction for the case of an ice–water mixture at a wavelength of λ = 3.17 cm. The Maxwell-Garnett
topology with ice inclusions in a water matrix (MG1) leads to considerably higher values of the imag-
inary part of εeff than the Maxwell-Garnett topology with the water inclusions in an ice matrix (MG2).
The Bruggeman results (BR) are close to the Maxwell-Garnett values for water inclusions in an ice
matrix (MG2) at low liquid water volume fractions and approach the Maxwell-Garnett values for ice
inclusions in a water matrix (MG1) at high liquid water volume fractions.

Figure 3 Same as Fig. 2 but for the real part of the effective dielectric constant.
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E. GRAIN SIZE LIMITATION OF EFFECTIVE
MEDIUM APPROXIMATIONS

All derivations of the classical EMAs beginning with electrostatic considera-
tions contain explicitly or implicitly the requirement that the electric field is uni-
form throughout the inclusion. In the framework of the dynamic approximation
and application to time-varying fields, this leads to the basic condition that the in-
clusion’s size parameter (in the material of the host medium) must satisfy x � 1.
Similar grain size parameter restrictions are obtained from the S(� = 0) = 0
approach. Considering a host material of refractive index 1.33 at a visible wave-
length of 0.55 µm and taking x = 0.1 as an upper limit on x that satisfies x � 1,
we get a maximum allowable inclusion radius of 0.0066 µm. Obviously, the grain
radius in many geophysical applications is well beyond the limit of 0.0066 µm.
Restricting oneself to the formal requirement used in the derivations of the EMAs
would make these approximations of little use for atmospheric and other geophys-
ical applications.

However, it has been noticed that in many cases both the Bruggeman and the
Maxwell-Garnett EMAs provide accurate results (within 5% error) up to an in-
clusion size parameter around 0.5 (Niklasson and Granqvist, 1984). According to
the conditions under which the approximations were derived, there is no reason
to expect them to provide accurate results at this size of inclusions. It seems that
the EMAs can provide reasonable results beyond the specified limit set by their
derivations. It should be remembered that the conditions and limitations used in
the derivations of these approximations are sufficient for them to be valid, but they
are not necessary. Thus, it may eventually be possible to derive these approxima-
tions using less restrictive conditions, although nobody has yet succeeded in doing
so.

Defining the limits of applicability of EMAs is a nontrivial task even for spher-
ical inclusions, and there is always a danger of two extremes. One is the potential
use of these approximations without any restrictions, with their application be-
ing so far beyond appropriate limits that the results are meaningless. The other is
the advocacy of a very restrictive use of EMAs limited to the cases of slab trans-
mission through heterogeneous media with inclusion sizes satisfying the criterion
x � 1. The latter stance would essentially eliminate the use of EMAs from most
applications in the field of atmospheric science.

Our approach to the range of applicability of EMAs is based on practical em-
piricism. Comparison of effective medium approximation results with those of
more accurate numerical methods when available, such as the discrete dipole ap-
proximation (DDA, Chapter 5), the finite difference time domain method (Chap-
ter 7), or the exact solution of scattering and absorption by spherical particles
containing one or more arbitrarily located spherical inclusions (Chapter 8), can
provide guidance on the range of applicability. In specific cases, depending on
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the desired accuracy of the optical characteristics, one may determine how far the
x = πd Re(m)/λ� 1 limit may be extended.

In addition to the issue of accuracy for a given application, there is also a
question with respect to which optical properties the EMAs can be applied. One
school of thought claims that EMAs and their corresponding effective refractive
indices can be applied only to problems of transmission through a heterogeneous
slab of suspended particles, but not to other optical properties of interest such
as absorption or scattering cross sections. In atmospheric science applications
we are interested in applying EMAs to problems of composite aerosol particles
or contaminated cloud droplets. We need to calculate a minimum set of single-
scattering parameters required in solving the radiative transfer equation. For the
simplest approximations used in radiative transfer problems, this set consists of at
least the extinction cross section, single-scattering albedo (ratio of the scattering
to extinction cross section), and asymmetry parameter 〈cos�〉 characterizing the
differential scattering cross section [i.e., the (1, 1) element of the phase matrix;
see Chapter 1].

The classical EMAs can be derived in such a way that their effective refractive
index can be treated on an equal footing with the refractive index of a homoge-
neous particle only for the case when both the host particle and the inclusions
are in the Rayleigh scattering limit. However, as mentioned before, this does not
imply that the Rayleigh scattering limit is a necessary condition for the region of
applicability of these approximations; it is only a sufficient condition. We demon-
strate in the following sections that the EMAs provide accurate results, within a
few percent, for absorption and differential scattering cross sections for cases of
geophysical interest, even when both the host particle and the inclusions are well
outside the Rayleigh scattering limit.

V. EXTENDED EFFECTIVE MEDIUM
APPROXIMATIONS

The basic goal of extended effective medium approximations (EEMAs) is to
obtain generalizations of the classical approach with less restrictive requirements
on the inclusion size (Stroud and Pan, 1978; Wachniewski and McClung, 1986;
Grimes, 1991). The path to such approximations is the use of the vanishing for-
ward scattering amplitude S(� = 0) = 0 without the restriction of the Rayleigh
scattering limit.

One of the first approximations of this type, proposed by Stroud and Pan
(1978), includes an electric dipole term, the usual Rayleigh approximation, and
adds a magnetic dipole term to account for the induced magnetic dipole mo-
ment in metallic particles. The authors emphasize that their EEMA, developed
for highly absorbing inclusions, is not restricted to inclusions much smaller than
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the wavelength of the radiation in the host material. Chýlek and Srivastava (1983)
further modified the EEMA approach for larger spherical highly absorbing grains
by keeping all terms contributing to the Mie-type series expansion of the forward
scattering amplitude. Wachniewski and McClung (1986) modified the approach
and included larger nonspherical inclusions.

All versions of the EEMA have been constructed under an explicit or implied
assumption that at least one of the components is highly absorbing. The extension
of inclusion sizes up to the order of the wavelength is heuristically justified by
the fact that electromagnetic waves or photons usually cannot distinguish details
of a medium that are smaller than about one half of the wavelength (this would
correspond to the size parameter of inclusion up to x � π/2, instead of x � 1).
Bohren (1986) criticized the use of EEMAs and pointed out that when used out-
side their intended region of application, for example, in the case when none of
the components is absorbing, the EEMAs may lead to incorrect results. However,
this is not the intended domain of applications, as previously stated (Chýlek and
Srivastava, 1983).

Stroud and Pan (1978) have suggested that the EEMA should be applicable to
the case of absorbing inclusions as long as (Im keff)

−1 is large compared to the
characteristic size d of inclusions. The effective wavenumber is keff = 2πmeff/λ,
wheremeff = Re(meff)+ i Im(meff) is a complex effective refractive index. Thus,
we have a new, less restrictive, condition on the allowable size of inclusions in the
form

2πd Im(meff)

λ
� 1. (45)

For practical applications in atmospheric and geophysical sciences involving
strongly absorbing materials such as black carbon at visible and infrared (IR)
wavelengths or liquid water at millimeter and centimeter wavelengths, it is useful
to rewrite this condition using the size parameter, x = πd Re(meff)/λ, of inclu-
sions within an effective medium:

2x Im(meff)

Re(meff)
� 1. (46)

If we allow the size parameter to be of order 1, the condition of applicability
of the EEMA can still be satisfied, as long as the imaginary part of the effective
refractive index, Im(meff), remains small, satisfying the relation

2 Im(meff)

Re(meff)
� 1. (47)

If the real part of the refractive index of the host medium is not much larger
than 2, the last condition can be written simply as

Im(meff)� 1. (48)
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Thus, for modest concentrations of highly absorbing inclusions such that
Im(meff) � 1, the EEMAs allow us to extend the range of applicability of the
approximations to inclusion size parameters of order 1.

We recall that the starting point in the development of the formalism of the
EEMAs is the requirement of a vanishing forward scattering amplitude S(� =
0) = 0. Because we wish to develop an approximation that is applicable to highly
absorbing inhomogeneities with size parameters on the order of unity, we can no
longer include only the electric and magnetic dipole contributions to the scatter-
ing amplitudes. Once we consider such larger inclusions, we must include in the
forward scattering amplitude all contributing electric and magnetic multipoles.

If we assume the spherical inclusions described by a distribution n(r) of
their radii, the forward scattering amplitude can be readily written using the
Lorenz–Mie scattering formalism. The effective refractive index of a heteroge-
neous medium is obtained from the S(� = 0) = 0 condition, which leads (Chýlek
and Srivastava, 1983) to an iterative scheme to solve for the effective refractive
index, (

m2
eff

)
k+1 = m2

1
Ak(1 − f )+ fBk
Ak(1 − f )− 2fBk

, (49)

where

Ak = i 12π2

λ3

(
m3

eff

)
k

(50)

and

Bk =
∫ ∞∑
n=1

(2n+ 1)
{
an[r,m2/(meff)k] + bn[r,m2/(meff)k]

}
n(r) dr, (51)

with f being the volume fraction occupied by the highly absorbing inclusions.
The topological structure corresponding to the Bruggeman EMA has been as-
sumed. However, the symmetry typical of the Bruggeman EMA with respect to
the interchange of materials has been broken by the assumption that the material
of refractive indexm1 is divisible into grains that are much smaller than the wave-
length (the Rayleigh scattering region), whereas the size distribution of grains of
material with refractive index m2 is prescribed by the size distribution n(r) that
may contain grains with size parameters of order 1. Consequently, the mixing
rule defined by the set of Eqs. (49)–(51) is not symmetric under the interchange
of m1, f1 and m2, f2.

When the size parameter x of the grains of materialm2 is much smaller than 1,
the EEMA reduces to the classical Bruggeman EMA. The Bruggeman effective
medium dielectric constant may be conveniently used as an initial guess for Ak
and Bk in the iterative process.
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It is not easy to determine how accurately the effective refractive index
obtained using the EEMA represents the optical properties of the composite
medium. We also do not know to what optical properties such an index can be
applied (Bohren, 1986; Perrin and Lamy, 1990; Ossenkopf, 1991; Chýlek and
Videen, 1998). Is it only transmission through a slab of particles that can be de-
scribed by an effective refractive index? Or can we also use it to calculate the
absorption by a composite medium? And what about the differential scattering
cross section, or phase function? One may make a strong case for the pragmatic
point of view that the region of applicability of the effective and the extended ef-
fective medium approximations depends on the required accuracy, provided that
the basic conditions of the derivation are satisfied.

If both the size of the inclusions and the size of a host particle are much smaller
than the wavelength, then the effective refractive index of a composite particle
can be used in the same way as the ordinary refractive index of a homogeneous
material. That is, it can be used to calculate the absorption, scattering, extinction,
and differential scattering cross sections. However, as the size of the inclusions
increases, the expected accuracy of the individual optical characteristics is less
obvious.

Scattering by larger particles is dominated by a forward scattering peak. The
requirement that the scattering amplitude vanishes in the forward direction for
inclusions placed in an effective medium significantly reduces, but does not elim-
inate, the scattering. The scattering is further reduced by strongly absorbing in-
clusions (the EEMA constructed for the case of a highly absorbing medium is
not intended and cannot be expected to work for nonabsorbing grains in a non-
absorbing matrix). The accuracy of the extended as well as the ordinary effective
medium approximations can be tested only for a few cases when the results can
be compared with more accurate solutions or experimental measurements. In the
following section the differential scattering cross section and the absorption, scat-
tering, and extinction cross sections are obtained using different effective medium
approximations and are compared with those obtained using the DDA, the exact
solution of the scattering problem of a spherical host containing an arbitrarily
located spherical inclusion, and laboratory measurements.

VI. COMPARISON WITH OTHER
APPROXIMATIONS, MODELS, AND
MEASUREMENTS

The question of the applicability of EMAs for predicting scattering and ab-
sorption cross sections and angular scattering characterization is a question of the
degree of the required accuracy. If the required accuracy is on the order of tenths
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of a percent, then EMAs cannot be used to obtain the absorption and angular scat-
tering patterns. However, in most geophysical situations such a high degree of ac-
curacy is not even meaningful. Information about the mass, shapes, composition,
and microstructure of composite particles is often quite meager. Consequently, a
prediction of their optical characteristics that is accurate to within a few percent
is acceptable.

To establish the accuracy of the optical properties of individual heterogeneous
particles obtained using EMAs, we compare the EMA predictions with (1) labora-
tory measurements of the refractive index of a composite material, (2) laboratory
measurements of the differential scattering cross section of a spherical compos-
ite particle, (3) numerical results obtained using a model of an arbitrarily located
spherical inclusion within a host sphere, and (4) numerical results obtained using
the DDA technique.

As the first application, we consider scattering from a heterogeneous sphere at
centimeter wavelengths, where we compare the EMA results with experimental
measurements and with calculations for a simplified model. The model consists
of a host sphere containing only one arbitrarily located spherical inclusion. Model
results are averaged over several hundred thousand inclusion locations within the
host sphere to obtain the scattering cross section.

As a second example, multiple black carbon particles are considered within a
water host sphere. The DDA is used to establish the accurate results with which
the EMAs are compared.

A. SCATTERING AND ABSORPTION AT MICROWAVE
WAVELENGTHS: LABORATORY MEASUREMENTS

Test materials consisting of water droplets embedded in an acrylic matrix were
prepared with two liquid water fractions of fW = 1.6% and 2.7%. The refractive
indices of acrylic and water at the wavelength λ = 3.17 cm are mA = 1.686 and
mW = 7.7 + 2.48i. The large difference in optical properties of the materials pro-
vides a suitable test for EMAs, because under these circumstances we can expect
large differences between the results of individual EMAs. The refractive index
of the mixtures was measured using the waveguide attenuation method (Chýlek
et al., 1988). The obtained results arem1 = 1.72+0.011i andm2 = 1.75+0.013i
for the 1.6% and 2.7% water volume fractions, respectively.

The mean water inclusion radius was estimated using an optical microscope
to be rW = 0.02 cm. This corresponds to a mean size parameter of xW = 0.07
in the acrylic medium. In this region one may expect accurate EMA results if an
appropriate EMA describing the topological distribution of water droplets in an
acrylic matrix is used.
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Table I

Values of the Real and Imaginary Parts of the Effective Refractive Index of a
Water–Acrylic Mixture with Water Volume Fraction fW Determined Using the

Experimental Waveguide Method (Exp.), EEMA, Bruggeman EMA (BR),
Maxwell-Garnett EMA for Water Inclusions in an Acrylic Matrix (MG-1),

Maxwell-Garnett EMA for Acrylic Inclusions in a Water Matrix (MG-2), and
Volume Averages of Refractive Indices (〈m〉), Dielectric Constants (〈ε〉), and the

Third Root of Dielectric Constants (〈ε1/3〉). The δ Re(m) and δ Im(m) Are Relative
Errors of Individual EMA Results with Respect to Experimental Measurements of

the Refractive Index m

fW m Exp. EEMA BR MG-1 MG-2 〈m〉 〈ε〉 〈ε1/3〉
1.6% Re(m) 1.72 1.72 1.72 1.72 1.85 1.78 1.92 1.76

Im(m) 0.011 0.010 0.009 0.009 0.116 0.045 0.165 0.031
δRe(m) < 1% < 1% < 1% 7.5% 3.5% 11% 2.3%
δ Im(m) < 9% 18% 18% 950% 310% 1400% 180%

2.7% Re(m) 1.75 1.75 1.75 1.75 1.95 1.85 2.06 1.81
Im(m) 0.013 0.011 0.011 0.011 0.183 0.073 0.254 0.048
δRe(m) < 1% < 1% < 1% 12% 5.6% 18% 3.4%
δ Im(m) < 15% 15% 15% 1300% 460% 1800% 270%

The effective refractive index of the mixture was calculated using several
different EMAs (Table I). At low water volume fractions the individual water
droplets are isolated from each other by the acrylic matrix. This suggests the use
of the Maxwell-Garnett mixing rule for water inclusions within an acrylic matrix.
Also the Bruggeman mixing rule and the EEMA should provide the most accurate
results, because these approximations are based on the topological distribution of
inclusions that is, at low water volume fractions, in agreement with the actual
distribution of water droplets within the acrylic matrix.

As expected, the Bruggeman, the Maxwell-Garnett (for water inclusions in
an acrylic matrix), and the EEMA provided results much closer to the measured
values than other EMAs. The real part of the refractive index given by these three
approximations is within 1% of the measured value. Although the relative error in
the imaginary part of the refractive index is up to 18%, the absolute error remained
small, within 0.002 of the measured value (Table I).

The results of the other EMAs (including the Maxwell-Garnett approximation
for acrylic inclusions in a water matrix) are much worse. The errors in the real
part of the refractive index are up to 18% and the imaginary part of the refractive
index has errors up to a factor of 18 (1800%). This clearly indicates that the most
important criterion for the use of a specific EMA is the topological distribution of
individual grains.
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Table II

Values of the Extinction, Scattering, and Absorption Efficiencies (Q) of a
Water–Acrylic Mixture with Water Volume Fraction fW Calculated Using the

Effective Refractive Index Determined by the Experimental Waveguide Method,
EEMA, Bruggeman EMA, Maxwell-Garnett EMA for Water Inclusions in an

Acrylic Matrix (MG-1), Maxwell-Garnett EMA for Acrylic Inclusions in a Water
Matrix (MG-2), and Volume Averages of Refractive Indices (〈m〉), Dielectric

Constants (〈ε〉), and the Third Root of Dielectric Constants (〈ε1/3〉). The δQ Are
Relative Errors of Individual EMA Results with Respect to the Calculation Using

Experimental Measurements of the Refractive Index m

fW Q Exp. EEMA BR MG-1 MG-2 〈m〉 〈ε〉 〈ε1/3〉
1.6% Qext 2.46 2.47 2.47 2.46 2.75 2.74 2.62 2.59

Qsca 2.09 2.14 2.14 2.14 1.52 1.81 1.37 1.81
Qabs 0.37 0.33 0.33 0.32 1.20 0.93 1.25 0.78
δQext < 1% < 1% < 1% 12% 11% 6% 5%
δQsca < 3% < 3% < 3% 24% 13% 34% 13%
δQabs 11% 11% 13% 220% 150% 240% 110%

2.7% Qext 2.50 2.50 2.49 2.49 2.57 2.82 2.51 2.80
Qsca 2.09 2.12 2.12 2.13 1.32 1.78 1.26 1.83
Qabs 0.41 0.37 0.37 0.36 1.25 1.03 1.25 0.97
δQext < 1% < 1% < 1% 3% 13% < 1% 12%
δQsca < 2% < 2% < 2% 37% 15% 40% 12%
δQabs 10% 10% 12% 200% 150% 200% 140%

A key question is whether EMAs can be used only for extinction, or whether
they can also describe the other scattering characteristics. To address this ques-
tion, we consider a spherical particle of a radius r = 3.17 cm made from a
water–acrylic mixture. Table II shows the calculated extinction, scattering, and
absorption efficiencies (i.e., respective cross sections normalized by geometrical
cross sections, denoted by Qext, Qsca, and Qabs) using the measured refractive
index of the mixture and using the effective refractive indices obtained from the
EMAs considered. The EMAs with the correct topology describing isolated water
droplets within an acrylic matrix (Bruggeman, EEMA, and Maxwell-Garnett for
water inclusions in acrylic matrix) provide extinction values with an error smaller
than 1%. The scattering cross sections have only slightly poorer accuracy. The
absorption cross section, which is calculated as the difference between the extinc-
tion and scattering cross sections, has larger errors, up to 13%. The other EMAs
show errors in the scattering and extinction cross sections up to 40% and in the
absorption cross section up to 240%.
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Figure 4 Comparison of the measured scattered intensity for the case of water inclusions (volume
fraction 1.6 × 10−2) in an acrylic matrix at λ = 3.17 cm with various EMA calculations. Only the
Bruggeman EMA, the EEMA, and the Maxwell-Garnett EMA for water inclusions in an acrylic matrix
provide acceptable agreement with measurements.

The EMAs with the correct topology can also provide a reasonably accurate
description of the angular scattering. The measured differential scattering cross
section (Chýlek et al., 1988) is compared with the Lorenz–Mie calculations using
the effective refractive index provided by individual EMAs (Fig. 4). A reasonable
agreement is again obtained using the Bruggeman, EEMA, and the proper form of
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the Maxwell-Garnett approximation; these three approximations give essentially
identical results. The other mixing rules as well as a concentric coated sphere
model (with acrylic core and water shell) provide less accurate results.

B. SCATTERING AND ABSORPTION AT MICROWAVE
WAVELENGTHS: MODEL CALCULATIONS

Next we consider a model of a composite particle consisting of one arbitrar-
ily located spherical inclusion within a spherical host. This is one of the cases
described in Chapter 8. We use the computer code developed by Gorden Videen
(Videen et al., 1995a, b; Ngo et al., 1996).

The case of a spherical host particle containing only one or very few inclusions
is of practical interest in atmospheric science. Such a composite particle may be
formed by condensation of matrix material onto a partially nonsoluble conden-
sation nucleus. The position of the inclusion within a host sphere is specified by
the distance d and the illumination incidence angle α as shown in Fig. 5. The

Figure 5 Geometry of a simple model consisting of an arbitrarily positioned spherical inclusion of
radius r within a host sphere of radius R. The location of the inclusion within the host is specified by
the distance d and illumination incidence angle α.
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absorption and the angular distribution of the scattered radiation depend on the
exact position of the inclusion within the host sphere as well as the inclusion size.

The wavelength of the incoming radiation is taken to be λ = 3.17 cm, corre-
sponding to that of the laboratory measurements. The radius of the host sphere is
R = 3.17 cm and the matrix refractive index is mA = 1.686. The refractive index
of the inclusion is mW = 7.70 + 2.48i and the inclusion radius varies depending
on the specified water volume fraction. The specified refractive indices are those
of acrylic and water at the wavelength λ = 3.17 cm (Chýlek et al., 1988; Chýlek
and Videen, 1998).

To compare the results of the EMAs with the exact model solution, we consider
inclusion material volume fractions ranging from 10−5 to 10−1, which correspond
to inclusion radii varying from 0.068 to 1.471 cm, or size parameters of 0.23 to
4.9 in the host medium. The numerical results are averaged over 810,000 random
inclusion locations within the host. Such a large number of individual locations is
needed to keep the standard deviation of the calculated averages of the absorption,
scattering, and extinction cross sections below 0.5%.

The absorption, scattering, and extinction efficiencies are plotted as a function
of the inclusion volume fraction in Fig. 6. The results obtained using the six se-
lected EMAs are compared with the exact model calculations. Because we have
only one inclusion in the host sphere, the volume fraction is directly related to the
inclusion radius and size parameter.

At an inclusion volume fraction of 10−5, the inclusion radius is 0.068 cm
and its size parameter with respect to the wavelength in the host medium x =
2πrmA/λ = 0.23. According to the small particle limit used in the derivation of
the Bruggeman and Maxwell-Garnett formulas, the value x = 0.23 can be consid-
ered a little over the upper limit of allowable inclusion sizes (the condition x � 1
is used in the derivations). Nevertheless, in the region x < 0.23 the Bruggeman,
the Maxwell-Garnett, and the EEMA formulas do provide accurate values within
1% for the scattering and extinction cross sections.

At an inclusion volume fraction of 10−4, the inclusion size parameter with re-
spect to the wavelength of radiation in the host sphere is x = 0.49. At this value,
the condition x � 1 is definitely not satisfied and therefore there is no reason to
expect the Bruggeman and the Maxwell-Garnett EMAs to provide accurate val-
ues for the extinction. The application of EMAs to the scattering cross section at
this size parameter could also be questioned. In spite of that the scattering and
extinction cross sections calculated using the Bruggeman and Maxwell-Garnett
approximations and the EEMA are still within 1% of the exact value obtained by
the solution of Maxwell’s equations for the boundary conditions of a sphere with
an arbitrarily located spherical inclusion. It is only the averaging of dielectric con-
stants and refractive indices and the inverted Maxwell-Garnett formula (with the
materials of matrix and inclusions interchanged) that deviate significantly from
the correct values. The differential scattering cross section is also reproduced
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Figure 6 Extinction, absorption, and scattering efficiencies at a wavelength of λ = 3.17 cm as a
function of the water volume fraction in the acrylic matrix are calculated using different EMAs and
compared to the model results for an arbitrarily located spherical water inclusion within a host acrylic
sphere.

very accurately up to size parameter x = 0.5 by the classical Bruggeman and
Maxwell-Garnett approximations, as well as by the EEMA.

For larger size parameters the errors of the Bruggeman and Maxwell-Garnett
approximations start to increase, indicating the breakdown of the approximations.
With inclusion size parameters in the range, 1 < x < 2, typical errors in the scat-
tering and extinction cross sections are between 5 and 15%. The extended effec-
tive medium approximation predicts scattering and extinction cross sections that
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are within 2% of the exact value up to the size parameter x = 1 and within 8% up
to x = 2.

The absorption cross section is calculated as a difference between the extinc-
tion and scattering cross sections and has considerably larger errors (up to 30%
around x = 1) and the use of EMAs to calculate absorption by water and acrylic
mixtures at centimeter wavelength is questionable.

The differential scattering cross section is reasonably well reproduced by the
EMAs (Fig. 7). The larger differences between the model and the EMAs occur

Figure 7 Angular scattered intensity (TM and TE modes) calculated using the Bruggeman and
Maxwell-Garnett EMAs and the EEMA for the case of water inclusions within an acrylic host sphere
compared to model results for an arbitrarily located spherical water inclusion within a host acrylic
sphere. The model results are averaged over 810,000 different inclusion positions within the host
sphere. The wavelength is λ = 3.17 cm.
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only close to the deep minima of the cross section. These differences are really
an artifact of the model calculations, where the averages are taken over 810,000
individual inclusion locations. Such averaging will necessarily smooth out any
deep dips occurring in the differential cross section for a fixed location of an
inclusion. On the other hand, the EMA results for a sphere with a single effective
dielectric constant will retain these deep minima always seen for Mie scattering
by monodisperse spheres. Although the relative errors are large at the minima
(Fig. 8), the average cosine of the scattering angle (asymmetry parameter) and
the single-scattering albedo are generally within 5 to 10% of the model values
(Fig. 9).

C. BLACK CARBON IN WATER DROPLETS

For the case of black carbon particles inside cloud or haze droplets at a visible
wavelength of λ = 0.55 µm, we take the refractive indices of water and black
carbon to be m1 = 1.33 and m2 = 1.75 + 0.44i, respectively. The real and
imaginary parts of the effective refractive indices were obtained using the selected
EMAs for several black carbon volume fractions.

The extinction, scattering, and absorption cross sections have been calculated
using the DDA (Draine, 1988; Draine and Flatau, 1994) that we have adapted for
treatment of heterogeneous particles (a configuration of 483 dipoles was used).
The values obtained using the DDA for various sizes of black carbon inclusions
are considered to be the correct values and the results of individual EMAs are
compared to those values to determine their accuracy. The size parameter of black
carbon inclusions within an R = 0.35-µm-radius host water droplet is varied
between x = 0.33 and 1.44. The size of black carbon grains is related to the
number of dipoles n across the diameter of a spherical inclusion (Table III).

The results obtained using the volume averages of the refractive indices and
dielectric constants or ε1/3 and using the “inverted” Maxwell-Garnett approxi-
mations are poor (not shown), considerably worse than those obtained using the
Bruggeman, Maxwell-Garnett, and extended effective medium approximations.
The results of the Bruggeman and Maxwell-Garnett approximations are generally
close to each other. To illustrate graphically the differences between the DDA and
the EMAs, we present plots only for the Maxwell-Garnett (black carbon embed-
ded in water matrix) and the extended effective medium approximations (Fig. 10).

At the size parameter x = 2πr Re(meff)/λ = 0.33 (n = 3), the accuracy of the
extinction and scattering cross sections using the Bruggeman and the Maxwell-
Garnett EMAs is between 1 and 2% (Fig. 10). At the same size parameter the
accuracy ofQext andQsca of the EEMA is better than 0.5%.

At the size parameter x = 0.55 (n = 5), the errors of the Qext and Qsca
using the Bruggeman and the Maxwell-Garnett EMAs are around 4%, whereas
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Figure 8 Relative error of the angular scattered intensity (TM and TE modes) calculated using the
Bruggeman and Maxwell-Garnett EMAs and the EEMA for the case of water inclusions within an
acrylic host sphere. The model results for an arbitrarily located spherical water inclusion within the
host acrylic sphere are considered to be the correct values.

the errors of the EEMA remain below 1%. At the largest size parameter x =
1.44 (n = 13), the errors of the Bruggeman and Maxwell-Garnett EMA–derived
extinction and scattering cross sections are between 10 and 12%, whereas the
EEMA errors remain between 3 and 4%. There is a significant improvement in
the accuracy of the calculated extinction and scattering cross sections when the
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Figure 9 The single-scattering albedo � and the asymmetry parameter 〈cos�〉 at a wavelength of
λ = 3.17 cm as a function of the water volume fraction in an acrylic matrix are calculated using
different EMAs and compared to model results for an arbitrarily located spherical water inclusion
within the host acrylic sphere.

classical effective medium approximations are replaced by the extended effective
medium approximation at size parameter values x � 0.5.

When the extinction and scattering efficiencies are close to each other, the rela-
tive error in absorption will be large. Consequently, the absorption efficiency cal-

Table III

Size Parameter x = 2πrm1/λ and Number of Inclusions N for Black Carbon
Volume Fraction of 0.1 and Given Number of Dipoles n across the Diameter of an

Inclusion. The Refractive Index of the Water Matrix at λ = 0.55 µm Is Taken to Be
m1 = 1.33

n 3 4 5 6 7 8 9 10 11 12 13

x 0.33 0.44 0.55 0.66 0.77 0.88 0.99 1.11 1.21 1.33 1.44
N 410 172 88 51 33 22 15 11 8 6 5
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Figure 10 Relative errors in the extinction, scattering, and absorption efficiencies calculated using
the Maxwell-Garnett EMA and the EEMA. The results obtained using the discrete dipole approx-
imation are considered to provide the correct values. The two lines symmetric with respect to the
horizontal axis represent the uncertainty due to statistics of the black carbon inclusion distribution
within a water matrix. The inclusion size is specified by the number of dipoles n across the diameter
of an inclusion. The diameter of the host sphere is spanned by 48 dipoles. The inclusion size parameter
within the water matrix varies between x = 0.33 (n = 3) and x = 1.44 (n = 13).

culated using the EMAs will have errors considerably larger that those involved in
Qext andQsca. In the case of about 10% black carbon mixed with water (Fig. 10),
the errors in the absorption efficiency are between 8 and 10%, with the EEMA
being slightly more accurate than the Maxwell-Garnett and Bruggeman EMAs.
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VII. OPERATIONAL DEFINITION OF AN
EFFECTIVE DIELECTRIC CONSTANT

The definition of the effective dielectric constant by Eq. (35) or (39) shows
that at a given frequency the defined effective dielectric constant εeff is a vol-
ume average of the local dielectric constant ε(x, y, z) with the local electric field
E(x, y, z) used as a weighting function. Although this E-field weighted aver-
age is well justified for the case of extinction of a wave propagating through a
composite medium, it may not be the best kind of average for the calculation of
the absorption and scattering properties of small composite particles. Compari-
son with the measurements, models, and other approximations presented in the
previous section suggests that absorption is not well approximated by various
EMAs.

For the absorption of electromagnetic radiation by small composite particles,
a more appropriate approximation of an effective dielectric constant may be a
volume average of a local dielectric function ε(x, y, z)weighted by |E(x, y, z)|2.
The defining equation∫

V

ε(x, y, z)|E(x, y, z)|2 dx dy dz = εeff

∫
V

|E(x, y, z)|2 dx dy dz (52)

has a simple physical interpretation as requiring that the total electromagnetic en-
ergy stored inside a homogeneous particle of dielectric constant εeff is the same
as the amount of energy stored inside an original inhomogeneous composite par-
ticle.

In a form discretized for numerical calculation, Eq. (52) can be rewritten anal-
ogously to Eq. (39) as

εeff

= ε1
∑N1
i=1 |E1i|2�V1i + ε2

∑N2
j=1 |E2j |2�V2j + ε3

∑N3
k=1 |E3k|2�V3k + · · ·∑N1

i=1 |E1i |2�V1i +∑N2
j=1 |E2j |2�V2j + ∑N3

k=1 |E3k|2�V3k + · · · .

(53)

Another plausible alternative for the definition of an effective dielectric func-
tion from the point of view of absorption and scattering of radiation by small
particles is a |E(x, y, z)|2 weighted average of [ε(x, y, z)]1/2, which is a |E|2
weighted average of refractive indices∫

V

√
ε(x, y, z)|E(x, y, z)|2 dx dy dz

= √
εeff

∫
V

|E(x, y, z)|2 dx dy dz (54)
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or

meff

= m1
∑N1
i=1 |E1i |2�V1i +m2

∑N2
j=1 |E2j |2�V2j +m3

∑N3
k=1 |E3k|2�V3k + · · ·∑N1

i=1 |E1i |2�V1i +∑N2
j=1 |E2j |2�V2j + ∑N3

k=1 |E3k|2�V3k + · · · .

(55)

The judgment on the suitability of the proposed effective dielectric functions
defined by Eq. (53) or (55) for the calculation of absorption by heterogeneous
particles will have to be postponed until more numerical results become avail-
able.

VIII. CONCLUSIONS

The classical effective medium approximations as represented by the Brugge-
man and Maxwell-Garnett mixing rules are usually derived under the assumption
that the grain size parameter x = 2πr/λ � 1, where λ is the wavelength of ra-
diation in an effective medium and 2r is a typical grain dimension. The extended
effective medium approximations are supposed to extend the region of validity
up to x on the order of 1. For the considered cases of black carbon grains in wa-
ter droplets at visible wavelengths and water inclusions in an acrylic matrix at
centimeter wavelengths, we conclude that:

1. The choice of which effective medium approximation (Bruggeman,
Maxwell-Garnett, or inverted Maxwell-Garnett) should be used in any
specific application is determined by the geometrical arrangement of the
grains. Large errors in all radiative characteristics of composite particles
can occur if an effective medium approximation is used that is not
consistent with the specific grain distribution.

2. In the inclusion size parameter region of x < 0.1 the Bruggeman, the
Maxwell-Garnett, and the EEMA provide accurate values for extinction
and scattering cross sections that are within 1% of the “correct” values
obtained using a more accurate method (DDA), a model that can be solved
exactly (a spherical inclusion arbitrarily located within a spherical host),
and laboratory measurements. They also provide accurate numerical
values for the differential scattering cross section (or the phase function)
and asymmetry parameter 〈cos�〉. The errors in the absorption cross
section are considerably larger, between 10 and 15% for the considered
cases of spherical water inclusions in an acrylic matrix and of black carbon
in water droplets.
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3. For an inclusion size parameter ranging up to x = 2, the Bruggeman and
Maxwell-Garnett EMAs provide extinction and scattering cross sections
with errors between 10 and 15%. In the same size parameter range, the
errors of the EEMA are between 3 and 5%.

4. The EMAs and the EEMA provide a suitable tool for treatment of
heterogeneous and composite particles in geophysical problems. The
considered cases suggest that the EMAs and the EEMA can be used to
obtain the single-scattering parameters (extinction, single-scattering
albedo, and asymmetry parameter) needed for radiative transfer
calculations, provided that the previously mentioned restrictions on the
inclusion size parameter are satisfied.

5. The EMA results for the extinction and scattering cross sections and the
asymmetry parameter are usually more accurate than the results for the
absorption cross section. There is a need to develop new approaches
designed specifically for calculations of the absorption cross section or
other characteristics of the interaction of electromagnetic radiation with
composite materials.
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I. INTRODUCTION

The difficulty of calculating the scattering of electromagnetic radiation by
many naturally occurring particles is due to a large extent to their nonspheri-
city, but is also attributable to inhomogeneities within the particles. Examples in
remote-sensing and climatology studies are water droplets in the terrestrial at-
mosphere that contain various insoluble inclusions, ice particles with internally
trapped air bubbles, inhomogeneous composites of mineral aerosols, and plane-
tary regolith particles. Internal scattering also complicates the optical techniques
for material testing. Examples are the detection of contamination on silicon wafer

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
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surfaces (Ivakhnenko et al., 1998) or the optical particle sizing in industrial spray
drying of food (Göbel et al., 1997).

The calculation of the scattering properties of particles with arbitrary shapes
and internal structures is rather difficult. Exact solutions exist for a few symmet-
ric particles with layered structures (e.g., Toon and Ackerman, 1981) as well as
for spherical particles with arbitrarily located spherical inclusions (Fuller, 1995b;
Chapters 8 and 9). Furthermore, a number of algorithms based on the discrete
dipole approximation (Purcell and Pennypacker, 1973; Chapter 5) have been de-
veloped to treat scattering by nonspherical particles with arbitrary internal optical
structures (Goedecke and O’Brien, 1988). However, the relatively high demands
for computer time and memory limit applications of these techniques to moderate
size parameters.

In this chapter, a relatively simple hybrid technique combining ray optics and
Monte Carlo radiative transfer is presented, which permits the treatment of light
scattering by arbitrarily shaped host particles containing spherical and nonspher-
ical inclusions and is valid for host particles that are large compared to the wave-
length of the incoming radiation. It, therefore, extends the treatment of nonspher-
ical, inhomogeneous particles to the large size parameter range.

Section II describes the ray-tracing/Monte Carlo model. Applications to light
scattering by atmospheric ice crystals and lunar soil grains are discussed in Sec-
tion III. A simplified treatment of the scattering problem using an independent
superposition of the scattering properties of the host and internal particles is pre-
sented in Section IV. Finally, some concluding remarks and a brief outline of
further potential applications are given in Section V.

II. RAY-TRACING/MONTE CARLO TECHNIQUE

The scattering of a light ray entering a particle containing discrete inclusions is
simulated by a combination of ray-tracing and Monte Carlo techniques (hereafter
referred to as the RT/MC technique). The ray-tracing program takes care of the
individual reflection and refraction events at the outer boundary of the particle
(e.g., Muinonen et al., 1989; Chapters 11 and 15) and the MC routine simulates
internal scattering processes.

After an incident photon is refracted into the host particle, it is allowed to travel
a free path length l given by

l = −l logR(0, 1), (1)

where l is the mean free path length between two subsequent scattering events
and R(0, 1) is an equally distributed random number within the interval (0, 1).

If the photon has not reached one of the boundaries of the medium, its previous
direction is changed along the local zenith � and azimuth ϕ scattering angles
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Figure 1 Illustration of the internal scattering geometry in hexagonal ice crystal with inclusions.

(Fig. 1) according to∫ �

0
aincl

1

(
�′) sin�′ d�′ = R(0, 1)

∫ π

0
aincl

1

(
�′) sin�′ d�′, (2)

ϕ = R(0, 2π), (3)

where aincl
1 denotes the scattering phase function (Section XI of Chapter 1) of

the internal scatterer. Absorption is taken into account by multiplying the photon
energy with the single-scattering albedo � incl of the internal scatterer. Together
with the processes described by Eqs. (1)–(3), this represents a direct Monte Carlo
solution of the radiative transfer equation for a scattering and absorbing medium.
These processes are repeated until the photon enters the host boundary surface,
where it is again subject to reflection and refraction events. The entire procedure
is repeated again for the internally reflected component each time until the photon
energy falls below a specified threshold.

Note that calculations of the internal scattering properties require a nonabsorb-
ing surrounding host medium. However, absorption within the host medium can
still be taken into account by adding purely absorbing inclusions.

The scheme outlined previously produces the ray-tracing single-scattering
albedo �RT and the ray-tracing scattering phase function aRT

1 for the host par-
ticle. Additionally, diffraction on the host particle’s projected area S must be
taken into account. For polyhedral particles, the projected area can be described
by a closed polygon, from which the diffraction phase function aD

1 can be calcu-
lated analytically (Cai and Liou, 1982; Macke et al., 1996b). For large spherical
host particles with size parameters x = 2πr/λ � 1, diffraction is given by
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(van de Hulst, 1957)

aD
1 (�) =

⎧⎪⎨⎪⎩ 4x2
(
J1(x sin�)

x sin�

)2

, � ∈
[

0,
π

2

]
,

0, otherwise,

(4)

where J1(y) is the Bessel function of the first kind, r is the particle radius, and
λ is the wavelength.

Ray-tracing and diffraction properties are added, weighted by their individual
scattering cross sections. By definition, the ray-tracing extinction cross section
is equal to the geometric cross section of the host particle, CRT

ext = S, and the
ray-tracing scattering cross section is equal to CRT

sca = �RTS. The diffraction
extinction cross section CD

ext = S is always equal to the diffraction scattering
cross section CD

sca. Therefore, the total cross sections, single-scattering albedo,
and phase functions are given by

Cext = CRT
ext + CD

ext = 2S, (5)

Csca = CRT
sca + CD

sca = (
1 +�RT)S, (6)

� = Csca

Cext
= �RT + 1

2
, (7)

a1(�) = CRT
scaa

RT
1 (�)+ CD

scaa
D
1 (�)

CRT
sca + CD

sca
= �RTaRT

1 (�)+ aD
1 (�)

�RT + 1
. (8)

The anisotropy of the scattered radiation is described by the asymmetry parameter

〈cos�〉 =
∫ π

0
a1(�) cos� sin�d� = �RT〈cos�〉RT + 〈cos�〉D

�RT + 1
. (9)

For large size parameters, the diffraction asymmetry parameter is very close to 1
so that

〈cos�〉 ≈ �RT〈cos�〉RT + 1

�RT + 1
. (10)

Note that the use of RT and MC techniques entails the following two as-
sumptions. First, the distance between nearest neighbor internal scatterers must
be larger than a few times their radii in order to treat them as independent scat-
terers. Second, the distance between the host particle boundary and internal scat-
terers must also exceed a certain value in order to assure the validity of Snell’s
law and Fresnel’s formulas. According to Mishchenko et al. (1995), both con-
ditions require a mean free path length l larger than about four times the radius
of the internal scatterers. Therefore, even for a small number density of internal
scatterers, the random nature of the Monte Carlo process will lead to occasional
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violations of this requirement. However, setting l to 20 times the particles’ radii
ensures that possible near-field effects play only a minor role in the total scattering
simulation.

It should be noted that this computational scheme in its present state does not
include interference mechanisms such as coherent backscattering (Tsang et al.,
1985, Chapter 5; Barabanenkov et al., 1991). This mechanism results from
constructive interference of so-called self-avoiding reciprocal multiple-scattering
paths and causes a narrow intensity peak centered at exactly the backscattering di-
rection. Although coherent backscattering does not change the total optical cross
section of the composite particle and is unlikely to modify noticeably the total
asymmetry parameter, it may increase the total backscattering phase function by
as much as 50–60% (Mishchenko, 1992b) and, therefore, can significantly affect
the results of active remote-sensing retrievals such as lidar measurements.

III. RESULTS

The following two sections describe example applications of the RT/MC tech-
nique. Section A describes light scattering by inhomogeneous atmospheric ice
crystals and is partly based on the paper by Macke et al. (1996a). The second ex-
ample (Section B) examines the effect of internal structures on the asymmetry pa-
rameter of composite particles and summarizes the results derived by Mishchenko
and Macke (1997).

A. ATMOSPHERIC ICE PARTICLES

The study of light scattering by atmospheric ice crystals is largely motivated
by the strong variability of ice particle shapes (e.g., Takano and Liou, 1995;
Macke et al., 1996b; Chapter 15). In most studies, the ice material itself is as-
sumed to be homogeneous. In fact, although the shape problem is obvious from
numerous in situ aircraft measurements (e.g., Heymsfield et al., 1990), little is
known about the internal structure of the ice particles. Considering the possible
increase of the concentration of aerosol particles in the upper troposphere, caused
either by natural phenomena such as volcanic eruptions (Sassen et al., 1995) or by
anthropogenic causes such as high-altitude aircraft exhausts (Schumann, 1994) or
high-reaching convective transport of industrial combustions (Raes et al., 1995),
we might expect to find that increased scavenging and aggregation processes may
lead to a large number of trapped particles inside ice crystals. Air bubbles may
also be trapped inside rapidly growing ice particles or inside suddenly frozen su-
percooled water droplets. Furthermore, particle growth by riming also leads to
highly inhomogeneous internal structures.
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Figure 2 Scattering phase functions of spherical inclusions made of ammonium sulfate, soot, and
air bubbles embedded in a hexagonal ice crystal. Reprinted from A. Macke, M. I. Mishchenko, and
B. Cairns (1996a), The influence of inclusions on light scattering by large ice particles. J. Geophys.
Res. 101, 23,311–23,316; c© 1996 by the American Geophysical Union.

Three types of internal scatterers are considered here: ammonium sulfate
aerosols [(NH4)2SO4], soot particles, and air bubbles. Figure 2 shows the scatter-
ing phase functions for these types of internal scatterers. Both ammonium sulfate
particles and air bubbles are transparent in the visible. Therefore, these particles
only affect the scattering properties of the ice crystal scattering phase function.
Soot, on the other hand, is strongly absorbing and, therefore, has the potential of
increasing the ice particles’ absorption. The sizes of all types of impurities are
assumed to obey a standard gamma distribution defined by an effective radius reff
and an effective variance veff (Hansen and Travis, 1974). The values chosen for
the three scatterers are given in Table I. The refractive indices m = mr + imi
are taken from Toon et al. (1976) for (NH4)2SO4 and from Nilsson (1979) for
soot. For air bubbles m is set to 1. These values are divided by the refractive
index of ice (Warren, 1984), for which the small imaginary part (∼10−9) is ne-
glected, to obtain the respective relative refractive indices (Table I). Because the
impurities are assumed to be spherical, the Lorenz–Mie theory was used to ob-
tain the size-distributionally averaged optical properties of the internal scatterers
relative to the surrounding ice material. Calculations were performed at a wave-
length of λ = 0.55 µm, corresponding to maximum solar irradiation. The re-
sulting extinction efficiencies Qext(incl) = Cext(incl)/(average projected area),
single-scattering albedo �incl, and asymmetry parameters 〈cos�〉incl are shown
in Table I. Figure 2 compares the phase functions of the internal scatterers.

The number density of the inclusions determines the mean free path length l
[Eq. (1)] or, equivalently, the volume extinction coefficient kext = 1/l. For an
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Table I

Effective Radius reff and Effective Variance veff for Three Types of Inclusions,
Inclusion Relative Refractive Indices (mr, mi), and Respective Size-Averaged

Extinction Efficiencies Qext(incl), Single-Scattering Albedos incl, and
Asymmetry Parameters 〈cos �〉incl

Type reff (µm) veff (mr,mi) Qext(incl) �incl 〈cos�〉incl

(NH4)2SO4 0.5 0.2 (1.15, 0.0) 1.354 1.0000 0.9213
Soot 0.5 0.2 (1.18, 0.38) 2.122 0.4257 0.9033
Air bubbles 1.0 0.1 (0.75, 0.0) 1.977 1.0000 0.8817

Source: A. Macke, M. I. Mishchenko, and B. Cairns (1997), The influence of inclusions on
light scattering by large hexagonal and spherical ice crystals, in “IRS’96 Current Problems in
Atmospheric Radiation” (W. L. Smith and K. Stamnes, Eds.), pp. 226–229, Deepak, Hamp-
ton, VA.

ensemble of n0 particles per unit volume element with sizes obeying the standard
gamma distribution, kext is given by (Lacis and Mishchenko, 1995)

kext = πr2
eff(1 − veff)(1 − 2veff)Qextn0. (11)

It is often more convenient to describe the optical density of the inclusions in
terms of the optical thickness τ . To this end, the volume extinction coefficient
must be multiplied by a length H , which represents a characteristic dimension of
the host particle. For the purpose of this study, H is defined by the maximum di-
mension of the host particle. However, it should be noted that this choice does not
necessarily reflect the typical length scale for spherical and nonspherical particles.
See Macke et al. (1996a) for a brief discussion of this problem.

The effects of different types of internal impurities are studied for a hexago-
nal ice column with shape defined by a length to (hexagonal) diameter ratio of
200 µm/100 µm. This choice roughly corresponds to the mean particle dimen-
sions observed in natural cirrus clouds.

Figure 3 shows the total scattering phase function (ice column with inclusions)
for optical thicknesses τ = 0.5, 2.5, and 5. With increasing τ , all three inclusions
cause a noticeable broadening of the forward scattering features from 0◦ to 22◦,
as well as a decrease in the magnitude of the 22◦ halo maximum. The broadening
results from the predominantly forward scattering phase functions of the individ-
ual impurities, which spreads the light rays that are directly transmitted through
plane-parallel crystal facets. The same mechanism reduces the magnitude of the
halos and the magnitude of the backscattering peak. The nonabsorbing inclusions
cause an increase in side scattering, whereas side scattering decreases in magni-
tude for ice crystals containing soot particles. For both absorbing and nonabsorb-
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Figure 3 Scattering phase functions of a hexagonal column with internal ammonium sulfate (multi-
plied by 104), air bubble (multiplied by 102), and soot inclusions. The optical thickness of the internal
scatterers is τ = 0.5, 2.5, and 5. Reprinted with changes from A. Macke, M. I. Mishchenko, and
B. Cairns (1996a), The influence of inclusions on light scattering by large ice particles. J. Geophys.
Res. 101, 23,311–23,316; c© 1996 by the American Geophysical Union.

ing inclusions, the departures from the scattering phase function for the pure ice
crystal increases as the inclusion number density increases. However, additional
absorption caused by soot particles reduces the contribution of refracted rays to
the total phase function [Eq. (8)], which explains the opposite side scattering ef-
fects for ice particles with absorbing versus nonabsorbing contaminations.

Ice particles in the atmosphere are often quite irregular in shape rather than
a simple crystal and thus the assumption of symmetric hexagonal particles is
not valid in this case. In this regard, an interesting question is whether internal
scatterers significantly change the overall scattering properties of an irregularly
shaped host particle, which has no characteristic ray paths because of its random-
ized geometry. Figure 4 shows the scattering phase functions of a randomized,
fractal-type host particle (see Macke et al., 1996b, for details) with increasing
optical thickness of air bubble inclusions. A comparison with Fig. 3 indeed re-
veals that the inclusions have a weaker effect on the overall scattering properties
for more irregularly shaped particles. However, the changes in the total scattering
phase function are still significant, even for optical thicknesses as small as 0.5.
Unlike the situation for a hexagonal host particle, internal scattering in the ran-
dom polycrystal leads to a sharper forward scattering pattern. This result may be
explained by the fact that the forward scattering for a homogeneous polycrystal
is determined by a superposition of halos resulting from a minimum deviation for
various component ice prisms, whereas internal scattering processes complicate
the conditions for this minimum deviation and apparently increase the fraction of
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Figure 4 Phase function versus scattering angle for a random polycrystal with increasing optical
thickness of air bubble inclusions.

internal reflections at the expense of direct transmissions. We note that this ran-
dom polycrystal with air bubble inclusions may serve as a model for graupel and
hailstone particles, which possess irregular external geometries as well as internal
inhomogeneities in the form of air bubble inclusions (e.g., Pruppacher and Klett,
1997).

B. PLANETARY REGOLITH PARTICLES

Because large, homogeneous particles always have positive asymmetry pa-
rameters, it has been hypothesized that the negative asymmetry parameters of
planetary regolith particles retrieved with an approximate bidirectional reflectance
model (Hapke, 1993) result from their presumably complicated internal structure.
The diameter of lunar regolith particles is typically about 50 µm, so that scatter-
ing of visible light by such particles can be described by means of the geometric
optics approximation.

In the following, spherical host particles with a diameter of 50 µm and refrac-
tive indices at λ = 0.55 µm equal to 1.55 and 1.31 are assumed, corresponding
to silicate and pure ice, respectively. Both materials commonly cover surfaces of
bodies in the solar system. For the scattering inclusions, refractive indices are cho-
sen to represent either voids inside the host particle (m = 1) or refractive grains
with large and small contrast compared to the host particle (m = 2, m = 1.65).
Table II shows the four types of host/inclusion pairs used in this study.
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Table II

Refractive Indices of the Host Medium
and Inclusions

Type mhost mincl

1 1.55 1
2 1.55 2
3 1.55 1.65
4 1.31 1

Source: M. I. Mishchenko and A. Macke (1997), As-
symetry parameters of the phase function for isolated
and densely packed spherical particles with multi-
ple internal inclusions in the geometric optics limit,
J. Quant. Spectrosc. Radiat. Transfer 57, 767–794.

The size distribution of the inclusions is assumed to follow the standard gamma
distribution (Hansen and Travis, 1974) with an effective radius of 0.5 µm and an
effective variance of 0.1. The single-scattering properties of the inclusions have
been calculated using the Lorenz–Mie theory. Figure 5 shows the corresponding
scattering phase functions.

Equation (10), which assumes 〈cos�〉D ≈ 1, already suggests that the total
asymmetry parameter for a large, isolated, composite particle cannot be negative.
The only way to make the total asymmetry parameter equal to 0 is to have only
nonabsorbing inclusions and a backward delta-function-like ray-tracing phase
function, so that �RT = 1 and 〈cos�〉RT = −1. In fact, Fig. 6 shows that the
ray-tracing asymmetry parameter 〈cos�〉RT for the nonabsorbing composite par-
ticle does decrease systematically with increasing optical thickness. However, in
none of the cases does it approach −1 or even become noticeably smaller than 0.
The smallest 〈cos�〉RT value is equal to −0.0122 and corresponds to the type 1
composite particle and an extremely large optical thickness of τ = 25. As a con-
sequence, the total asymmetry parameter values are always positive and never
drop below 0.4922.

It has been suggested by Hapke (1993) that the ray-tracing asymmetry param-
eter can be reduced significantly by increasing absorption inside the composite
particle because in this case it is only the light scattered to the sides and rear by the
inclusions near the back-facing surface of the composite particle that readily es-
capes. However, because the inclusions scatter light predominantly in the forward
direction (Fig. 5), backscattering by the composite particle requires (multiple) in-
ternal scattering events and thus longer ray paths than the direct transmittance
that causes the forward scattering. Therefore, increasing absorption suppresses
the backscattering component of the ray-tracing phase function. Furthermore, it
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Figure 5 Phase function versus scattering angle for four types of internal inclusions. Reprinted from
M. I. Mishchenko and A. Macke (1997), Assymetry parameters of the phase function for isolated
and densely packed spherical particles with multiple internal inclusions in the geometric optics limit,
J. Quant. Spectrosc. Radiat. Transfer 57, 767–794, c© 1997, with permission from Elsevier Science.

follows from Eq. (9) that increasing absorption reduces the ray-tracing contri-
bution to the total asymmetry parameter so that the strongly forward scattering
diffraction component dominates, and the asymmetry parameter of the composite
particle increases. Therefore, the only way to considerably reduce the ray-tracing

Figure 6 Ray-tracing (filled symbols) and total (open symbols) asymmetry parameters versus
scattering optical thickness τ for type 1, type 2, and type 4 composite particles. Reprinted from
M. I. Mishchenko and A. Macke (1997), Assymetry parameters of the phase function for isolated
and densely packed spherical particles with multiple internal inclusions in the geometric optics limit,
J. Quant. Spectrosc. Radiat. Transfer 57, 767–794, c© 1997, with permission from Elsevier Science.
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asymmetry parameter is to increase the amount of multiple scattering inside the
composite particle. This can only be achieved by decreasing rather than by in-
creasing the absorption.

Similar calculations for the type 3 composite particle show that the reduced
contrast between the inclusions and the host medium causes significantly larger
ray-tracing asymmetry parameters than for the type 1 and type 2 particles. This
readily can be explained by the fact that the type 3 inclusion has a stronger forward
scattering and a weaker backscattering component than the phase functions for the
type 1 and type 2 inclusions (Fig. 5).

Figure 6 shows that the ray-tracing asymmetry parameter for the composite
ice particle (type 4) is systematically larger than that for silicate particles. This
can be explained by the fact that the phase function for vacuum bubbles in ice is
less backscattering than that for both vacuum bubbles and highly refractive grains
in the silicate host medium (Fig. 5). Furthermore, homogeneous particles with a
lower refractive index (ice) tend to be more forward scattering than those with a
larger refractive index (silicate). It thus appears that it is more difficult to make an
ice particle backscattering by filling it with multiple voids than it is for a silicate
particle.

The qualitative results of this section also hold for densely packed large com-
posite particles, even for isotropic scattering internal inclusions. A detailed dis-
cussion can be found in Mishchenko and Macke (1997) and Hillier (1997).

IV. ANALYTIC APPROXIMATION

From the practical point of view, it is interesting to compare RT/MC results
with those obtained by an independent scattering approximation (ISA), where the
scattering properties of the host particle and the inclusions are treated separately,
that is, where radiative interactions between the ice particle surface and the em-
bedded inclusions are neglected. Note that the ISA still requires that the refractive
indices of the inclusions have to be given with respect to the refractive index of
the host particle.

Because the internal scatterers do not affect the diffraction pattern of the host
particle, only the ray-tracing phase function needs to be modified. The composite
ray-tracing phase function of the homogeneous host particle and the inclusions is
given by

aRT
1 (host + incl) = CRT

sca(host)aRT
1 (host)+NCsca(incl)aincl

1

CRT
sca(host)+NCsca(incl)

. (12)

Here, CRT
sca(host) and aRT

1 (host) denote the scattering cross section and the ray-
tracing phase function of the homogeneous host particle. The number, scattering
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Table III

Asymmetry Parameter 〈cos �〉 for Ice Crystals Containing Ammonium Sulfate, Air
Bubble, and Soot Inclusions as a Function of τ (See Text). The Changes in

the Single-Scattering Albedo  for Crystals with (Absorbing) Soot Inclusions are
Also Shown. Results Based on the Independent Scattering Approximation are

Given in Parentheses

τ 〈cos�〉, (NH4)2SO4 〈cos�〉, air bubbles 〈cos�〉, soot � , soot

0 0.8153 0.8153 0.8153 1.0000
0.5 0.8113 (0.8370) 0.8060 (0.8340) 0.8372 (0.8484) 0.9249 (0.9307)
2.5 0.7841 (0.8832) 0.7722 (0.8740) 0.8905 (0.9253) 0.7128 (0.7372)
5 0.7588 (0.9079) 0.7385 (0.8953) 0.9233 (0.9686) 0.5906 (0.6125)

10 0.7215 (0.9284) 0.6935 (0.9131) 0.9512 (0.9945) 0.5164 (0.5253)

Source: A. Macke, M. I. Mishchenko, and B. Cairns (1997), The influence of inclusions on light
scattering by large hexagonal and spherical ice crystals, in “IRS’96 Current Problems in Atmospheric
Radiation” (W. L. Smith and K. Stamnes, Eds.), pp. 226–229, Deepak, Hampton, VA.

cross section, and scattering phase function of the inclusions are represented by
N , Csca(incl), and aincl

1 .
Similarly, adding the single-scattering albedo of the host and the inclusions

yields

�RT(host + incl) = CRT
sca(host)+NCsca(incl)

CRT
ext (host)+ NCext(incl)

= CRT
ext (host)�RT

host +NCext(incl)�incl

CRT
ext (host)+NCext(incl)

. (13)

Substituting Eqs. (12) and (13) into Eq. (8) provides the total phase function of
the host/inclusions combination in the approximation of independent scattering.

Table III shows the approximate asymmetry parameter and single-scattering
albedo (the latter, for soot only) together with the RT/MC results for a hexagonal
host particle as discussed in Section III.A. The ISA results are given in parenthe-
ses. Obviously, the ISA does not give a satisfactory estimate of the true scattering
behavior, even for internal scatterers with small optical thickness. For the nonab-
sorbing inclusions, 〈cos�〉 increases with increasing τ , contrary to the RT/MC
results. An independent superposition of the phase functions of the ice crystal and
inclusions mostly affects the forward scattering region, while side and backscat-
tering are little influenced because both constituents are already predominantly
forward scattering. As a result, the combined forward scattering peak becomes
broader, the side scattering and backscattering remain almost the same, and the
asymmetry parameter increases. On the other hand, a change in the internal ray
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paths as simulated in the Monte Carlo procedure not only influences the forward
scattering behavior, but also all subsequent internal reflections, thereby leading
to a broadening of the forward scattering peak and a systematic increase in side
scattering and backscattering. In other words, scattering by the host particle and
the internal inclusions is strongly coupled because of the ability of the inclusions
to systematically change the internal ray paths. In case of absorption either by the
ice crystal or by the inclusions, the length of the effective ray paths and, thus, the
coupling decreases. This is demonstrated by the case of soot inclusions, for which
the RT/MC and ISA results agree better than for nonabsorbing inclusions.

V. CONCLUSIONS

The demonstrated influence of different types of inclusions on the single-
scattering behavior of a composite particle provides an additional motivation for
studying the internal structures of naturally occurring particles. A more accurate
characterization of the impurity effects requires a more precise knowledge of re-
alistic number densities and of inclusion sizes.

Although the present study assumes uniformly distributed inclusions, it should
be noted that the Monte Carlo technique applied can be easily extended to nonuni-
form distributions of internal scatterers.

Finally, natural inclusions are not always spherical in shape, thereby poten-
tially preventing the use of the Lorenz–Mie theory to solve for their single-
scattering properties. Therefore, future applications of the RT/MC technique
should take advantage of results from scattering theories such as the T -matrix
method (Mishchenko, 1993; Chapter 6), the finite difference time domain method
(Yang and Liou, 1995; Chapter 7), or the discrete dipole approximation (Draine
and Flatau, 1994; Chapter 5), which are suitable for nonspherical particle shapes.

A standard Fortran 90 implementation of the RT/MC technique is freely avail-
able from the author upon request.
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I. INTRODUCTION

Theoretical light-scattering studies for stochastically shaped particles can be
divided into a handful of partly overlapping groups. Extensive studies have been
made on scattering by spheres with surface deformations much smaller than the
radius. Rather recently studies have begun on spheres with surface deformations
of arbitrary size. Scattering by random crystal particles have been analyzed in the
ray optics approximation and recent advances further include results on scattering
by fractal-shaped particles. Random ellipsoids and Chebyshev particles have been
utilized for the derivation of ensemble-averaged scattering characteristics. Finally,
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random cylinders have been introduced to further understanding of scattering by
elongated particles.

As for scattering by spheres with small surface deformations, among the early
treatments of light scattering by stochastically shaped particles was the work of
Hiatt et al. (1960) on surface roughness and its effects on the backscattering char-
acteristics of spheres. Barrick (1970) offered a perturbation series approach to
scattering by rough spheres.

Schiffer and Thielheim (1982a, b) provided a ray optics treatment for convex
particles with a Gaussian distribution of surface normals. They accounted for sin-
gle reflection, multiple surface scattering, transmission, forward diffraction, and
shadowing by surface roughness. Forward diffraction was computed in the scalar
Kirchhoff approximation by ensemble averaging using Gaussian statistics. Sur-
face roughness was seen to produce an increasing slope in the phase function
toward the backscattering direction. Mukai et al. (1982) and Perrin and Lamy
(1983) studied scattering by large rough particles.

Schiffer (1985) focused on the effect of surface roughness on the spectral re-
flectance of dielectric particles. Convex particles with roughness scales smaller
than the wavelength of incident light were assumed and both Gaussian and expo-
nential correlation functions for the surface heights were made use of. Large-scale
roughness was suggested as being responsible for the gross properties of angular
scattering but was not included in the analysis. It was found that certain color
effects could be caused by the small-scale surface roughness.

Schiffer (1989) studied light scattering by perfectly conducting, statistically
irregular particles by superposing stochasticity on a sphere. The statistical param-
eters required were the mean and the covariance function. Deformation from the
spherical shape was assumed to be small and the perturbation series approach of
Yeh (1964) and Erma (1968a, b, 1969) was developed up to the second order.
Schiffer noticed a divergence of results for the exponential correlation function.
As an example, he validated the perturbation series approach for randomly ori-
ented spheroidal particles. Schiffer (1990) then extended the earlier perturbation
series work to irregular particles of arbitrary material. Again, up to the second or-
der, he provided largely analytical results for the scattering characteristics. Similar
work by César et al. (1994) also required surface deformations much smaller than
the radius of the sphere.

Bahar and Chakrabarti (1985) applied the so-called full-wave theory to large
rough conducting spheres assuming that the correlation length of the surface de-
formations was small as compared to the circumference of the sphere. For rough-
ness scales of order a wavelength, roughness was shown to have a significant ef-
fect on the scattering characteristics. The results were compared to those from
the perturbation series approach of Barrick (1970) and the reformulated cur-
rent method of Abdelazeez (1983). Schertler and George (1994) provided the
backscattering cross section of a perfectly conducting, roughened sphere.
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Peltoniemi et al. (1989) studied scattering of light by stochastically rough par-
ticles in the ray optics approximation using a Markovian ray-tracing algorithm.
No longer were the surface deformations required to be small as compared to
the radius. They generated example two-dimensional silhouettes of rough par-
ticles using multivariate lognormal statistics. Continuing that work, Muinonen
(1996a) and Muinonen et al. (1996) completed the mathematical model for what
they called the Gaussian (or lognormal) random particle (or sphere) and pub-
lished extensive light-scattering computations using the ray optics approxima-
tion. Muinonen et al. (1997) then studied analytically the regime of validity of
the ray optics approximation for Gaussian random spheres. Muinonen (1996b)
put forward the Rayleigh-volume and Rayleigh–Gans approximations for solving
the integral equation of electromagnetic scattering. Lumme and Rahola (1998)
and Peltoniemi et al. (1998) provided tentative results from close-to rigorous so-
lutions of the integral equation. Nousiainen and Muinonen (1999) applied the
Gaussian random sphere in ray optics studies of light scattering by oscillating
raindrops.

As to random crystals, Muinonen et al. (1989) studied light scattering by
randomly oriented and randomly distorted crystal particles, obtaining scatter-
ing characteristics resembling those of Peltoniemi et al. (1989). Macke et al.
(1996b) and Hess et al. (1998) derived ray optics results for distorted hexagonal
columns and plates and imperfect hexagonal crystals, respectively, and Yang and
Liou (1998a) assumed surface roughness for the crystal faces in their ray optics
computations.

Chiappetta (1980b) published a high-energy, phenomenological formulation
of scattering by irregular absorbing particles and concluded that the eikonal and
shadow functions described reasonably well the effects of surface roughness
on light scattering. Light scattering by fractal particles was studied by Bour-
rely et al. (1986) for particles large compared to the wavelength. The particle
shapes were assumed to be axially symmetric, with the incident wave propagat-
ing in the direction of the symmetry axis. Uozumi et al. (1991) and Uno et al.
(1995) carried out diffraction studies for Koch fractals. Macke et al. (1996b)
performed ray-tracing computations for complicated deterministic and random
fractals.

Distributions of ellipsoids, spheroids, and Chebyshev particles have been in-
corporated in analyses of ensemble scattering. Huffman and Bohren (1980) stud-
ied absorption spectra of nonspherical particles in the Rayleigh-ellipsoid approx-
imation, whereas Hill et al. (1984) studied scattering by shape distributions of
soil particles and spheroids. Mugnai and Wiscombe (1986) and Wiscombe and
Mugnai (1988) carried out ensemble averaging for Chebyshev particles, and
Mishchenko (1993; Chapter 2) studied shape distributions of randomly oriented
axially symmetric particles.
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As to light scattering by stochastically deformed cylinders, Bahar and Fitzwa-
ter (1986) carried out studies for rough conducting cylinders in a fashion simi-
lar to that of Bahar and Chakrabarti (1985) for rough conducting spheres. They
published straightforward formulas based on the full-wave theory and compared
scattering by smooth and rough cylinders. Ogura et al. (1991) studied scattering
by a slightly random cylindrical surface for horizontal polarization. Videen and
Bickel (1992) measured the scattering matrix for a rough quartz fiber and pre-
sented theoretical models based on a multiconcentric fiber bundle and a Rayleigh
system. Muinonen and Saarinen (1998) formulated the stochastic geometry of the
Gaussian random cylinder and established the ray optics approximation for infi-
nite Gaussian cylinders.

As to experiments for understanding scattering by stochastically shaped par-
ticles (see Chapters 12 and 13), for example, Giese et al. (1978) studied scatter-
ing by compact and fluffy particles large compared to the wavelength in order
to understand the optical properties of interplanetary dust. They concluded that
the Lorenz–Mie theory for spherical particles was unable to explain the observa-
tions and showed by model calculations and microwave analog measurements that
large, fluffy particles were possibly an important component of the interplanetary
dust cloud.

Holland and Gagne (1970) measured scattering matrices for polydisperse sys-
tems of irregular particles and compared the scattering characteristics to those
from spherical particles with the same optical properties and size distribution.
They found considerable differences in the backscattering characteristics of
spheres and irregular particles.

Perry et al. (1978) measured scattering matrices for small, rounded, irregular
ammonium sulfate particles and deformed cubic sodium chloride particles. They
were able to explain the scattering characteristics of the rounded particles using
Lorenz–Mie calculations for an equivalent size distribution, but noted large dif-
ferences between the Lorenz–Mie calculations and the scattering characteristics
of the cubic particles. Kuik et al. (1991) measured scattering matrices for small
water droplets and larger irregular quartz particles and considerable differences
were evident in the scattering patterns.

Sasse and Peltoniemi (1995) measured the angular scattering characteristics
of rough carbon particles and successfully applied the computational methods of
Peltoniemi et al. (1989) to explain the measurements. Sasse et al. (1996) and
Piironen et al. (1998) measured albedos for rough carbon particles and meteoritic
dust particles and applied the ray optics methods of Muinonen et al. (1996) to
analyze their experimental results.

As for applying the theoretical methods to light scattering by solar system dust
particles, Muinonen (1994) summarizes how coherent backscattering can explain
the backscattering enhancement and polarization reversal observed for many solar
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system bodies. In particular, coherent backscattering can manifest itself in scat-
tering by rough, solid surfaces, single particles, and particulate media.

This chapter summarizes the theoretical studies of electromagnetic scattering
by randomly shaped nonspherical particles. Section II describes the stochastic ge-
ometry of Gaussian spheres and cylinders and the maximum likelihood estimator
for inverting the statistical shape parameters from sample shapes. In the order of
increasing significance of particle shape, Section III addresses scattering by Gaus-
sian spheres in the Rayleigh-volume and Rayleigh–Gans approximations and us-
ing the second-order perturbation approximation, the variational volume integral
equation method, and the discrete dipole approximation in the resonance region.
Ray optics results follow for both Gaussian spheres and cylinders. Section IV
concludes the review by outlining some future prospects in studies of scattering
by Gaussian particles.

II. STOCHASTIC GEOMETRY

A. GAUSSIAN SPHERE

The Gaussian random sphere is described in detail by Muinonen (1998). The
size and shape of the Gaussian sphere are specified by the mean radius and the
covariance function of the logarithmic radius. The covariance function is given
as a series of Legendre polynomials with nonnegative coefficients. For each de-
gree, these coefficients provide the spectral weights of the corresponding spheri-
cal harmonics components in the Gaussian sphere. Weighting the spectrum toward
higher-degree harmonics will result in sample spheres with larger numbers of hills
and valleys per solid angle. Increasing the variance of the logarithmic radius will
enhance the hills and valleys radially. For detailed information on Gaussian and
lognormal statistics, the reader is referred to Vanmarcke (1983) and Aitchison and
Brown (1963). Stoyan and Stoyan (1994) provide a modern treatise on random
shapes.

The shape of a Gaussian random sphere r = r(ϑ, ϕ) is described in spherical
coordinates (r, ϑ, ϕ) by the spherical harmonics series for the so-called logradius
s = s(ϑ, ϕ) (Muinonen, 1996a):

r(ϑ, ϕ) = a exp

[
s(ϑ, ϕ) − 1

2
β2
]
,

(1)

s(ϑ, ϕ) =
∞∑
l=0

l∑
m=−l

slmYlm(ϑ, ϕ),

where a and β are the mean radius and the standard deviation of the logradius
and Ylm’s are the orthonormal spherical harmonics. The logradius is real valued
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so that

sl,−m = (−1)ms∗lm, l = 0, 1, . . . ,∞,
m = −l, . . . ,−1, 0, 1, . . . , l, (2)

where the asterisk denotes a complex conjugate value, thereby implying
Im(sl0) ≡ 0.

The covariance functions of the radius and logradius a2!r and !s , respec-
tively, and the corresponding variances a2σ 2 and β2 are interrelated through

!r = exp
(
!s

) − 1, σ 2 = exp
(
β2) − 1. (3)

The relative standard deviation of radius σ = √
exp(β2)− 1 depends solely on β.

The real and imaginary parts of the spherical harmonics coefficients slm,
m ≥ 0, are independent Gaussian random variables with zero means and vari-
ances

Var[Re(slm)] = (1 + δm0)
2π

2l + 1
Cl,

Var[Im(slm)] = (1 − δm0)
2π

2l + 1
Cl, (4)

l = 0, 1, . . . ,∞, m = 0, 1, . . . , l.

The coefficients Cl ≥ 0, l = 0, . . . ,∞, are the coefficients in the Legendre
polynomial expansion of the logradius covariance function!s :

!s(γ ) = β2Cs(γ ) =
∞∑
l=0

ClPl(cos γ ),
∞∑
l=0

Cl = β2, (5)

where γ is the angular distance between two directions (ϑ1, ϕ1) and (ϑ2, ϕ2) and
Cs is the logradius correlation function:

Cs(γ ) =
∞∑
l=0

clPl(cos γ ),
∞∑
l=0

cl = 1. (6)

In practice, the series representations in Eqs. (1) and (5)–(6) must be truncated at
a certain degree lmax sufficiently high to maintain good precision in the generation
of sample spheres.

The two perpendicular slopes

sϑ = rϑ

r
,

1

sinϑ
sϕ = rϕ

r sinϑ
(7)
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are independent Gaussian random variables with zero means and standard devia-
tions

ρ =
√

−!(2)s (0) , (8)

where !(2)s is the second derivative of the covariance function with respect to γ .
The correlation length � and correlation angle � are defined by

� = 1√
−C(2)s (0)

, � = 2 arcsin

(
1

2
�

)
. (9)

For example, the modified Gaussian correlation function

Cs(γ ) = exp

(
− 2

�2 sin2 1

2
γ

)
(10)

can be utilized in the generation of sample shapes. It is a proper correlation func-
tion, because its Legendre coefficients are all nonnegative:

cl = (2l + 1) exp

(
− 1

�2

)
il

(
1

�2

)
, l = 0, . . . ,∞, (11)

where il is a modified spherical Bessel function. When using the modified Gaus-
sian correlation function, the random shape is parameterized by two parameters
only, σ and �. Gaussian sample spheres are shown in Fig. 1.

B. GAUSSIAN CYLINDER

Gaussian random cylinders � = �(ϕ, z) can be conveniently generated in
cylindrical coordinates (�, ϕ, z) using a two-dimensional Fourier series for the
logarithmic radius s = s(ϕ, z) (Muinonen and Saarinen, 1999):

�(ϕ, z) = a exp
[
s(ϕ, z)− 1

2
β2
]
,

(12)

s(ϕ, z) =
∞∑

m=−∞

∞∑
k=−∞

smk exp
[
i(mϕ + kKz)]

and, as for Gaussian random spheres, a and β are the mean radius and the standard
deviation of the logradius. The logradius is real valued so it is required that

s∗−m,−k = smk, m, k = 0, 1, . . . ,∞. (13)
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Figure 1 Sample Gaussian spheres with relative standard deviation of radius σ = 0.1 and correlation
angle (a) � = 90◦, (b) � = 30◦, and (c) � = 10◦ assuming a modified Gaussian correlation function.
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Figure 1 (Continued.)

For example, a necessary and sufficient set of independent coefficients consists of
those smk for whichm ≥ 0, −∞ < k <∞, excluding s0k with k < 0. In addition,
Im(s00) ≡ 0.

The covariance function !s can be expressed as a two-dimensional Fourier
series with nonnegative coefficients Cmk, m, k = 0, . . . ,∞,

!s(γ, ζ ) = β2Cs(γ, ζ ) =
∞∑
m=0

∞∑
k=0

Cmk cos(mγ ) cos(kKζ ),

(14)

K = π

Lz
,

∞∑
m=0

∞∑
k=0

Cmk = β2,

where 2Lz, the period in the axial direction, must approach infinity or, in practice,
must be chosen large enough. In Eq. (14), γ and ζ are the azimuthal and axial
distances of two points (ϕ1, z1) and (ϕ2, z2).

The covariance functions !� and !s and the variances σ 2 and β2 are interre-
lated through

!� = exp(!s)− 1, σ 2 = exp
(
β2) − 1. (15)
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If the real and imaginary parts of the Fourier coefficients smk (recalling the
previous conditions) are independent Gaussian random variables with zero means
and variances

Var[Re(smk)] = 1

8
(1 + δm0 + δk0 + 5δm0δk0)Cmk,

(16)

Var[Im(smk)] = 1

8
(1 + δm0 + δk0 − 3δm0δk0)Cmk,

the logradius will be normally distributed with zero mean and covariance func-
tion !s .

The Fourier coefficientsCmk, m, k = 0, 1, . . . ,∞, can be taken as free param-
eters, subject to the conditions in and preceding Eq. (14). However, a convenient
example correlation function is the cylindrical modified Gaussian function

Cs(γ, ζ ) = exp
(

− 2

�2
ϕ

sin2 1

2
γ − 1

2�2
z

ζ 2
)
, (17)

Figure 2 Sample Gaussian cylinders with relative standard deviation of radius σ = 0.1 and az-
imuthal correlation angle and axial correlation length (a) �ϕ = 90◦, �z = 1.414; (b) � = 30◦,
�z = 0.518; and (c) � = 10◦, �z = 0.174 for a modified Gaussian correlation function in the cylin-
drical geometry.
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Figure 2 (Continued.)
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where �ϕ and �z are the azimuthal and axial correlation lengths. Furthermore, we
define the correlation angle �ϕ so that

�ϕ = 2 arcsin

(
1

2
�ϕ

)
. (18)

We obtain

Cmk = β2
[
(2 − δm0) exp

(
− 1

�2
ϕ

)
Im

(
1

�2
ϕ

)]

×
[
(2 − δk0) �z

Lz
exp

(
−1

2
k2π2 �

2
z

L2
z

)]
, m, k = 0, . . . ,∞, (19)

Im being a modified Bessel function. The stochastic shape is thus parameterized
by σ , �ϕ , and �z, that is, the relative standard deviation, the azimuthal correla-
tion angle, and the axial correlation length, respectively. Figure 2 shows sample
Gaussian cylinders generated with the help of the modified Gaussian correlation
function.

C. INVERSE PROBLEM

The inverse problem of determining the statistical parameters from a finite
number of sample shapes (spheres or cylinders) has been solved using the max-
imum likelihood estimator by Lamberg et al. (1999) and is briefly described for
the Gaussian sphere by Muinonen and Lagerros (1998). Among the parameters to
be determined are the origins of the sample shapes, closely resembling the one-
dimensional thresholds described by Aitchison and Brown (1963).

Following Lamberg et al. (1999), but omitting the mean radius estimation as
in Muinonen and Lagerros (1998), the probability density (or likelihood) function
for the lmax + 1 Legendre coefficients {Cl} and the origins {rn} of the N sample
shapes can be written as

p({Cl}, {rn}) ∝
N∏
n=1

exp

[
−1

2

L∑
l=0

(2l + 1)
(
C̃ln(rn)
Cl

+ loge Cl

)]
, (20)

where the Legendre coefficients C̃ln(rn) pertain to individual sample shapes,

C̃ln(rn) = 2l + 1

4π

1

l + 1

l∑
m=0

|slm(rn)|2. (21)

A constraint on the location of the origin is the requirement that the shape be
mathematically starlike with respect to the origin.
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The inverse problem of estimating the model parameters consists of finding
those {Cl} and {rn} that maximize the likelihood function in Eq. (20). The total
number of parameters thus amounts to lmax + 1 + 3N . For given origins {rn}, it is
straightforward to show that the Legendre coefficients maximizing the likelihood
function coincide with the means of the coefficients for the individual sample
shapes,

Cl = 1

N

N∑
n=1

C̃ln(rn). (22)

In practice, the final maximum likelihood solution for the parameters can be ob-
tained iteratively by first computing estimates for the Legendre coefficients from
Eq. (22), then improving the origins by using the new Legendre coefficients in
Eq. (20), and repeating the procedure until changes in the origins and the Legendre
coefficients become negligible. Whenever the origin of a sample shape changes,
new spherical harmonics coefficients are needed for the computation of the Leg-
endre coefficients in Eq. (22), which constitutes a considerable computational
challenge in the application of the maximum likelihood estimator.

III. SCATTERING BY GAUSSIAN PARTICLES

A. RAYLEIGH-VOLUME APPROXIMATION

For particles small compared to the wavelength, the extinction, scattering, and
absorption parameters are approximately determined by the volume of the parti-
cle. In what we call the Rayleigh-volume approximation, the polarizability α is
assumed to be scalar:

α = 3

4π

m2 − 1

m2 + 2
, (23)

wherem is the complex relative refractive index. In the Rayleigh-ellipsoid approx-
imation, now also established for Gaussian particles, the polarizability becomes a
tensor (Battaglia et al., 1999).

The Rayleigh-volume approximation is valid for small size parameters and
small phase shifts across the particle (van de Hulst, 1957). Expressing the validity
criteria with the help of the mean-volume size parameter (〈 〉 denotes ensemble
averaging)

xV = k 3

√
3〈V 〉
4π

= x exp
(
β2), (24)
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where k is the wavenumber, we obtain (Muinonen, 1996b)

x � exp
(−β2) = 1

1 + σ 2 ,

(25)

2x|m− 1| � exp
(−β2) = 1

1 + σ 2
.

Larger variances yield larger particles, as is explicitly manifested in the validity
criterion.

The ensemble-averaged absorption and scattering cross sections and the scat-
tering matrix assume the forms (Muinonen, 1996b)

Cabs = 4πk〈V 〉 Imα, Csca = 8π

3
k4〈V 2〉|α|2,

(26)

FR = 3

2

⎡⎢⎢⎢⎢⎢⎢⎣

1

2
(1 + cos2�) −1

2
sin2� 0 0

−1

2
sin2�

1

2
(1 + cos2�) 0 0

0 0 cos� 0

0 0 0 cos�

⎤⎥⎥⎥⎥⎥⎥⎦ ,

where� is the scattering angle,

〈V 〉 = 4π

3
a3 exp

(
3β2),

(27)〈
V 2〉 = 〈V 〉2 1

2

∫ 1

−1
dξ exp[9!s(ξ)], ξ = cos γ.

The second volume moment and thus the scattering cross section can be computed
analytically for covariance functions with nonzero C0 or C1 only:

〈
V 2〉 = 〈V 〉2 exp

(
9C0

) sinh 9C1

9C1
. (28)

Note that the ensemble-averaged volume is independent of the correlation
function so that Gaussian particles with equal-radius standard deviations but dif-
ferent correlation angles exhibit similar absorption properties in the Rayleigh-
volume approximation. It is evident that the scattering matrix and the vanishing
asymmetry parameter coincide with those for spheres in the Rayleigh-volume ap-
proximation.

The scattering cross section can differ substantially from that for monodisperse
equal-volume spheres because it depends on the second volume moment. The
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parameter

〈V 2〉
〈V 〉2 = 1

2

∫ 1

−1
dξ exp[9!s(ξ)] ≥ 1 (29)

represents the ratio of the scattering cross section of Gaussian particles to that
for a monodisperse distribution of spheres with volumes equal to the ensemble-
averaged volume of the Gaussian particles and that ratio is always larger than
unity. However, for given β, the distribution of perfect spheres with the same β,

Cl = β2δl0, l = 0, 1, 2, . . . , (30)

always maximizes the scattering cross section.
The Rayleigh-volume approximation is equivalent to approximating scattering

by Gaussian spheres with Rayleigh scattering by a lognormal size distribution of
spheres with renormalized mean radius ã and standard deviation β̃ given by

ã = a exp
(
β2 − β̃2), β̃2 = 1

9
loge

{
1

2

∫ 1

−1
dξ exp[9!s(ξ)]

}
. (31)

Such a choice of parameters guarantees that the first and second moments of vol-
ume are equal for the two distributions of particles.

B. RAYLEIGH–GANS APPROXIMATION

The Rayleigh–Gans approximation is valid for small polarizability contrasts
and small phase shifts (van de Hulst, 1957; Muinonen, 1996b):

|α| � 1, 2xV |m− 1| � 1, (32)

or in terms of the size parameter x,

|α| � 1, 2x|m− 1| � exp
(−β2). (33)

In particular, the approximation can be applied to particles of arbitrary sizes when
the latter of the two conditions holds.

In the Rayleigh–Gans approximation, the ensemble-averaged absorption and
scattering cross sections and the scattering matrix take the forms (Muinonen,
1996b)

Cabs = 4πk〈V 〉 Imα,

Csca = 2

3
|α|2k4

∫
4π
d�F(q)FR

11, (34)

FRG = 4πF(q)FR
/[∫

4π
d�F(q)FR

11

]
,
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where FR is the Rayleigh scattering matrix in Eq. (26) and where

q = k(ninc − nsca), q = |q| = 2k sin 1
2�, (35)

represents the functional dependence on the incident and scattered waves prop-
agating in the ninc and nsca directions, respectively. The function F(q) derives
from the form factor f (q),

F(q) = 〈|Vf (q)|2〉, f (q) = 1

V

∫
V

d3r exp[−iq · r]. (36)

Obviously, the absorption cross section coincides with that of the Rayleigh-
volume approximation and can be computed from Eq. (26). The other scattering
parameters require ensemble averaging for the square form factor F(q) that con-
tains the information on particle size and shape. Note that the scattering matrix
does not depend on the refractive index in the Rayleigh–Gans approximation.

We can develop Eq. (36) as

F(q) = 8π2
∫ 1

−1
dξ

∫ ∞

0
dr r2

∫ ∞

0
dr ′ r ′2

×Q2
[
s, s′,!s(ξ)

] sin q
√
r2 + r ′2 − 2rr ′ξ

q
√
r2 + r ′2 − 2rr ′ξ

, (37)

whereQ2 is the bivariate complementary Gaussian cumulative distribution func-
tion with zero means and covariance matrix !s ,

Q2
[
s, s′,!s(ξ)

] =
∫ ∞

s

ds

∫ ∞

s ′
ds′n2

[
s, s′,!s(ξ)

]
, (38)

and s and s′ are logradii as in Eq. (1). Equation (37) needs to be evaluated numer-
ically, a task that becomes demanding for particles large compared to the wave-
length.

As for the scattering cross section and the asymmetry parameter, the integra-
tion over the scattering angle can be carried out analytically and we obtain

Csca = 8π3k4|α|2
∫ 1

−1
dξ

∫ ∞

0
dr r2

∫ ∞

0
dr ′ r ′2

×Q2
[
s, s′,!s(ξ)

]
A1

(
2k
√
r2 + r ′2 − 2rr ′ξ

)
,

(39)

〈cos�〉 = 8π3k4|α|2
Csca

∫ 1

−1
dξ

∫ ∞

0
dr r2

∫ ∞

0
dr ′ r ′2

×Q2
[
s, s′,!s(ξ)

]
A2

(
2k
√
r2 + r ′2 − 2rr ′ξ

)
,
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where we have introduced the functions

A1(z) = 8

z6

[
z4(1 − cos z)+ 4z3 sin z + z2(4 + 20 cos z)

− 48z sin z+ 48(1 − cos z)
]
,

(40)
A2(z) = 8

z8

[
z6(1 + cos z)− 8z5 sin z + z4(8 − 56 cos z)+ 336z3 sin z

+ z2(144 + 1296 cosz)− 2880z sin z+ 2880(1 − cos z)
]
.

Again, Eq. (39) requires numerical integration.
Figure 3 shows the Rayleigh–Gans scattering phase functions for a size param-

eter x = 10 and the statistical parameters σ = 0.05, 0.10, and 0.20 and � = 10◦,
30◦, and 90◦ [correlation function as in Eq. (10)]. The resonance structure is ev-
ident for the smallest σ and � values and is gradually averaged out for increas-
ing σ and �, when the size distribution becomes broader (in terms of particle
volume).

Figure 3 Scattering phase function F11 for Gaussian spheres in the Rayleigh–Gans approximation
for a modified Gaussian correlation function and varying relative standard deviation of radius σ and
correlation angle �. The size parameter is x = ka = 10, where k is the wavenumber and a is the mean
radius.
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C. METHODS FOR THE RESONANCE REGION

Of utmost importance in the resonance region is the analytical, second-order
perturbation approximation (Schiffer, 1989, 1990) for light scattering by statis-
tically irregular particles with surface deformations much smaller than the mean
radius of the particle and much smaller than the wavelength.

To make the perturbation approximation applicable to Gaussian random parti-
cles, we must rephrase the shape as

r(ϑ, ϕ) ≡ a
[
1 + f (ϑ, ϕ)],

(41)

f (ϑ, ϕ) = exp

[
s(ϑ, ϕ)− 1

2
β2
]

− 1,

so that

〈f (ϑ, ϕ)〉 = 0,
(42)

〈f (ϑ1, ϕ1)f (ϑ2, ϕ2)〉 = !r(γ ).
Note that the random variable f is lognormally distributed with zero mean and
threshold equal to −1. Furthermore, the Legendre expansion of the radius covari-
ance function is required:

!r(γ ) =
∞∑
l=0

DlPl(cos γ ),

(43)

Dl =
(
l + 1

2

)∫ 1

−1
dξPl(ξ)!r (ξ), ξ = cos γ.

The Legendre coefficients of the radius covariance function can be calculated
analytically using the 3j symbols (Edmonds, 1974) from the coefficients of the
logradius covariance function. For small surface deformations, theDl coefficients
come close to the Cl coefficients of the logradius covariance function.

The absorption and scattering cross sections can be computed from the extinc-
tion cross section and the incoherent and coherent scattering cross sections:

Cabs = Cext − Csca,

(44)
Csca = Cincoh

sca + Ccoh
sca .

With the help of the 3j symbols, Schiffer’s J (m) and H(m) functions (superscript
denoting refractive index), and the zeroth-order Lorenz–Mie scattering coeffi-
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cients a(0)l,1 and b(0)l,1 , the cross sections are

Cext = 2π

k2
Re

∑
nlL

(−1)lρL(2n+ 1)(2l + 1)
(
n l L

−1 1 0

)2

× [
J
(m)
1 (n, l, L) + J (m)2 (n, l, L)

]
,

Cincoh
sca = π

k2

∑
nlL

ρL(2n+ 1)(2l + 1)
(
n l L

−1 1 0

)2

(45)
× [∣∣H(m)1 (n, l, L)

∣∣2 + ∣∣H(m)2 (n, l, L)
∣∣2],

Ccoh
sca = 2π

k2 Re
∑
nlL

(−1)lρL(2n+ 1)(2l + 1)

(
n l L

−1 1 0

)2

× [
a
(0)∗
l,1 J

(m)
1 (n, l, L) + b(0)∗l,1 J

(m)
2 (n, l, L)

]
.

The scattering matrix elements divide into zeroth-order, incoherent, and coher-
ent contributions:

aν(�) = a
(0)
ν (�)+ aincoh

ν (�)+ acoh
ν (�), ν = 1, 2, 3, 4,

bν(�) = b
(0)
ν (�)+ bincoh

ν (�)+ bcoh
ν (�), ν = 1, 2,

(46)

where the detailed formulas can be found in Schiffer (1990).
In Fig. 4, the extinction, scattering, and absorption cross sections are shown

for the size parameter x ≤ 10 and refractive indexm = 1.5 + i0.05, standard de-
viation σ = 0.07, and the polynomial (P2, P3, P4) and modified Gaussian corre-
lation functions (� = 30◦). Noticeable deviations are realized for size parameters
x > 6. It is interesting to note the proximity of the results for the P2 and modi-
fied Gaussian correlation function, evidently resulting from the proximity of the
correlation angles (for P2, we have � = 33.6◦). The 3j symbols were computed
numerically using the program by Clark (1978).

Peltoniemi et al. (1998) performed preliminary computations for light scatter-
ing by Gaussian particles using the variational volume integral equation method
(which we will call Jscat; see Peltoniemi, 1996), the discrete dipole approximation
(DDA; Draine and Flatau, 1994; Chapter 5), and the Rayleigh–Gans approxima-
tion (RGA; Muinonen, 1996b). The computations were in fair mutual agreement
for varying refractive indices, but turned out to require vast amounts of computer
time for ensemble averaging as compared to the second-order perturbation ap-
proximation (PS2), for instance. Note that, in the integral equation method of
Peltoniemi (1996), special attention is directed toward correctly accounting for
the singularity in the Green’s function.

Figures 5 and 6 compare preliminary results for Gaussian particles obtained us-
ing the different techniques. The mean-radius size parameter was fixed at x = 1,
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Figure 4 Extinction, scattering, and absorption cross sections for Gaussian spheres using the second-
order perturbation approximation. Here, σ = 0.07, and results are shown for polynomial (P2, P3, P4)
and modified Gaussian (MG) correlation functions as a function of mean-radius size parameter
x = ka.

the refractive index was either m = 1.5 or m = 3 + i4, and a modified Gaus-
sian correlation function was assumed with σ = 0.1 and � = 30◦. For m = 1.5
(Fig. 5), the DDA, PS2, and Lorenz–Mie results (using the computer code in
Bohren and Huffman, 1983) are in good agreement, whereas the Jscat is off-
set probably as a result of the small number of sample shapes. Even though the
RGA is strictly not valid for these parameters, it produces a reasonable approx-
imation for the scattering phase function and degree of linear polarization. As
for m = 3 + i4 (Fig. 6), the Jscat and PS2 scattering phase functions overlap
closely, being clearly different from the Lorenz–Mie result. However, the Jscat
and Lorenz–Mie polarizations are close to each other, whereas the PS2 polariza-
tion is markedly more neutral. It is evident that more computations are needed
using the Jscat and DDA techniques in order to make more definitive conclu-
sions.

Michel (1995) applied the strong-permittivity fluctuations theory to scatter-
ing by irregular particles. By solving the Dyson equation for the first statistical
moment of the electric field, he obtained the ensemble-averaged extinction cross
section. In the future, it appears promising to apply the methods developed by
Michel to scattering by Gaussian random spheres in the resonance region.



Chapter 11 Light Scattering by Stochastically Shaped Particles 343

Figure 5 Scattering matrix elements (a) F11 and (b) −F12/F11 for Gaussian spheres (modified
Gaussian correlation function) computed using the variational volume integral equation method
(Jscat), discrete dipole approximation (DDA), Rayleigh–Gans approximation (RGA), and second-
order perturbation approximation (PS2). The Lorenz–Mie results are included for an equal-volume
sphere.
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Figure 6 Scattering matrix elements (a) F11 and (b) −F12/F11 for Gaussian spheres (modified
Gaussian correlation function) computed using the variational volume integral equation method (Jscat)
and second-order perturbation approximation (PS2). The Lorenz–Mie results are included for an
equal-volume sphere.
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D. RAY OPTICS APPROXIMATION

The ray optics treatment for Gaussian spheres and cylinders here derives from
the work of Muinonen et al. (1989, 1996), Muinonen (1989, 1996a, b), and Pel-
toniemi et al. (1989). As for the geometric optics part, a Mueller matrix is related
to every ray and at a boundary surface, reflection and refraction take place ac-
cording to Snell’s law and Fresnel’s reflection and refraction matrices. As for the
forward diffraction part, the two-dimensional silhouette is numerically computed
for each sample shape and diffraction is then ensemble averaged in the Kirchhoff
approximation.

Before applying the ray optics approximation to Gaussian particles, a general
summary of the approximation is given. As for the more advanced geometrical
theory of diffraction, Kirchhoff approximation, and ray-by-ray integration method
that account for certain wave-optical effects, the reader is referred to the work of
Keller (1962), Muinonen (1989), and Yang and Liou (1996b), respectively.

For ray optics to be valid, the curvature radii Rc on the particle surface must
be much larger than the wavelength of incident light λ and the central phase
shifts across the surface irregularities must be much larger than one (van de Hulst,
1957):

kRc � 1, 2kRc|m− 1| � 1, (47)

where k = 2π/λ. The curvature radius can be defined with the help of the Gaus-
sian total curvatureK (Struik, 1961; Muinonen et al., 1997):

Rc ≡ 1
4
√〈K2〉 . (48)

By making use of the size parameter x = ka, we can now recast Eq. (47) as

x � 4
√
a4〈K2〉, 2x|m− 1| � 4

√
a4〈K2〉. (49)

The ray optics regime depends on the mean radius and 4
√
a4〈K2〉. The validity cri-

teria in Eq. (49) could be further refined by utilizing the entire probability density
of K .

The scattering matrix F relates the Stokes vectors of the incident and scattered
light Iinc and Isca; denoting the directions of incidence and scattering by �inc =
(θ, φ) and �sca = (�, ), respectively, and the distance between the particle
center and the observer by R,

Isca
(
�sca,�inc

) = Csca(�
inc)

4πR2
F
(
�sca,�inc

) · Iinc
(
�inc

)
,

(50)∫
4π

d�sca

4π
F11

(
�sca,�inc) = 1,
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where Csca is the scattering cross section and F11 is the scattering phase function,
both depending in general on the incident direction (�inc). Note that the incident
direction�inc = (0, 0) in the incident ray coordinate system.

For particles large compared to the wavelength, the scattering cross section and
scattering matrix can be divided into the forward diffraction and geometric optics
parts (denoted by the superscripts D and G):

Csca
(
�inc) = CD

sca

(
�inc) + CG

sca

(
�inc),

F
(
�sca,�inc) = 1

Csca(�inc)

[
CD

sca

(
�inc)FD(�sca,�inc)

(51)
+ CG

sca

(
�inc)FG(�sca,�inc)],∫

4π

d�sca

4π
FD

11

(
�sca,�inc) =

∫
4π

d�sca

4π
FG

11

(
�sca,�inc) = 1.

In the ray optics approximation, we strictly require

CD
sca

(
�inc) = A⊥

(
�inc),

(52)
Cext

(
�inc) = Cabs

(
�inc) + Csca

(
�inc) = 2A⊥

(
�inc),

where Cext and Cabs are the extinction and absorption cross sections and A⊥ is
the cross-sectional area. The absorption cross section is due solely to geometric
optics: Cabs = CG

abs. The asymmetry parameter can be divided into the forward
diffraction and geometric optics parts as in Eq. (51) for the scattering matrix.

For the geometric optics contribution, for external incidence, Snell’s law is
applied in the form

sin ι = Re(m) sin τ, (53)

where ι and τ are the angles of incidence and refraction, respectively. When de-
termining τ , we thus make use of Re(m) only and assume that Im(m) either has
negligible influence on τ or is large enough to entirely eliminate internal ray prop-
agation. To be more accurate, Snell’s law can be rigorously generalized to com-
plex refractive indices (e.g., Modest, 1993).

For external incidence, the Mueller matrices of the reflected and refracted rays
(denoted by the superscripts r and t) can be obtained from

Mr = R · L · Minc,
(54)

Mt = T · L · Minc,
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where L is the rotation to the plane of incidence and R and T are the Fresnel
reflection and transmission matrices:

L =
⎡⎢⎣

1 0 0 0
0 cos 2η sin 2η 0
0 − sin 2η cos 2η 0
0 0 0 1

⎤⎥⎦ ,

R = 1

2

⎡⎢⎢⎢⎣
r‖r∗‖ + r⊥r∗⊥ r‖r∗‖ − r⊥r∗⊥ 0 0

r‖r∗‖ − r⊥r∗⊥ r‖r∗‖ + r⊥r∗⊥ 0 0
0 0 2 Re(r‖r∗⊥) 2 Im(r‖r∗⊥)
0 0 −2 Im(r‖r∗⊥) 2 Re(r‖r∗⊥)

⎤⎥⎥⎥⎦ , (55)

T = 1

2

⎡⎢⎢⎣
t‖t∗‖ + t⊥t∗⊥ t‖t∗‖ − t⊥t∗⊥ 0 0
t‖t∗‖ − t⊥t∗⊥ t‖t∗‖ + t⊥t∗⊥ 0 0

0 0 2 Re(t‖t∗⊥) 2 Im(t‖t∗⊥)
0 0 −2 Im(t‖t∗⊥) 2 Re(t‖t∗⊥)

⎤⎥⎥⎦ ,
where η is the rotation angle and r‖, r⊥, t‖, and t⊥ are Fresnel’s coefficients:

r‖ = m cos ι− cos τ

m cos ι+ cos τ
, r⊥ = cos ι−m cos τ

cos ι+m cos τ
,

t‖ = 2 cos ι

m cos ι+ cos τ
, t⊥ = 2 cos ι

cos ι+m cos τ
.

(56)

Because the Mueller matrices in Eq. (55) interrelate flux densities that are
not conserved, in practical ray tracing, the energy conservation is established by
renormalizing the refraction coefficients in T so that

|r‖|2 + Re(m∗ cos τ)

cos ι
|t‖|2 = 1, |r⊥|2 + Re(m cos τ)

cos ι
|t⊥|2 = 1. (57)

The internal incidence is treated analogously except that inside the particle,
rays can be totally reflected and attenuated because of absorption. The condition
for total internal reflection is sin ι > 1/Re(m), again depending on Re(m) only.
Exponential absorption exp[−2 Im(m)k�r] is assumed along the ray path (�r
is the path length) and the exponential attenuation factor is applied to the entire
Mueller matrix.

To summarize, rays are traced until the flux decreases below a specific cutoff
value or the ray has undergone a specific number of internal or external reflec-
tions. Scattered rays carry Mueller matrices that contribute to the geometric optics
scattering matrix.

For particles much larger than the wavelength, the forward diffraction contri-
bution can be approximated by the Dirac delta function. More detailed computa-
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tions can be made using the Kirchhoff approximation (e.g., Muinonen, 1989). In
the spherical geometry, the forward diffraction scattering matrix can be written as

FD(�sca,�inc) ∝ k2

4πA⊥(�inc)

∣∣u(�sca,�inc)∣∣2(1 + cos�)21,

u
(
�sca,�inc) =

∫ 2π

0
dφ′

∫ r(φ′,�inc)

0
dr ′ r ′ (58)

× exp
[−ikr ′ sin� cos( − φ′)

]
,

where 1 is the 4 × 4 unit matrix and r(φ′,�inc) describes the particle silhouette
for a given incident direction�inc. In particular, for a spherical particle with equal
projected area A⊥, the diffraction pattern is

u
(
�sca,�inc) = A⊥

2J1(k sin�)

k sin�
, (59)

where J1 is the Bessel function of the first kind.
In the cylindrical geometry, for particles of finite projected length 2Z, the for-

ward diffraction scattering matrix can be approximated by (e.g., Muinonen and
Saarinen, 1999)

FD(�sca,�inc) ∝ k2

4π · 2ZA⊥(�inc)

∣∣u(�sca,�inc)∣∣2(1 + cos�)21,

u
(
�sca,�inc) =

∫ Z

−Z
dx

∫ y2(x,�
inc)

y1(x,�
inc)

dy (60)

× exp
[−ik(x sin� cos + y sin� sin )

]
,

where y1 and y2 describe the silhouette for given incident direction �inc. The
forward diffraction can be approximated by the diffraction pattern from a rectan-
gular obstacle of length 2Z and width 2c defined so that the cross-sectional area
coincides with that of the Gaussian sample cylinder:

u
(
�sca,�inc) = 2 sin(kc sin� sin )

k sin� sin 

2 sin(kZ sin� cos )

k sin� cos 
. (61)

It is important to note that singularities can now show up in the scattering matrix
elements. For example, for an infinite circular cylinder and normal incidence,
all the scattered radiation is strictly confined to the plane perpendicular to the
cylinder axis.

For Gaussian spheres and cylinders, the primary goal is the computation of
ensemble-averaged extinction, scattering, and absorption cross sections and scat-
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tering matrices. For example, for Gaussian spheres, the scattering cross section
and scattering matrix are

CG
sca = 〈

CG
sca({slm})〉,

(62)

FG = 1

CG
sca

〈
CG

sca({slm})FG({slm})〉,
where the random variables {slm} are the spherical harmonics coefficients of the
logradius [Eq. (1)].

Figure 7 shows the scattering phase functions FG
11, degrees of linear polariza-

tion −FG
12/F

G
11, and ratios FG

22/F
G
11 for Gaussian spheres with refractive index

m = 1.5 and a modified Gaussian correlation function for varying standard de-
viation of the radius and correlation angle. For small σ and/or large �, the scat-
tering phase functions resemble those for perfect spheres, but become markedly
smoother with increasing σ and/or decreasing � (Fig. 7a). Similar trends are
clearly visible in the degree of linear polarization (Fig. 7b). Strong depolariza-
tion is evident from Fig. 7c; for perfect spheres, the matrix element ratio would
be equal to one. The current results were computed using 106 rays and sample
shapes (i.e., one ray per shape) and using an angular resolution of 4◦.

Figure 8 illustrates ray-tracing results for Gaussian cylinders with varying
cylinder obliquity with respect to the scattering plane defined by the incident
direction and the direction normal to the incident and cylinder axis directions
(Muinonen and Saarinen, 1998). The angle θ = 90◦ corresponds to normal inci-
dence. Increasing tilt results in fewer and fewer rays being scattered toward the
backscattering domain and into the scattering plane. The results were computed
using 106 rays and shape realizations and using an angular resolution of 5◦ over
the full solid angle. The refractive index is m = 1.55 + i10−4.

IV. CONCLUSION

The future prospects of light scattering by Gaussian particles are promising.
For example, for Gaussian random spheres small compared to the wavelength,
the Rayleigh-volume approximation has already been extended to a Rayleigh-
ellipsoid approximation, that is, to finding best-fit ellipsoids for Gaussian sample
particles and approximating their scattering by the electrostatics approximation
for ellipsoids (Battaglia et al., 1999). In the resonance region, the second-order
perturbation approximation can be extended to higher orders and, upon conver-
gence, such analytical techniques can be significantly faster than volume integral
equation methods. However, the latter provide important means for verifying the
validity of the perturbation approximations and, in addition, are applicable to opti-
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Figure 7 Scattering matrix elements (a) FG
11, (b) −FG

12/F
G
11, and (c) FG

22/F
G
11 for Gaussian spheres

in the geometric optics approximation for a modified Gaussian correlation function and varying rela-
tive standard deviation of radius σ and correlation angle �. The refractive index is m = 1.5. Curves
for σ = 0.10 and σ = 0.20 are shifted up by 2.0 and 4.0 vertical units, respectively.
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Figure 7 (Continued.)

Figure 8 Scattering matrix elements FG
11 for Gaussian cylinders in the geometric optics approxima-

tion for a modified Gaussian covariance function with σ = 0.1, �ϕ = 30◦, and �z = 0.5, with varying
incidence angle θ . For θ = 90◦, the cylinder axis is normal to the scattering plane. The refractive index
is m = 1.55 + i10−4.
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cally inhomogeneous Gaussian particles. It would be tempting to devise a second-
order perturbation approximation for light scattering by Gaussian cylinders.

This chapter has summarized the theoretical studies of light scattering by
stochastically shaped particles with particular emphasis on Gaussian random par-
ticles. Such studies are essential for making overall conclusions about scattering
by many kinds of natural and artificial nonspherical particles. It is important to ex-
amine what extinction, absorption, and scattering characteristics can and cannot
be explained by the Gaussian shape model. The various methods help us to un-
derstand light scattering by small solar system particles and to derive the physical
properties of asteroids, comets, and other solar system bodies.
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I. INTRODUCTION

A survey of experimental techniques for measuring scattering characteristics
is presented in Sections I and IV of Chapter 2. The main purpose of this chapter is
to present a concise description of an advanced experimental setup for measuring
all elements of the scattering matrix of an ensemble of particles, as functions of
the scattering angle, in the visible part of the spectrum.

Measuring the full scattering matrix, F, instead of only some of its elements
(e.g., F11 and F21) has several advantages. For example, as experience has shown
us, some experimental errors are barely or not at all discernible when only a few
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elements are measured. Furthermore, for several important applications it is the
full scattering matrix that is needed. A typical example is provided by multiple
scattering in planetary atmospheres when polarization is taken into account (see,
e.g., van de Hulst, 1980).

The experimental setup described in this chapter was built in the 1980s
and subsequently improved and extended, mainly by P. Stammes, F. Kuik, and
H. Volten, at the Department of Physics and Astronomy, Free University, Amster-
dam, where the setup is still operating. The treatment in this chapter is necessar-
ily brief; further details can be found in the literature, in particular, in Stammes
(1989), Kuik et al. (1991), Kuik (1992), and Volten et al. (1998).

II. MUELLER MATRICES AND
POLARIZATION MODULATION

In our experimental setup a beam with wavelength λ produced by a light source
(a laser) passes through a linear polarizer and a polarization modulator before it
illuminates randomly oriented particles contained in a jet stream (aerosols) or a
sample holder (hydrosols). Light scattered by the particles at a scattering angle�
may optionally pass through a quarter-wave plate and a polarization analyzer be-
fore its flux is measured by a detector. Using Stokes parameters (van de Hulst,
1957; Hovenier and van der Mee, 1983), the Stokes vector of the light reaching
the detector can be written as

I′(�) = c1A(γA)Q(γQ)F(�)M(γM)P(γP)I, (1)

where I is the Stokes vector of the beam leaving the light source; c1 is
a real constant; and A, Q, M, and P are 4 × 4 Mueller matrices of the ana-
lyzer, quarter-wave plate, modulator, and polarizer, respectively. The orientation
angles γA, γQ, γM, and γP of the corresponding optical components are the
angles between their optical axes and the reference plane, measured anticlock-
wise from the reference plane when looking in the direction of beam propaga-
tion. It is assumed that the scattering plane acts as the plane of reference for
the Stokes parameters. This plane coincides with the horizontal plane in the
experimental setup. Because the particles are in random orientation in three-
dimensional space, the scattering matrix, F(�), depends only on the scatter-
ing angle as far as directions are concerned. Note that because our treatment
of polarization follows van de Hulst (1957) and Hovenier and van der Mee
(1983), we use the exp(jωt) time convention, where j2 = −1, rather than
the exp(−iωt) convention adopted in Chapter 1. As explained in Section VI
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of Chapter 1, this causes a sign change in the numerical values of the scatter-
ing matrix elements in the fourth row and fourth column except the F44 ele-
ment.

The Mueller matrices A, Q, and P occurring in Eq. (1) are, for an arbitrary
orientation angle γ , as follows (see, e.g., Shurcliff, 1962):

A(γ ) = P(γ ) = 1

2

⎡⎢⎣
1 C S 0
C C2 SC 0
S SC S2 0
0 0 0 0

⎤⎥⎦ , (2)

where

C = cos 2γ, (3)

S = sin 2γ, (4)

and

Q(γ ) =
⎡⎢⎣

1 0 0 0
0 C2 SC −S
0 SC S2 C

0 S −C 0

⎤⎥⎦ . (5)

The modulator introduces a sinusoidal modulation in time of the polarization of
the light before scattering. Combined with lock-in detection, this increases the
accuracy of the measurements and yields the capability to deduce several ele-
ments of the scattering matrix from only one detected signal. For this purpose,
we use the linear electrooptic effect (also called the Pockels effect), that is, the
phenomenon that certain crystals become birefringent when an electric field is
applied. The voltage over the crystal is varied sinusoidally in time and this creates
a varying phase shift between the parallel and perpendicular components of the
electric field, which can be written as

φ = φ0 sinωt, (6)

where ω is the angular frequency of the modulator voltage. The modulator intro-
duces a phase shift even when no voltage is applied, but the voltage is adjusted in
each experiment to compensate for this by adding a constant direct-current (dc)
component. We now have, for an arbitrary orientation angle γ ,

Mγ =
⎡⎢⎣

1 0 0 0
0 C2 + S2 cosφ SC(1 − cosφ) −S sinφ
0 SC(1 − cosφ) S2 + C2 cosφ C sinφ
0 S sinφ −C sinφ cosφ

⎤⎥⎦ , (7)

where φ varies in time as given by Eq. (6).



358 Joop W. Hovenier

Using Bessel functions of the first kind, Jk(x), we can write

sinφ = sin(φ0 sinωt) = 2
∞∑
k=1

J2k−1(φ0) sin(2k − 1)ωt, (8)

cosφ = cos(φ0 sinωt) = J0(φ0)+ 2
∞∑
l=1

J2l(φ0) cos 2lωt. (9)

It is convenient to adjust the amplitude of the modulation voltage so that J0(φ0) =
0, that is, φ0 = 2.40483 rad. As a result, we obtain

sinφ = 2J1(φ0) sinωt + terms with k ≥ 2, (10)

cosφ = 2J2(φ0) cos 2ωt + terms with l ≥ 2, (11)

where 2J1(φ0) = 1.03830 and 2J2(φ0) = 0.86350.
Combining Eqs. (1)–(11), we find for the flux reaching the detector

I ′(�) = c2[DC(�)+ 2J1(φ0)S(�) sinωt + 2J2(φ0)C(�) cos 2ωt], (12)

where c2 is a constant for a specific optical arrangement and higher order terms
with sin(2k − 1)ωt and cos 2lωt [cf. Eqs. (10) and (11)] have been omitted. The
coefficients DC(�), S(�), and C(�) contain elements of the scattering matrix.
Table I shows the results for eight different optical arrangements. By using lock-in
detection the sinωt and cos 2ωt components can be separated from the total de-
tected signal. In our setup these two components plus the constant (dc) part of the
detected signal are sufficient to determine the angular distributions of all elements
of the scattering matrix, apart from one normalization factor for the matrix. To fa-

Table I

Eight Combinations of the Orientation Angles γP, γM, γQ, and γA of, Respectively,
the Polarizer, the Modulator, the Quarter-Wave Plate, and the Analyzer, Used

during the Measurements. A Bar for γQ or γA Means That the Optical Component
Was Not Used. The Coefficients DC(�), S(�), and C(�) Correspond to the dc, the

sin ωt , and the cos 2ωt Component of the Detected Signal, Respectively

Combination γP γM γQ γA DC(�) S(�) C(�)

1 0◦ −45◦ — — F11 −F14 F12
2 0◦ −45◦ — 0◦ F11 + F21 −(F14 + F24) F12 + F22
3 0◦ −45◦ — 45◦ F11 + F31 −(F14 + F34) F12 + F32
4 0◦ −45◦ 0◦ 45◦ F11 + F41 −(F14 + F44) F12 + F42
5 45◦ 0◦ — — F11 −F14 F13
6 45◦ 0◦ — 0◦ F11 + F21 −(F14 + F24) F13 + F23
7 45◦ 0◦ — 45◦ F11 + F31 −(F14 + F34) F13 + F33
8 45◦ 0◦ 0◦ 45◦ F11 + F41 −(F14 + F44) F13 + F43
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cilitate the discussion of Table I, we consider the ratios Fij (�)/F11(�), except
for the phase function F11(�). This function is only obtained on a relative scale
in our experiments, but the ratios Fij (�)/F11(�) are not hampered by constants
of proportionality if we proceed as follows for each scattering angle.

Combination 1 of Table I yields F11 and by dividing S(�) and C(�) by
DC(�), also F12/F11 and F14/F11. Similarly, combination 5 gives F13/F11 and
another value for F14/F11. Because of reciprocity, we have for an ensemble of
randomly oriented particles (see, e.g., van de Hulst, 1957, Section 5.22)

F21

F11
= F12

F11
, (13)

F31

F11
= −F13

F11
, (14)

F41

F11
= F14

F11
. (15)

We can now find F24/F11, because combination 2 yields

F14 + F24

F11 + F21
= F14/F11 + F24/F11

1 + F12/F11
(16)

and F24/F11 is the only unknown ratio on the right-hand side of this equation.
Similarly, we find F34/F11 and F44/F11 from combinations 3 and 4. The same
three ratios may also be determined from combinations 6–8. Using the cos 2ωt
components of the detected signals, we find, in a completely analogous man-
ner, F22/F11, F32/F11, and F42/F11 from combinations 2–4, as well as F23/F11,
F33/F11, and F43/F11 from combinations 6–8. Thus, all element ratios are found.

Checks are provided by elements or ratios of elements that are determined in
more than one way in the previous procedure and in addition by the relations

F32

F11
= −F23

F11
, (17)

F42

F11
= F24

F11
, (18)

F43

F11
= −F34

F11
, (19)

which are also a result of reciprocity. It should be noted that sensitivity to errors
may cause one way to obtain a certain element or ratio of elements to be more
useful than another. The measurements with a particular combination of optical
components are conducted at different scattering angles in order to determine the
angular distribution of the scattering matrix over a large scattering angle range.
The relative phase function is often normalized to the value at a fixed scattering
angle or to the value of an equivalent sphere phase function at a particular angle.
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When particles and their mirror particles are present in equal numbers or when
all particles have a plane of symmetry, the scattering matrix has a simple block-
diagonal form [see Eq. (61) of Chapter 1]. This, of course, provides more checks,
which may help to detect experimental errors, such as misalignments of opti-
cal components. The block-diagonal structure of the scattering matrix is often
assumed a priori in experimental work. In that case fewer than eight optical ar-
rangements are sufficient. For example, we can then use combinations 1, 2, 7,
and 8 to obtain the relative phase function and all ratios of elements, whereas
combination 1 alone gives the relative phase function and the angular distribu-
tion of the degree of linear polarization for unpolarized incident light, that is,
−F21(�)/F11(�).

III. EXPERIMENTAL SETUP

In this section we will describe some of the main features of the experimental
setup. A schematic overview is shown in Fig. 1. The light source is a laser, for
example, a He–Ne laser (λ = 633 nm) or a He–Cd laser (λ = 442 nm). The
laser beam first passes through a linear polarizer and then travels through an elec-
trooptic modulator (Gsänger, model LM 0202). The modulator, together with the

Figure 1 Schematic overview of the experimental setup as seen from above.
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polarizer, can be rotated about its longitudinal axis. The modulator operates at an
alternating-current (ac) voltage with an angular frequency of ω = 2π × 103 rad/s
and an amplitude of about 100–200 V. To avoid stray light, the modulated laser
beam passes through two pinholes. The beam of light leaving the pinholes has
Stokes parameters proportional to (1, cosφ, 0,− sinφ) in combinations 1–4 and
(1, 0, cosφ,− sinφ) in combinations 5–8 of Table I, where sinφ and cosφ obey
Eqs. (10) and (11), respectively. This light is scattered by a sample of particles at
the center of a goniometer ring with a diameter of 100 cm. For aerosols, a verti-
cally directed jet is used, which keeps the particles in the sample in random ori-
entation. Hydrosols are contained in a sample holder, for example, a cylindrically
shaped cuvette of Pyrex glass with a diameter of 30 mm. To reduce the influence
of undesirable reflections in the latter case, the cuvette is placed in the center of
a cylindrical Pyrex glass basin with a diameter of 22 cm and flat entrance and
exit windows. This basin is filled with glycerin having the same refractive index
as glass, so that strong reflections occur farther away from the scattering sample.
A magnetic stirrer in the cuvette homogenizes the hydrosols continuously. The
sampler holder and basin are not shown in Fig. 1.

The unscattered part of the incident beam can be absorbed by a beam stop.
The light scattered in a particular direction may pass a quarter-wave plate and an-
alyzer (cf. Table I) before it reaches the detector. The latter is a photomultiplier
tube mounted on a trolley that runs on the goniometer ring. The field of view of the
detector can be restricted by means of pinholes. Another photomultiplier is used
to monitor the flux of the scattered light at a fixed scattering angle (see Fig. 1).
If, for whatever reason, the flux of scattered radiation fluctuates during a mea-
surement, the signal of the monitor can be used to correct for such fluctuations.
The detector can measure the scattered light at all scattering angles between about
5◦ and 175◦ for aerosols and between 20◦ and 160◦ for hydrosols. Several black
screens (not shown in Fig. 1) are employed in order to avoid unwanted contribu-
tions to the signals measured. The detected signals are led to lock-in amplifiers,
where they are separated into a dc signal and two signals varying in time as sinωt
and cos 2ωt , respectively. Finally, the signals are processed on a workstation. The
entire setup is fully computerized.

While measuring at any given scattering angle, 720 measurements are con-
ducted in about 2 s. Consequently, the data points are in fact the average of at
least 720 separate measurements.

IV. TESTS

The experimental setup was tested by employing homogeneous isotropic
spherical particles and then comparing the experimental results for the scatter-
ing matrix with the results of Lorenz–Mie computations. For this purpose water
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droplets in air, produced by a nebulizer, as well as commercially available latex
spheres suspended in water, have been used. The size distribution of the water
droplets was not known a priori, but the experimentally determined values of the
scattering matrix elements were fitted to the values computed with the Lorenz–
Mie theory for several size distributions of spheres, until good agreement was
obtained.

Further tests were provided by

1. Using general relationships for the elements of a scattering matrix of an
ensemble of randomly oriented particles, including the nonnegativity of
the eigenvalues of the Cloude coherency matrix (see Chapter 3)

2. Checking the block-diagonal structure of the scattering matrix, which
should exist when randomly oriented particles and their mirror particles are
present in equal numbers or when each particle has a plane of symmetry

3. Determining certain scattering matrix elements in more than one way (see
Section II)

V. RESULTS

In addition to test measurements with spherical particles, the experimental
setup has been used for determining the scattering matrix of randomly oriented ice
crystals (Stammes, 1989; Kuik, 1992), irregularly shaped quartz particles (Kuik
et al., 1991; Kuik, 1992), different types of coastal and inland water phytoplank-
ton species, as well as two types of estuarine sediments (Volten et al., 1998) and
rutile particles in water (Volten et al., 1999). Furthermore, work is in progress on
a variety of mineral aerosols such as feldspar, red clay, quartz, loess, Sahara sand,
volcanic ashes, and olivine.

To illustrate the capabilities of our experimental setup, we show some results
for hydrosols in Fig. 2 and for aerosols in Fig. 3, both for λ = 633 nm. Figure 2
shows the angular dependence of the phase function and the degree of linear po-
larization for unpolarized incident light for five different types of phytoplankton
species. The error bars are based on several series of measurements, each se-
ries containing 720 measurements, as explained in Section III. The results of the
measurements for the phase function are compared with “the standard scattering
function” of San Diego Harbor water (Petzold, 1972). Lorenz–Mie calculations,
using a priori known or estimated input parameters, did not produce good ap-
proximations, as can be seen in Fig. 2. A more detailed discussion, involving 15
different types of coastal and inland water phytoplankton species, as well as two
types of estuarine sediments, is given by Volten et al. (1998).

Figure 3 shows the angular dependence of six scattering matrix elements for
three types of mineral aerosols, namely, feldspar, red clay, and quartz. The el-
ements F13, F14, F23, and F24, were found to be zero over the entire range of
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Figure 2 Measured phase functions F11 and ratios −F12/F11 versus scattering angle � are shown
in the left and right panels, respectively (filled circles) for (a) Microcystis aeruginosa without gas
vacuoles, (b) Microcystis aeruginosa with gas vacuoles, (c) Microcystis sp., (d) Phaeocystis, and
(e) Volvox aureus. Also plotted are the standard phase function for San Diego Harbor water (solid
curves, left panels) and the results of Lorenz–Mie calculations (dashed curves, left and right panels).
The phase functions F11(�) are scaled at 90◦ to the phase function of San Diego Harbor water. Exper-
imental errors are smaller than the size of the circles if no error bar is shown. Reprinted from H. Volten,
J. F. de Haan, J. W. Hovenier, et al. (1998), Laboratory measurements of angular distributions of light
scattered by phytoplankton and silt, Limnol. Oceanogr. 43, 1180–1197.
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Figure 3 Measured scattering matrix elements versus scattering angle (in degrees) for λ = 633 nm.
Circles correspond to the results for feldspar, triangles to red clay, and squares to quartz. The measure-
ments are presented together with their error bars. If no error bars are shown, the errors are smaller
than the size of the symbols.

scattering angles within the accuracy of the measurements. Scanning electron mi-
croscope photographs showed the particles to be clearly nonspherical, with mean
diameters of 3.0, 5.1, and 9.7 µm for the feldspar, red clay, and quartz particles,
respectively. The experimental results will be compared with computed scattering
matrices, using methods described in other chapters of this book.
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I. INTRODUCTION

New and old theoretical solutions to the light-scattering problem need to be
submitted to state-of-the-art rigorous experimental tests. There are also many
light-scattering problems that still cannot be solved theoretically and therefore
must be explored using experimental techniques. This chapter addresses the prob-
lem of systematic exploration and testing of theoretical solutions. Such experi-

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
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ments are best done for a single particle in a single orientation at a time. The
optical constants of the particle’s material, its shape, internal structure, and orien-
tation must be accurately known.

It is hard to manufacture and characterize micrometer-sized particles accu-
rately, which limits optical single-particle scattering measurements, and the parti-
cle’s location and orientation in the beam are usually completely unknown. How-
ever, no absolute dimensions are encountered in classical electrodynamics. For
example, the dimension of a spherical particle is usually given by the circumfer-
ence to wavelength ratio or size parameter x = 2πa/λ, where a is the particle
radius and λ is the wavelength of the incident light. The light-scattering problem
can therefore be scaled to any convenient dimension. In addition, scaling up or
down permits a single facility to be used to study electromagnetic radiation of
any wavelength as long as the wavelength is sufficiently long so that quantum
effects may be neglected and a classical description of matter applies both at the
modeled and at the analog wavelength. This is usually true at visual and longer
wavelengths.

A factor of 103 to 105 translates optical wavelengths to the millimeter or cen-
timeter microwave range, a convenient scale that usually enables much improved
control over the scatterer. The microwave range typically also allows for higher
measurement accuracy than in the optical range because of improved beam con-
trol and mature signal-handling technology. Greenberg et al. (1961) built the first
single-frequency unit in the 1950s using the X band (3.18-cm wavelength) and
Giese and co-workers built a Ka-band (8 mm) facility in the 1970s (Zerull, 1985).
Although these laboratories are now defunct, the University of Florida built a
modern w-band facility (Gustafson, 1996) spanning the 2.7–4-mm range that be-
came operational in 1995. The microwave analog method is well suited to test the-
oretical solutions and for systematic explorations of scattering properties of parti-
cles for which theoretical solutions are either unreliable, computationally taxing,
or nonexistent. The method is less well suited to characterization of the scattering
by natural particles in broad surveys. This is because of the need to manufacture
analog models and the broad parameter space involved in the characterization of
the scattering problem.

II. ANALOG MATERIALS

Materials in optical applications are usually described using their complex re-
fractive index m = mr + imi or equivalently, in electrodynamics, through the
dielectric constant ε = ε′ + iε′′, where i = √−1. (The relations ε′ = m2

r − m2
i

and ε′′ = 2mrmi hold for nonmagnetic materials.) Althoughm and ε are often re-
ferred to as optical constants, they depend on the angular frequency, ω, so that an
analog material must usually be substituted as part of the scaling process. To see
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this, it is useful to note that the material properties could also be represented using
a combination of harmonic oscillators of strength proportional to (ω2

0 − ω2)−1,
where the resonance frequencyω0 is higher than microwave frequencies and often
closer to the visual range (Bohren and Huffman, 1983). Based on this represen-
tation, optical properties vary only slowly across the microwave range because
it is far removed in frequency from ω0 whereas the visual range usually is much
closer to the resonance so that the oscillator strength may change across the range.
The oscillator strength and loss are related through the Kramers–Kronig relations
(Bohren and Huffman, 1983) so that the loss as well as the oscillator strength
depend on the frequency. For example, silicates typically have refractive indices
in the 1.55 + i · 0.0001 to 1.7 + i · 0.03 range in the visible. They reach one or
several extreme values of order 1.1 + i · 1 in the 10-µm region and then stabilize
around 3.5+i ·0.03 in the millimeter microwave range and at longer wavelengths.
Similarly, water ice has m ≈ 1.31 + i · 3 · 10−9 in the visible; however, the real
part dips below unity near λ = 3 µm, where the imaginary part peaks around
mi = 0.6. The real refractive index approaches an asymptotic value close to 1.78
with the imaginary part in the 10−2–10−4 range at wavelengths exceeding a few
hundred micrometers.

We tested several methods to measure the refractive index at microwave fre-
quencies and found that a comparison between Lorenz–Mie theory and measure-
ments of the angular distribution of the scattering from a sphere made from the
material in question is reliable. It appears to be similar in accuracy to the slotted
waveguide method of Roberts and von Hippel (1946) that Schuerman et al. (1981)
used on the acrylic resin polymethyl methacrylate, also known as Lucite, to obtain
m ≈ 1.61 + i · 0.004 at 9.417 GHz (λ = 3.18 cm). We obtained 1.605 + i · 0.003
for the same material at 85 equally spaced frequencies across the 75–110-GHz
interval (2.7 mm < λ < 4 mm). Zerull et al. (1993) also used a fit to the angu-
lar scattering by a sphere to obtain m ≈ 1.735 + i · 0.007 for nylon at 35 GHz
(λ = 8 mm). We obtainedm ≈ 1.74 + i · 0.005 across the 75–110-GHz interval.
We conclude that these plastics are remarkably consistent in their refractive index
even though they are produced by different manufacturers and that there is indeed
no measurable frequency dependence.

These easy-to-machine common plastic compounds, including Delrin with
m ≈ 1.655 + i · 0.00, are excellent analogs for silicates. A variety of other plas-
tics can be mixed with pigments to represent a broad range of rocks, ices, and
organics. We have developed plastic compounds to produce any refractive index
in the rangemr = 1.195–1.7 andmi = 0.02–0.08 with relative ease. We have also
made individual samples with imaginary parts as high as 0.2 and real parts near 2.
It is usually practical to use commercially available compounds to approach but
not precisely duplicate a desired refractive index. In this way discrete and highly
reproducible values can be obtained including m ≈ 2.517 + i · 0.017 for BK7
glass or m ≈ 3.08 + i · 0.001 for alumina glass. We have also used the metals
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aluminum, steel, and copper to reach very high real and imaginary refractive in-
dexes. We note that use of analog materials sometimes has great advantages; for
example, water ice and many other volatiles can be represented with ease by plas-
tic compounds that can be machined and that do not melt at room temperatures.

Although material optical “constants” are often wavelength dependent in the
visual range, that is, materials may have intrinsic color, we have seen that they
seldom change appreciably with the wavelength in the microwave region so that
most materials are “gray” in microwaves. The wavelength independence in the
microwave range allows us to separate color effects induced by the particle size,
shape, porosity, and so on from the material-induced colors, whereas materials
whose refractive index changes with wavelength in the visual range must be repre-
sented using a set of microwave analog models. Again, we see that the microwave
analog method has important advantages that are well suited for systematic stud-
ies. Color measurements are discussed in Section III.C.

III. MEASUREMENT PRINCIPLES

The ability to separate the wanted scattered radiation from the incident radia-
tion and scattered stray radiation is a key feature that sets the microwave analog
method apart from its optical counterparts. The direct illumination and scatter-
ing by the support as well as most of the background radiation can be measured
separately, that is, without the scattering body in place. This unwanted compo-
nent can then be subtracted from a measurement that includes the scattering body.
The process is complicated by the fact that there are usually definite phase rela-
tions between the components so that they interfere. We therefore need to know
both the amplitude and the phase to subtract the signals. However, these can-
not be measured directly, because only intensities are measured using any type
of detector. The amplitude and phase must be inferred from a set of intensity
measurements. Several arrangements have been developed for this purpose (e.g.,
Greenberg et al., 1961; Lind et al., 1965; Zerull et al., 1993). Modern network an-
alyzers achieve comparable accuracy and stability in automated and commercially
available packages. The network analyzer-based University of Florida equipment
has been described in detail elsewhere (Gustafson, 1996).

Unlike the two preceding facilities, the Florida facility routinely yields am-
plitude and phase at all scattering angles. This is made possible by dimensional
stability that reduces fluctuations in the background signal. Although it is possible
to derive the scattering components based on the ratio of the scattered intensity to
the intensity measured in the unobstructed direct beam, we found that higher ac-
curacy can be obtained using a sphere and Lorenz–Mie theory for calibration. The
scattering quantities that we refer to as “measured” are thus not obtained directly
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but are processed, first through the subtraction of the background signal and then
through calibration.

Although the scattered signal can be separated out, captured, and calibrated,
the idealized conditions of light-scattering that are commonly assumed in the-
oretical works cannot be fully reproduced in any laboratory. For example, the
incident wavefront is necessarily finite and suffers from imperfections; the dis-
tance to other objects is also finite and the scattering sample must be supported
against gravity so some supporting mechanism is necessarily nearby. Gustafson
(1996) describes how the Florida facility is designed for stability with its ther-
mal and mechanical layout, how its geometric configuration minimizes the stud-
ied model’s interaction with the support, and how the use of lenses compensates
for the finite beam width to produce a flat wavefront in the central part of the
beam.

A. MEASURED AND INFERRED SCATTERING
QUANTITIES: THE COMPLETE SET

When, as in the Florida facility, the change in both intensity and phase suffered
by a scattered wave can be deduced in the four combinations of polarization along
the scattering plane and perpendicular to the plane, we characterize the scattering
process completely. This may be easier to visualize using a geometric description
of the polarization ellipse for arbitrarily polarized light than it is using the Stokes
parameters directly. We recall that the Stokes parameters are used to describe the
intensity and polarization state in nearly all modern works because they lead to a
convenient mathematical representation, but a geometrical representation in terms
of the shape and orientation of the polarization ellipse is equally valid as long as
we consider a single frequency at a time. To describe an arbitrary electromagnetic
plane wave propagating through empty space along the z axis of a Cartesian co-
ordinate system, it is sufficient to describe the amplitude components of the real
electric field vector

Ex = A cos(d1 − d),
Ey = B cos(d2 − d), (1)

Ez = 0,

where the orientation of the ellipse is determined by the constant parts of the
phases d1 and d2 and the shape by the amplitudes A and B and the constant
phase difference d1 − d2. Besides the constant parts, the phase factors consist
of a variable part, d = ωt − kz. Here ω is the angular frequency, t time, k =
2πω/c the propagation constant or wavenumber, and c the speed of light. The
magnetic field H follows from S = E × H, where S is the Poynting vector. The
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corresponding Stokes vector is [see Eqs. (A6)–(A9) of Chapter 1]

I = A2 + B2,

Q = A2 − B2,
(2)

U = −2AB cos(d1 − d2),

V = 2AB sin(d1 − d2).

The squared amplitudes are intensities that can be measured directly, in prin-
ciple, but are processed in practice to remove background interference and then
calibrated. The phases can be obtained using a network analyzer that compares
the received signal to a stabilized reference signal of known phase. In the Florida
facility, the signal originates in the network analyzer so that the transmitted signal
can also provide the phase reference. We note that there are only three indepen-
dent parameters describing the wave: the two amplitudes A and B and the phase
difference d1 − d2. There exists a relation I2 = Q2 + U2 + V 2 for a strictly
monochromatic wave so that the Stokes vector also has only three independent
parameters. When both the incident and the scattered waves are described using
their respective Stokes parameters, the scattering can be described by a linear
transformation, mathematically a 4 × 4 matrix Z [see Eq. (13) of Chapter 1]:

(I,Q,U, V )T = 1

R2 Z(I0,Q0, U0, V0)
T, (3)

where T denotes the matrix transpose,R is the distance from the particle to the de-
tector, and the subscript 0 denotes the incident beam parameters. The 16-element
Z matrix contains only seven independent parameters. Eight parameters are found
in the intensity and phase of the mutually perpendicular components measured in
the laboratory or, equivalently, in the corresponding complex amplitudes. Of these
eight, only the phase differences, not the absolute phases, are relevant (Bohren and
Huffman, 1983), which reduces the number to seven.

The principle of optical equivalence states that the Stokes parameters contain
the complete set of quantities needed to characterize the intensity and state of po-
larization of a beam of light, in practical analyses. It follows that the transforma-
tion matrix Z between the incident and the scattered Stokes vectors fully describes
the scattering process to the same level of detail. This principle is based on the fact
that optical measurements involve linear transformations only. Section IV shows
an example of phase as well as intensity measurements in four polarizations, so
that all scattering parameters can be determined. This (Gustafson, 1999) may be
the first accurate measurement of an elusive light-scattering parameter and the
first complete experimental characterization of a scattering particle.
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B. SCATTERED INTENSITIES AND POLARIZATION:
THE SIMPLIFIED SET FOR NATURAL LIGHT

In most practical situations, particles are illuminated by “natural light” with
Q0 = U0 = V0 = 0 so that there is no definite phase relation between the
four polarization components. We see from the form of Eq. (3) that in this case
we may concentrate on a subset of the Z matrix. We may rewrite this part of
the matrix in terms of quantities measured “directly” in the laboratory. These are
the intensities I1 polarized perpendicular to the scattering plane and I2 polarized
along the plane. Their units are those of the corresponding incident intensities I1,0
and I2,0. We may then define the transformation matrix as follows:[

I2
I1

]
= 1

k2R2

[
i22 i21
i12 i11

][
I2,0
I1,0

]
. (4)

From these matrix elements, we compute the total scattered intensity as

I (�) = i11 + i12 + i21 + i22

2k2R2 I0, (5)

and the dimensionless degree of linear polarization

P(�) = (i11 + i12)− (i21 + i22)

i11 + i12 + i21 + i22
, (6)

both as a function of the scattering angle�.

C. COLOR

We have seen in Section II that because the resonant frequencies of most mate-
rials are far removed from microwave frequencies, their refractive index changes
only slowly across the microwave range and is usually constant across a single
microwave band. The broadband facility in Florida thus allows us to study the de-
pendency on frequency while the refractive index remains constant. This allows
us to separate the color induced by the particle geometry (e.g., size, shape, and
internal structure such as porosity) from the intrinsic color of the material because
it is neutral, or gray, by definition when the refractive index is constant. The color
range covered in the Florida w-band facility is nearly as broad as the human visual
range.

Practically any number and combination of frequencies can be used at the
Florida facility ranging from 75 to 110 GHz. We integrate the total intensity ob-
tained from Eq. (5) across the waveband, which is represented by the sum over
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intensities normalized to the width of the band,�ω, so that the plotted values∑
I (�)

�ω
(7)

are proportional to the incident intensity and inversely proportional to the distance
squared. To give a quantitative measure of the color in intensity and in polariza-
tion, we split the laboratory spectrum into “blue” and “red” portions. We represent
the integral of matrix elements in Eq. (4) illuminated by the solar spectrum across
the [ωa, ωb] interval using

〈i〉[ωa,ωb] =
∑ωb

freq=ωa
I0,freqifreq∑ωb

freq=ωa
I0,freq

, (8)

where the indices indicating polarization have been dropped and I0,freq is the solar
illumination integrated across the small frequency interval corresponding to one
frequency step.

This mimics the usual format of reported observations where the numerator is
the observed flux across the waveband and the denominator is a normalization to
the solar spectrum. The matrix elements are 〈i〉red and 〈i〉blue, respectively. The
averages 〈I 〉color and 〈P 〉color can now be computed by substituting the corre-
sponding averages in Eqs. (5) and (6). In addition, we quantify color through the
ratio

Color(�) = Ired − Iblue

Ired + Iblue
. (9)

We can choose the intervals [ωa, ωb] for either red or blue colors to simulate
a variety of optical filters used in astronomy. In particular, for the comparison
of laboratory colors with colors obtained from comet observations, we simulate
narrow-band continuum filters 443 and 642 nm using the frequency bands 75–
85 GHz and 100–110 GHz.

D. SIZE DISTRIBUTION

Stepping the wavelength during measurements can also be translated to steps
in units of the size parameter, x. The measured scattering signals, when weighted
by any series of numbers representing a size distribution, could then yield the
scattering at a single wavelength from the specified size distribution of other-
wise identical particles. In principle, a combination of color and size distribution
could also be obtained. However, the design of a microwave facility sufficiently
broad to represent most natural size distributions is not possible using standard
microwave techniques. The range covered in the Florida facility corresponds to
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a narrow size interval ranging from aλ/4 to aλ/2.7, where a is a characteristic
particle dimension in millimeters. For example, a 5-mm particle, which is among
the smallest dielectric particles that can be accurately measured in the laboratory,
corresponds to the 0.69–1.02-µm size range at λ = 0.55 µm. The upper size limit
is given by the beam width and confines particle models to less than 200–250 mm
across, corresponding to the 27.4–40.8-µm range at the same frequency. We can
therefore simulate size distributions from 0.7 to 41 µm at λ = 0.55 µm by using
multiple-particle models.

E. ANGULAR SCATTERING PROCEDURES
AND ACCURACIES

The mechanical and thermal, as well as electronic, stability of the Florida
facility depicted in Fig. 1 allows precise measurements of the angular scat-
tering under automated operation lasting for several weeks. A single-particle

Figure 1 The microwave analog light-scattering facility at the Laboratory for Astrophysics. The
transmitting antenna is to the right with the mobile receiving antenna in the foreground. The particle
model at the center is supported by a platform made of lightweight plastics consisting of a Styrofoam
base and a commercially available thin-walled straw. The platform is usually custom made to suit
a specific particle model. Once the model is in place, the fully automated facility operates without
human intervention.
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orientation requires approximately 16 h of measurement to obtain 0.1◦ angu-
lar resolution from 5◦–165◦ at 85 frequencies and four combinations of polar-
ization, with equal time needed for a background measurement. Because each
quantity is sampled 500 times to reduce electric and sampling noise, there is a
total of 6.4 × 106 measurements per orientation including the background mea-
surement and an average rate of 56 measurements per second. The particle can
be precisely and automatically rotated about an axis perpendicular to the scat-
tering plane through the rotation of the support. The background includes the
scattering by the support, which does not have perfect symmetry so that a back-
ground measurement is made for each orientation of the support. The background
usually does not need to be remeasured except when the target support is re-
placed. The repeatability and accuracy of angular measurements usually are
comparable to errors introduced through uncertainties in the target parameters
including the refractive index, shape, and orientation. The discussion of these
errors by Gustafson (1996) is still valid, although some improvements have
been achieved through mechanical refinement of the scattering arm position-
ing mechanism and through improved stability of the high-frequency microwave
mixers.

Scattering angles of 168◦–180◦ cannot be measured because the antennas
would overlap in this angular interval (Fig. 2). However, it is possible to add a
backscattering measurement capability through the addition of a receiving cir-
cuitry in the transmitting antenna. The 0◦–5◦ interval is plagued by direct illumi-
nation of the receiver antenna by way of the first side lobes and therefore would
require a tedious measurement procedure similar to that at 0◦, which is discussed
in the next section.

F. FORWARD SCATTERING PROCEDURES AND
ACCURACIES

The forward scattering amplitude and phase are, in principle, measured in
a manner similar to those at other scattering angles. However, for small parti-
cles, extra care must be taken so that the illumination remains stable between the
times of the measurements of the scattered signal plus background and the back-
ground alone. This is because the intensity of the scattered signal may constitute
a small fraction of the direct beam background signal: approximately 10−3 for an
x ≈ 10 sphere. The measurement error is, to a first approximation, proportional
to the measured signal strength, which in forward scattering is dominated by the
background. This means that the error is expected to be practically independent
of the particle’s cross section so that the forward scattering by large scatterers can
be measured with much higher relative accuracy than that by small particles. The
large background signal is a direct consequence of the large beam size, which,
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Figure 2 Layout of the University of Florida microwave facility in which the particle model and the
wavelength are scaled by the same factor. The scaling may be used to simulate any part of the electro-
magnetic spectrum; for example, a factor of 6000 corresponds to visual light and scales micrometer-
sized particles to the centimeter range. The lens and polarization filter equipped transmitting antenna
creates an approximately 100λ diameter (∼30 cm) linearly polarized beam featuring a flat wavefront
near the target. An identical assembly makes up the receiver end and can be positioned at any scattering
angle from 0◦ to 168◦. The plane of polarization of the transmitted and received beams can be rotated
independently. Adapted from B. Å. S. Gustafson (1996).

at about 100 wavelengths across, is approximately a factor of 10 wider (approx-
imately 100 times larger in cross section) than those of the two preceding labo-
ratories. This compromise was made to accommodate particle size parameters up
to x = 200 or 250 in the beam.

Because the background is so large, our current procedure calls for the mea-
surement of the background signal before and after each measurement with the
scattering body in the beam. Direct measurement errors are typically less than one
part in 5 × 104. This corresponds to approximately 0.2λ2 or less when translated
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Figure 3 Direct measurement errors in forward scattering given as an equivalent extinction cross
section. The errors are to a large extent due to calibration errors and are expected to be improved
upon.

into a perturbation in the extinction cross section (see Fig. 3) and is comparable to
the geometric cross section of an x = 1.6 sphere. Actual errors in the scattering
amplitudes are found to be on the order of one part in 103 of the measured signal
although the particle is suspended on a string rather than supported on a platform
as in our normal procedure for angular measurements. This unexpectedly large er-
ror appears to result from imperfect calibration; the measurements reported here
are therefore expected to be improved upon.

IV. MEASUREMENTS

We use measurements from the microwave laboratory at the University of
Florida to help guide theory development (e.g., Xu, 1997) and to test exact (Xu
and Gustafson, 1996, 1997) and approximate (Xu and Gustafson, 1999) solutions
to the scattering problem and to establish their limit of validity. We systematically
explore the optical properties of aggregated dust particles (Gustafson et al., 1999)
and cubes (in preparation). An emerging database of color and polarization mea-
surements is used in an interpretation of comet observations (Kolokolova et al.,
1998; Gustafson and Kolokolova, 1999) and for an interpretation of the atmo-
sphere surrounding Saturn’s satellite Titan (Thomas-Osip, 2000). Representative
examples are discussed next.



Chapter 13 Microwave Analog to Light-Scattering Measurements 379

A. THE SPHERE

The scattering by a homogeneous spherical particle has been a standard test in
light scattering since the boundary condition solution, now known as the Lorenz–
Mie theory (Lorenz, 1898; Mie, 1908; Debye, 1909), was found about a century
ago. We use a commercially available BK7 glass sphere (m ≈ 2.517 + i · 0.017)
intended for use as spherical lenses to illustrate in practice the performance of the
microwave laboratory. The specific sphere used in the experiment was 9.998 mm
in diameter. We show both amplitude and phase measurements at 0.1◦ resolution
from 5◦ to 165◦ and at forward scattering,� = 0.

In parts a and b of Fig. 4, we compare the experimentally determined angu-
lar distribution of the matrix elements i11 and i22 at 80 GHz to the Lorenz–Mie
solution. The agreement is very good, especially in view of remaining uncertain-
ties in the refractive index and the geometry of the target. The Lorenz–Mie the-
ory predicts no cross-polarization components, i12 and i21, because of the sym-
metry of the sphere. The experiment returned cross-polarized values below 1 at
all scattering angles and below 0.01 at most angles, in good agreement with the
theory.

For polarizations 11 and 22, respectively, parts c and d of Fig. 4, show the
phase of the scattered radiation relative to the geometric center of the sphere.
The agreement is excellent considering that a 100-µm error in the placement of
the sphere corresponds to nearly 20◦ in phase shift at backscattering angles. This
measurement (reported by Gustafson, 1999) may be the first accurate phase mea-
surement of the angular distribution of scattered radiation and the first to estimate
measurement errors at 0◦ in detail. The agreement constitutes new evidence of the
accuracy of both the experimental data and the Lorenz–Mie theory.

Integration over the scattering angle yields the scattering cross section and the
asymmetry factor

Csca = π

k2

∫ π

0

[
i11(�)+ i21(�)+ i12(�)+ i22(�)

]
sin�d�,

(10)

〈cos�〉 = π

k2

∫ π

0

[i11(�)+ i21(�)+ i12(�)+ i22(�)] cos� sin�d�

Csca
.

We obtain the scattering efficiency factor Qsca = Csca/πa
2 = 1.74, which is

4% below the Lorenz–Mie value 1.82. Similarly, 〈cos�〉 = 0.658, which is 2%
below the Lorenz–Mie value 0.671. The measured forward scattering intensity
and phase were 2100 and −13.37 ◦ compared to the Lorenz–Mie values 1970 and
−12.68 ◦, respectively. We use the fundamental extinction formula (sometimes
called the optical theorem; Bohren and Huffman, 1983; Section VIII of Chapter 1)
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Figure 4a, b Matrix elements i11 and i22 for a sphere. Solid curves represent the Lorenz–Mie solu-
tion and dots show microwave laboratory data. Reprinted from B. Å. S. Gustafson (1999), Scattering
by complex systems. I. Methods, in “Formation and Evolution of Solids in Space” (J. M. Greenberg
and A. Li, Eds.), pp. 535–548. Kluwer Academic, Dordrecht, with kind permission of Kluwer Aca-
demic Publishers.

to calculate the extinction cross section Cext and the extinction efficiencyQext as

Cext = 4π

k
Im

[
S(0)

]
, Qext = Cext

πa2
, (11)

where S(0) is the complex scattering amplitude at scattering angle 0◦ calculated
from the intensity and phase. The measured efficiency is 2.54, which is 3% higher
than the Lorenz–Mie value 2.47. The error in the absorption cross section and
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Figure 4c, d Phase of the scattered components polarized perpendicular and parallel to the plane
of scattering, respectively. Solid curves represent the Lorenz–Mie solution and dots show microwave
experimental data. Reprinted from B. Å. S. Gustafson (1999), Scattering by complex systems. I. Meth-
ods, in “Formation and Evolution of Solids in Space” (J. M. Greenberg and A. Li, Eds.), pp. 535–548.
Kluwer Academic, Dordrecht, with kind permission of Kluwer Academic Publishers.

efficiency jumps to 23% because it is obtained from the difference between the
extinction and scattering, that is, Qabs = Qext −Qsca. The radiation pressure is
also a compound quantity given by

Cpr = Cext − 〈cos�〉Csca, Qpr = Cpr

πa2
. (12)
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The laboratory value for Qpr is 12% above the theoretical value 1.25. The mea-
surements were repeated at 75 GHz with slightly smaller deviations from the the-
ory:�sca = 2%, �〈cos�〉 = 0%, �ext = −2%, �abs = −12%, and �pr = −5%.

B. AGGREGATES

Low-density aggregates are representative of a broad class of particles that
initially grow by condensation to form individual grains. Then, as much of the
condensable gas is depleted and particles collide and stick together, they grow
primarily through aggregation. The size parameter of the constituent grains de-
pends on the ratio of condensables to the number of condensation centers and
on the wavelength of observation, whereas the packing depends largely on the
conditions and mode of aggregation (e.g., Wurm and Blum, 1998). We distin-
guish small aggregates that necessarily consist of small grains from the more
complex scattering involving large aggregates or aggregates of larger grains. All
aggregates discussed here have nominal packing factors near 10% with 90% void
unless stated otherwise. This packing is in the range expected from aggregation
under a broad range of microgravity conditions and in cometary materials (e.g.,
Greenberg and Gustafson, 1981; Wurm and Blum, 1998). Examples of scattering
by more densely packed aggregates are discussed by Xu and Gustafson (1997),
Kolokolova et al. (1998) and Gustafson and Kolokolova (1999).

1. Coherent Scattering by Small Aggregates

The original paper on the scattering by “bird’s nest” type of structures at vi-
sual wavelengths (Greenberg and Gustafson, 1981) is an investigation into the
scattering by 250–500 randomly oriented silicate cylinders representing classical
interstellar grains that are loosely assembled into an aggregate of approximately
10% packing. The conceptual models are based on the evolutionary sequence that
interstellar grains may have undergone as they became incorporated into primitive
solar system bodies and eventually were released as cometary and interplanetary
dust. The fact that the scattering by structures of this type and size shows very
little evidence of interaction between the individual grains in the structure was
known from a comparison between the coherent scattering approximation and
microwave experimental data (Gustafson, 1980; Greenberg and Gustafson, 1981;
Gustafson, 1983) that were primarily obtained at the X-band facility, then at the
State University of New York at Albany.

When the scattering from N identical grains is added coherently, the angular
distribution of the scattered intensities peaks at N2 times the scattering by the
individual grains in the forward direction (� = 0) where the scattering from all
grains is in phase. In the backscattering hemisphere, where the scattering adds at
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nearly random phase, the intensity is on the order of N times the scattering by
individual grains. The requirement is that the aggregates be at least a few wave-
lengths across, as indeed was the case. The intensity goes through a series of
interference minima in the transition from forward to backscattering. Because
coherent addition is found to be a good approximation for all polarization com-
ponents, their relative intensities are nearly unaffected by the fact that the grains
are in an aggregate. The degree of linear polarization [Eq. (6)] therefore closely
mimics that of individual grains at all scattering angles. That is, when normalized
to the scattering by individual grains, the forward scattering peaks at the value N
and then drops to near unity. This sharp drop takes place at smaller scattering an-
gles for larger aggregates compared to the wavelength. For 250–500 aggregated
grains at 10% packing factor, the forward interference pattern extends to 30◦–60◦
scattering angle. When the degree of linear polarization is similarly normalized
to the polarization produced by the constituent particles, the ratio is near unity in
all scattering directions. This ratio is unity by definition in the coherent scattering
approximation.

Zerull et al. (1993) confirmed this basic result a decade later using similar tar-
gets at the Ka-band facility at Bochum University. Loosely packed aggregates of
approximately 500 or fewer grains of the “bird’s nest” type thus have polariza-
tion properties similar to those of the constituent grains scattering independently
of each other, whereas the intensity distribution is reminiscent of much larger
structures. The targets were then coated by a simulated organic refractory mantle
and the measurements repeated as successive mantles were grown. A transition
from coherent scattering to a mode where a more complex interaction takes place
occurs as the mantles grow sufficiently thick.

A particle may exhibit color although the refractive index of its material is
nearly independent of the wavelength. Examples are silicates at visual wave-
lengths or nearly all materials in the microwave range. Neutral to red color is
expected at small scattering angles, whereas the color should be close to that
of the constituent grains, which usually is blue, in the backscattering region as
long as coherent scattering applies. The color at small scattering angles should be
shifted to the red because the interference peak extends to larger scattering angles
at longer wavelengths.

However, because measurements were made at a single frequency at the X-
and Ka-band facilities, the only way to simulate color required the manufacturing
of sets of scale models and all measurements had to be repeated using a different
scale for each color. The manufacturing of sets of precisely scaled models of
intricate aggregates proved to be a prohibitive task. Color therefore remained a
largely unexplored issue until 1995. The study of color and scattering by large
aggregates was in part the motivation for the design of the microwave laboratory
in Florida as a broad-band facility. The desire to investigate the scattering by
larger structures in comparison to the wavelength than before led to the choice of a
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relatively short wavelength despite the technical difficulties associated with higher
frequencies and the outfitting with relatively large antennas. Using this facility,
Gustafson et al. (1999) confirmed that the color of small aggregates of the “bird’s
nest” type is blue, as was expected, whereas the color from large aggregates is
much weaker.

2. Intensity, Polarization, and Colors from Large Aggregates

Only the smaller types of aggregates could be studied in the X-band and Ka-
band facilities and, like color, the scattering by larger aggregates was essentially
unexplored until 1995. Outstanding questions were therefore, at what conditions
(e.g., size of constituent particles, size of aggregate, refractive index, packing)
the simple coherent scattering approximation breaks down and what the con-
sequences of the interactions are. Although the coupled dipole approximation
by Purcell and Pennypacker (1973) had been used for decades, it was not until
the emergence of contemporary computers that a modern implementation of this
method (Draine and Flatau, 1994; Chapter 5) became capable of addressing the
scattering by smaller structures. However, even for these, the required computing
time remains prohibitive for many applications and the results are not necessarily
reliable (Xu and Gustafson, 1999). Once again, we therefore turn our attention to
results from microwave analog experiments.

Figure 5a shows an aggregate of 1450±20 polystyrene spheres 0.63±0.35 mm
in diameter. Sets of two or three linear aggregates of these size spheres with re-
fractive index nearm = 1.615+i ·0.03 are a possible representation of classic size
interstellar grains when observed in the visible. The refractive index was selected
to approximate the silicate core and also to be sufficiently close to the value for
organic refractory materials so that it may also approximate a mantle, given the
uncertainties. Overall, the aggregate is related to those investigated by Greenberg
and Gustafson (1981). The primary difference is in the larger number of aggre-

Figure 5a Aggregate of 1450 ± 20 polystyrene (m = 1.615 + i · 0.03) spheres of 0.63 ± 0.35 mm
diameter resting on a thin sheet of expanded plastic of low refractive index used to support the delicate
assembly during the laboratory experiments. Sets of two to three spheres represent silicate interstellar
dust cores in the visual range.
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Figure 5b Angular distribution of scattered intensity averaged over orientations and frequency (cir-
cles). Thick curves are for the coherent scattering approximation (dashed curve) and the incoherent
scattering (solid curve) where any phase relations are neglected. The thin curves are for the coherent
(incoherent) approximation where spheres are grouped in sets of 12 and each group is approximated
by an equal-volume sphere. Reprinted from B. Å. S. Gustafson et al. (1999), Scattering by complex
systems. II. Results from microwave measurements, in “Formation and Evolution of Solids in Space”
(J. M. Greenberg and A. Li, Eds.), pp. 549–564. Kluwer Academic, Dordrecht, with kind permission
of Kluwer Academic Publishers.

gated particles so that the dimensions are on the order of 10 wavelengths across
or 5 µm in the visible as opposed to three wavelengths or approximately 1.5 µm
across.

In Fig. 5b, the angular distribution of intensity is averaged over 36 orientations
and over all 85 frequencies. Although a larger number of orientations is desired
for the simulation of a cloud of randomly oriented particles, the number of ori-
entations needed decreases rapidly with the particle size and we do not expect a
true random average to be significantly different. Two sets of theoretical curves
that were generated assuming randomness are shown for comparison. The set
of heavy curves represents the coherent scattering approximation (thick dashed
curve) and the incoherent scattering (thick solid curve) where any phase relations
are neglected. In incoherent scattering, the intensities can be added directly. This
is the way the spheres would scatter if dispersed in a tenuous cloud. Phase re-
lations resulting from differences in the geometric path are only accounted for
in our coherent scattering comparison. Both solutions are comparable except at
scattering angles smaller than approximately 20◦ where definite phase relations
are established. Evidently, the aggregate is sufficiently dispersed so that differ-
ences in the geometric path lead to nearly random phase differences at the larger
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scattering angles. The experimental data indicate that constructive interference is
a good approximation close to the forward direction and incoherent scattering is
approached in the backscattering direction. However, unlike results for the aggre-
gates previously reported, the angular distribution of scattered intensities is con-
siderably brighter at all other scattering angles. This could be due to the detailed
structure of the aggregate and is not necessarily intrinsic to large-sized aggregates.
For practical reasons, the spheres were assembled in groups or clumps where the
spheres are in contact with their neighbors on all sides. The aggregate tends to
behave as an assembly of these groups rather than as an aggregate of the individ-
ual spheres. This is illustrated using the set of thin curves where the spheres are
grouped in sets of 12 and each group is approximated by an equal-volume sphere.
This approximation probably exaggerates the coupling between closest neighbors
and neglects coupling to distant spheres. We expect less pronounced coupling be-
tween nearby particles in a more uniform aggregate but the qualitative results of
interactions should be the same because coupling between particles is strongly
dependent on the interparticle distance. Equivalently, we expect these same ef-
fects to show up as a uniform aggregate grows larger. As before, the coherent
(thin dashed curve) and incoherent (thin solid curve) solutions differ only at the
smallest scattering angles.

We note that when the particles are cooperating in small groups, they scatter
significantly more per particle than when they are dispersed as in a cloud. Simi-
larly, the computation of scattering and radiation pressure cross sections showed
that the average values for the aggregated grains is much higher than for the same
grains dispersed.

The degree of linear polarization produced by the constituent particles when
dispersed so that they do not interact (thick solid curve in Fig. 5c) is close to the
well-known polarization by isotropic Rayleigh particles. Similar to smaller par-
ticles, the polarization is always positive and the maximum is near 90◦ and near
unity. There is only a weak asymmetry shifting the maximum to higher scattering
angles. The magnitude of this small shift is practically the only color dependency
of the polarization across the frequency range and it is too small to be seen in
the figure. Because the coherent scattering approximation ignores possible phase
velocity differences in the orthogonal polarization directions, polarization is iden-
tical in our coherent and incoherent scattering approximations.

Figure 5c illustrates the color dependency of polarization. The thin dashed and
solid curves corresponding to the coherent and incoherent scattering by the ag-
gregated groups of particles are for the red and blue polarization, respectively.
They were obtained using the same parameters that generated the thin curves in
Fig. 5b. Because Lorenz–Mie spheres represent the groups, any cross-polarization
term vanishes in this approximation, which helps explain the high polarization.
The shift in the maximum polarization with wavelength range is now obvious.
We notice that the polarization shifts from red in the forward hemisphere to blue
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Figure 5c Angular distribution of the degree of linear polarization. Dots represent experimental
results for the red half of the frequency range and circles for the blue half. The thick solid curve
represents both color ranges and both coherent and incoherent scattering by the constituent particles.
The thin solid curve is for groups of 12 spheres in the red whereas the dashed curve is for the blue.
Reprinted from B. Å. S. Gustafson et al. (1999), Scattering by complex systems. II. Results from
microwave measurements, in “Formation and Evolution of Solids in Space” (J. M. Greenberg and
A. Li, Eds.), pp. 549–564. Kluwer Academic, Dordrecht, with kind permission of Kluwer Academic
Publishers.

at high angles as a result of the well-understood shift in the maximum originating
in the Lorenz–Mie calculations. The experiment shows that the actual polarization
is nearly neutral in the backscattering hemisphere, whereas the same overall trend
in polarization color as in the approximation is still discernible. In Fig. 5c, the
experimentally determined polarization values are plotted separately for the red
and blue halves of the spectral range. Although both curves have approximately
the same shape as the Rayleigh polarization, the maximum polarization is signif-
icantly lower. This is primarily due to the cross-polarization terms i12 and i21 in
the scattering matrix. The polarization is for the most part slightly more positive
in the red than in the blue. Although this color effect is not strong, the red po-
larization is seen in all experimental data we have obtained for aggregated small
particles. Reddening is seen even if the cross-polarization terms were ignored.
Our interpretation is that coupling between particles in the blue is stronger than
in the red, because the particles are larger compared to the wavelength. Stronger
interparticle dependence for larger particles is often seen both in the laboratory
and in theoretical calculations.

An opinion sometimes voiced about the “bird’s nest” model dust is that if the
coherent scattering approximation applies to intensities, the color of the scattered
light might be expected to be close to the color of the constituent particles. Be-
cause the constituent particles derive from classical interstellar grains, the color
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Figure 5d Color as a function of scattering angle. Experimental data are less blue than the isotropic
blue incoherent scattering by constituent spheres (thick solid curve). The thin solid curve for incoher-
ent scattering by groups of 12 spheres shows that the reduction in color in the backscattering hemi-
sphere may be due to scattering on groups. The thick dashed curve is for coherent scattering by the
constituent spheres and the thin dashed curve is for groups of 12 spheres. The reduction in the forward
hemisphere may be caused by interference resulting from coherent scattering. Coherent scattering by
the groups (thin dashed curve) shows reduced color at all angles resulting from a combination of these
effects. Reprinted from B. Å. S. Gustafson et al. (1999), Scattering by complex systems. II. Results
from microwave measurements, in “Formation and Evolution of Solids in Space” (J. M. Greenberg and
A. Li, Eds.), pp. 549–564. Kluwer Academic, Dordrecht, with kind permission of Kluwer Academic
Publishers.

should be blue. We show that the coherent scattering approximation predicts a
color shift at small scattering angles, and while the shift can be seen, the coherent
scattering approximation is insufficient to accurately predict the color. The con-
sistently blue color of the Rayleigh-like constituent particles is illustrated by the
thick solid curve in Fig. 5d and the color using the coherent scattering approxima-
tion with the constituent spheres is the thick dashed curve. Although the first few
oscillations are from a broadening in the forward diffraction pattern with increas-
ing wavelength leading to a shift in the interference pattern, the oscillations in the
backscattering hemisphere average out from a cloud of similar particles. The over-
all shift toward the red at small scattering angles is therefore due to the broader
forward peak created by coherent scattering in the red and would persist indepen-
dent of the number of orientations. At high scattering angles the shift is toward
the blue for this size aggregate. However, the direction and magnitude of the shift
is expected to depend on the dimensions of the aggregate in a periodic way. The
forward scattering always shifts toward red colors, whereas the backscattering can
shift in either direction. If we were to observe a cloud of aggregates with a broad
size distribution, the forward scattering would be shifted toward the red, whereas
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the shifts in the backscattering region would average out and we would expect to
see the same color as that from the constituent particles in this approximation.

However, the dots in Fig. 5d show that the experimental results exhibit an al-
most neutral color at all scattering angles. A hint as to the origin of the color is
given by the coherent scattering from the groups of particles shown by the thin
dashed curve. The arrangement into groups leads to a redshift at high scattering
angles. Together with the shift from forward coherent scattering at small angles,
this approaches the color obtained in the experiment. No matter what the expla-
nation for the redshift is, we see that at least this particular “bird’s nest” type
of aggregate shows nearly neutral color and not the blue color of its constituent
particles. Gustafson et al. (1999) show that while the scattering differs from one
model to the other, the general trend is that color and polarization are much lower
than when they are produced by independently scattering constituent particles.
Both color and polarization are also lower than those due to independent groups
of 12 particles that we used to represent clusters of constituent particles. The
effect of aggregation is to lower the polarization and cause a reddening of the
forward scattering. Backscattering is also reddened when compared to the color
of the constituent particles but the amount varies, probably depending on the im-
portance of coupling to the nearest particles. When the aggregates are 10 wave-
lengths across or larger, the polarization is no longer dominated by the constituent
particles.

We have separated the effects of small constituent spheres, which have blue
color because of their size, from the effect of aggregation, which is to redden the
scattering or to reduce the size-induced blue color effect. We note that color can
be further modified by the color of the bulk material out of which the grains are
made. The intrinsic color of the bulk material of actual grains may range from
gray (neutral) to brownish yellow or red.

V. DISCUSSION

Microwave analog measurements fill a special need because of their versatility,
accuracy, and capability of systematic explorations of electromagnetic scattering
at any wavelength. The high degree of control over the scattering experiment al-
lows its use as a guide in theory development; for example, we have tested in-
complete solutions to the scattering by large dielectric cubes by covering faces
of the cube with absorbing or reflecting materials at will. It is the only resort in
cases where no theoretical solution exists or when theoretical solutions are unre-
liable. It is also useful in the many cases when numerical computing is even more
demanding.

Analog measurements require the construction of scale models. Because of this
and because of the large parameter space to explore, microwave measurements
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are tedious. Given the many tasks for which an accurate microwave laboratory
is uniquely suited, it may often be hard to justify its use in the exploration of
scattering by broad varieties of natural particles that can be studied using direct
optical techniques and clouds of particles. There are, however, a broad range of
systematic surveys that do not necessarily require the high accuracy of our w-band
facility and that could best be done using a microwave analog facility that trades
some of the accuracy for higher data log rates.
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I. INTRODUCTION

The interaction of light with aerosols, or cloud and precipitation particles (i.e.,
hydrometeors), as often vividly revealed in a variety of optical displays, has long
intrigued scientific observers and led to fundamental advances in the field of op-
tical physics. The appearance of halo arcs, rainbows, and coronas, to name but
a few impressive celestial occurrences, actually represents concentrations of re-
flected, refracted, or diffracted natural light in the scattering phase functions of
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atmospheric particles of various shapes, sizes, and orientations. Often, because
of the scattering geometry peculiar to each display, the reflections from randomly
polarized sunlight viewed by an observer can become partially or even completely
polarized (Sassen, 1987a; Können and Tinbergen, 1998). This basic principle is
a powerful passive remote-sensing tool that has even been useful in identifying
the composition of the outer clouds of Venus from scattered sunlight (Hansen and
Hovenier, 1974).

In the backscattering direction, we have the specter of the Brocken (i.e., glory),
the heiligenschein, and the rare anthelion, but these retroreflection phenomena
have not adequately predicted the potential of polarized laser light-scattering mea-
surements at the 180◦ scattering angle. Because most types of lasers inherently
generate linearly polarized radiation, some of the earliest atmospheric tests of the
new light detection and ranging (lidar) technologies in the 1960s were naturally
aimed at assessing the information content of the lidar backscatter depolarization
technique (LBDT) when probing clouds. This application was even more pre-
dictable in view of the history of the development of microwave radar remote
sensing, which was certainly prominent in the minds of the developers of lidar.
(Including this author, and so frequent references to analogous radar research
are given here; see also Chapter 16.) With radar, it was known that nonspher-
ical particles, such as aerodynamically distorted raindrops, melting snowflakes,
and hailstones, produced easily measurable amounts of linear or circular depolar-
ization. (Because of the weak Rayleigh scattering of small ice crystals, however,
it generally was not possible to detect the cross-polarized components from ice
clouds with then-available technologies.) Moreover, differential reflectivity (i.e.,
horizontal versus vertical copolar returns), phase change during propagation, and
depolarization data collected during radar elevation angle scans revealed informa-
tion indicative of hydrometeor shape and orientation, including, impressively, the
realignment of ice crystals in thunderstorm tops caused by the transitory electric
fields associated with lightning discharges (Hendry et al., 1976).

On the other hand, it was soon apparent that at optical frequencies the amounts
of laser depolarization sensed from many atmospheric targets was considerably
greater than using the analogous radar method (Schotland et al., 1971). Obvi-
ously, the differences in the refractive indices and sizes of hydrometeors, relative
to the probing wavelength, resulted in very different backscattering behaviors.
Basic scattering theories dictate that spherical, homogeneous particles do not pro-
duce any depolarization during single backscattering, whereas nonspherical parti-
cles with the hexagonal shape and refractive index (in the visible) of ice crystals,
for example, could generate strong depolarization during the internal refraction
and reflection events contributing mainly to backscattering. Thus, it was indi-
cated that polarization lidars operating in the visible and near-infrared portions of
the electromagnetic spectrum should be capable of unambiguously distinguishing
water droplet from ice crystal clouds. As discussed later, although some experi-
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mental complications had to be understood and overcome, this capability inherent
in lidar is still unique among remote-sensing techniques. And it has since been
shown that it is possible to learn much more of aerosol and cloud microphysical
properties using polarization lidar.

In this chapter, we review the working theories, such as they are, that have
supported this application, the laboratory and field experiments that established
its utility, often with the help of model simulations, and discuss the future ap-
plications and role that this method will play in helping to settle major current
uncertainties in climate research. Only recently are we coming to grips with com-
prehending all the distinctions between radar-Rayleigh and lidar-Mie hydrome-
teor scattering, as we will illustrate using the rigorous example of the bright-band
phenomenon where snowflakes melt to form raindrops. Here the full complement
of scattering laws come into play. In addition, we will use the case study of a
spectacular halo/arc-producing cirrus cloud to illustrate the capabilities of mod-
ern polarization diversity lidar systems for sensing detailed ice cloud content.

II. THEORETICAL BACKGROUND

Before laying the theoretical foundation for this lidar application, it is useful
to establish some definitions of importance to understanding laser light scatter-
ing in the atmosphere. There are essentially three scattering regimes that apply:
(1) Rayleigh scattering, principally for air molecules; (2) the Rayleigh–Mie tran-
sition zone for the majority of aerosols and just-formed cloud particles; and (3) the
Mie and geometrical optics domains for cloud and precipitation particles. (Note
that because “Mie” or “Lorenz–Mie” scattering strictly refers to the electromag-
netic interaction with homogeneous isotropic spheres, in dealing with arbitrarily
shaped particles we will refer to the Mie scattering “zone” or “domain” only in
the context of having a particle size that is on the order of the wavelength of
the illuminating light.) Implicit in our discussion is that we confine ourselves to
visible and near-visible laser wavelengths (ostensibly from ∼0.3–3.0 µm), for at
longer wavelengths Rayleigh scattering clearly applies to small cloud particles,
and the overwhelming absorption of midinfrared radiation by the water substance
inhibits internal scattering and the production of significant depolarization (Eber-
hard, 1992).

It is useful to mention here that hydrometeors may be distinguished from
aerosols by their generally larger size and water/ice-dominated composition, or
more effectively, by their growth activity, that is, whether they are actively grow-
ing/evaporating or, for dry or deliquesced particles, in equilibrium with their en-
vironment. The rapid transition from aerosol to hydrometeor commonly occurs
in the cloud base region as hygroscopic particles swell in updrafts until further
growth above vapor saturation is assured. In other words, they have gotten over the
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hump in their individual Köhler curve. Thus, young hydrometeors scatter light in
the Rayleigh–Mie transition zone until continued growth elevates them to the qui-
escent geometrical optics realm, where scattering is related to the cross-sectional
area. As we shall see, this transition has recently been the subject of considerable
theoretical work, along with pioneering lidar research.

Basic Stokes {I,Q,U, V } parameterization has been discussed in Chapter 1.
For our purposes, we begin with the representation of radiation scattered into the
exact backscattering direction from polarized laser light, where, after simplifying
assumptions, the scattering matrix is given by (Mishchenko and Hovenier, 1995)

F(180◦) = diag[F11(180◦), F22(180◦), F33(180◦), F44(180◦)]. (1)

The assumptions are that the nonspherical particles are randomly arrayed in three-
dimensional (3D) space and that they display a reasonable symmetry and/or shape
diversity. (Obviously, this is violated when ice crystals assume preferred orienta-
tions, as they often do, but the alternative leads potentially to the consideration
of all 16 matrix elements.) Next we define a scattering plane with reference to
the laser beam, which is 100% linearly polarized parallel to this plane. Then, the
Stokes vector is proportional to {1, 1, 0, 0} and the linear depolarization ratio δ
(also expressed as LDR), or the ratio of the perpendicular-to-parallel polarization
components of backscattered light, is given by

δ = F11(180◦)− F22(180◦)
F11(180◦)+ F22(180◦)

. (2)

Because for spheres F11(180◦) = F22(180◦), we get the well-known finding of
δ = 0 for single scattering by cloud droplets.

Finally, although not yet well exploited (Woodard et al., 1998), lasers trans-
mitting circularly polarized light can measure the circular depolarization ratio δc
(or CDR), given in terms of δ as (Mishchenko and Hovenier, 1995)

δc = 2δ

1 − δ . (3)

A range of other depolarization combinations, such as linear analyses from circu-
lar polarization (as also pioneered in microwave radar studies), are possible and
can be similarly defined. It should also be mentioned that direct measurements of
Stokes parameters have been attempted in both the field (Houston and Carswell,
1978) and the laboratory (Griffin, 1983).

We show in Fig. 1 a schematic view of the distinct backscattering mechanisms
for a sphere and a hexagonal ice crystal model according to ray optics theory. Here
the physical optics explanation of the Stokes theory becomes apparent. In the
geometric optics domain, spheres backscatter through a combination of surface
waves (trapped at the dielectric interface) and axial reflections off the front and
far drop faces, none of which produce depolarization. An ice crystal prism, on
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Figure 1 Geometric optics view of the light ray paths responsible for backscattering from a spher-
ical water drop, contrasted to the internal skew rays for simple plate and column ice crystal models.
Reprinted from K.-N. Liou and H. Lahore (1974), Laser sensing of cloud composition: A backscat-
tered depolarization technique, J. Appl. Meteorol. 13, 257–263. Copyright c© 1974 American Meteo-
rological Society.

the other hand, may produce a nondepolarizing specular reflection when a crystal
face is fortuitously aligned perpendicular to the laser beam direction, but it is
considerably more likely that (except for scattering geometries involving particles
with fixed orientations) internally refracted and reflected ray paths will be chiefly
responsible for backscattering. These processes result in the reorientation of the
incident polarization vector at every interface, leading to depolarization when the
backscattered ray is transposed into the initial plane of polarization.

Finally, as an overview of the range of hydrometeor depolarizing behaviors, we
present in Fig. 2 data collected by a helium–neon (HeNe) continuous-wave (CW)
laser–lidar analog device in the laboratory and field during the early 1970s to help
evaluate the potential of lidar for cloud physics research (see the review by Sassen,
1991). Although we will often revisit the issue of hydrometeor identification in



Figure 2 Results of early laboratory and field studies using a CW laser–lidar analog device, showing the great range of linear
depolarization ratios encountered from various types of hydrometeors. Reprinted from K. Sassen (1991), The polarization lidar
technique for cloud research: A review and current assessment, Bull. Am. Meteorol. Soc. 72, 1848–1866. Copyright c© 1991 Amer-
ican Meteorological Society.
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later sections, at this point it is useful to consider backscattering from nonspher-
ical and irregular particles from the geometric optics viewpoint. The hatched re-
gions in Fig. 2 are from early laboratory experiments and confirm the basic utility
of the LBDT, that is, cloud phase discrimination. Whereas laboratory supercooled
water clouds produce near-zero δ, the simple ice clouds artificially nucleated from
them generate δ ≈ 0.5; not surprisingly clouds of mixed water–ice composition
generated intermediate values.

Importantly, when precipitating ice particles were probed from out of a labora-
tory window, the LBDT was shown to enable the separation of various ice particle
types. Snowflakes, composed essentially of randomly oriented dendritic ice crys-
tals, tend to produce the same δ ≈ 0.5 as randomly oriented laboratory crystals
of generally mixed habits. However, as frozen cloud droplets begin accumulating
on the ice crystal faces, the increase in surface complexity leads to a depolariza-
tion increase. Ultimately, the droplet accretion process results in the formation
of low-density graupel particles, or even hailstones under the proper conditions.
Graupel data are shown by the triangle symbols in Fig. 2, where it can be seen that
these opaque aspherical particles generate δ ≈ 0.65. The action of the final micro-
physical process, hydrometeor melting, is revealed to produce a strong increase in
depolarization for snowflakes, but graupel are unaffected. This again appears to be
due to changes in surface complexity; whereas graupel internally absorb melt wa-
ter and do not appear to change shape much, snowflake surfaces become rounded,
compacted, and coated unevenly by water. The additional changes that occur dur-
ing the final stages of melting show the expected transition from inhomogeneous
to pure water drops, but hidden scattering effects explainable by geometric optics
theory will be revealed later.

It is not inappropriate to suggest here that the LBDT is akin to human percep-
tion in its ability to clearly identify differences in particle shape—certainly the
wavelengths used for probing are the same.

III. POLARIZATION LIDAR
DESIGN CONSIDERATIONS

Although a detailed discussion of polarization lidar technology is clearly be-
yond the scope of this chapter, lidar design considerations have consequences
for both data collection and interpretation. Unlike some lidar techniques that rely
on advanced spectroscopic hardware, polarization diversity requires only the as-
sembly of off-the-shelf components, namely, commercial laser sources (chiefly
Nd:YAG and ruby), telescopes, and detector packages that are tailored to the
laser wavelength. Only the simple addition of a polarization beam-splitting prism
just behind the focal plane aperture along with an extra detector is needed for
two-channel polarization measurements. In Fig. 3 is an example of the design
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Figure 3 Typical polarization lidar receiver design using a polarizing prism and dual photomul-
tiplier tube (PMT) detectors to permit simultaneous depolarization measurements. This example is
for a laboratory lidar analog receiver, and so has a forward collecting lens. Reprinted from K. Sassen
(1974), Depolarization of laser light backscattered by artificial clouds, J. Appl. Meteorol. 13, 923–233.
Copyright c© 1974 American Meteorological Society.

of a dual-polarization receiver, in this case from a CW laser–lidar analog device
(Sassen, 1974), which substitutes a light-collecting lens for the reflector used in
pulsed lidar systems. The standard receiver components are a laser line interfer-
ence filter (to block out background solar scattering), a field-of-view (FOV) limit-
ing aperture and polarizer prism (in this case a Glan-air calcite cube) placed at the
receiver focal point, and the dual detectors. In this example, two extended S-20
photomultiplier tubes were used to detect the backscattered 0.633-µm HeNe laser
light. Although this design dates from the early 1970s, it remains in vogue today.

For polarization applications, the use of steering mirrors for directing the laser
beam is unwise in order to avoid unnecessarily corrupting the transmitted and
received polarization properties. Thus, polarization lidars usually involve placing
the laser and telescope side by side on a stable table that is pointed into the vertical
direction, after assuring the parallel alignment of the two beams. (Alternatively, a
45◦ mirror can be used to direct the beam into the receiver FOV.) Shown in Fig. 4
is a photograph of our turnkey ruby (0.694-µm) lidar system at the University of
Utah Facility for Atmospheric Remote Sensing (FARS), which uses the receiver
design of Fig. 3 and the side-by-side configuration on a (manually) steerable table
supported by a yoke. The ability to steer the lidar is important to aid in beam
alignment (with the use of a distant target board and steerable collimator), but
also for allowing the collection of off-zenith measurements from ice clouds to
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Figure 4 Photograph of a basic polarization lidar installation, at the University of Utah Facility
for Atmospheric Remote Sensing. The PC-controller station is visible at right; at left are the laser
transmitter, telescope receiver, and infrared radiometer units mounted on a table supported by a yoke
to permit scanning.

identify anisotropic scattering conditions, as explained later. Note from Fig. 4
the placement of the collimator directly in front of the laser, and adjacent to it,
the coaligned PRT-5 infrared radiometer. Data acquisition and storage for this
system is accomplished simply, using a digital storage oscilloscope and a personal
computer (PC) with 8-mm tape backup. This facility was built specifically for
remote-sensing studies and has an opening skylight for the lidar and a roof parapet
for mounting a variety of supporting radiometers and cameras.

The divergence of the laser beam and the FOV of the receiver defined by the
aperture have important consequences for polarization data interpretation. Ow-
ing to the finiteness of these angles, the effects of laser pulse attenuation differ
from that predicted by the Beer–Lambert law for an infinitely narrow divergence
angle. This not only complicates quantitative data analysis for standard lidar sys-
tems, but also impacts on depolarization analysis through the viewing of multiply
scattered radiation by the receiver. On the other hand, this aspect could be used
to help interpret lidar signals when the FOV is rapidly changed. Other improve-
ments could be the addition of multiwavelength depolarization measurements for
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studying particles in the Rayleigh–Mie transition region and for differential re-
flectivity observations. In general, the widely used Nd:YAG laser transmitters are
well suited for aerosol and cloud research. With frequency doubling, simultaneous
10-Hz outputs at 1.06 and 0.532 µm are on the order of 1 J, with an approximately
10-ns pulse length and 1.0-mrad divergence angle. Fast (up to 100 MHz) data dig-
itization boards to take advantage of such high spatial and temporal resolutions
are commercially available, although they are currently limited to 8-bit resolu-
tion. Details of the design of a modern lidar system combining these attributes,
the University of Utah Polarization Diversity Lidar (PDL), are given in Sassen
(1994).

Still more advanced lidar systems incorporating spectroscopic technologies
have added polarization diversity, such as the turnkey Raman water vapor li-
dar system routinely operated at the Southern Great Plains Cloud and Radiation
Testbed (SGP CART) site in north-central Oklahoma (Goldsmith et al., 1998).
Because it is relatively straightforward to add depolarization receiver channels,
the amount of extra information gained is economical. Methods that can increase
cloud/aerosol information, and improve spectroscopic data quality in some cases,
include Raman scattering, high spectral resolution lidar (HSRL), differential ab-
sorption lidar (DIAL), and even the new near-infrared Doppler lidars (for reviews,
see Carswell, 1983; Ansmann et al., 1993; Sassen, 1995). Moreover, considerable
expertise is required to fabricate eye-safe, low-power, unattended laser ceiliome-
ters to routinely monitor cloud heights, and dual-polarization capabilities also
have considerable advantages in this regard as well (Spinhirne, 1993).

The basic lidar equation for polarization applications was provided early on in
Schotland et al. (1971) for the case of isotropic scattering media:

P⊥,‖(R) = Po

(
ctAr

2R2

)
β⊥,‖(R) exp

[
−2η

∫
σ(R) dR

]
, (4)

where the subscripts ⊥ and ‖ refer to the planes of polarization perpendicular
and parallel to the incident (vertical by convention) polarization plane, R is the
range,Po the linearly polarized output power, c the speed of light, t the laser pulse
length, Ar the receiver collecting area, β the backscattering coefficients per unit
volume (in units of per length per steradian), η the multiple-scattering correction
factor that accounts for “captive diffraction” (usually taken out of the integral for
simplicity), and σ is the extinction coefficient per unit volume (per length). The
integral is taken over the range of R0 (R = 0) to R.

The linear depolarization ratio δ can now be expressed from the ratio of the
polarized lidar equations as

δ(R) = P⊥(R)
P‖(R)

= β⊥(R)
β‖(R)

, (5)

which is reduced simply to the ratio of the backscattering coefficients.
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Although not recently given much attention, Eqs. (4) and (5) can be violated
under conditions associated with the anisotropic scattering medium of uniformly
oriented ice crystal populations, and δ values even exceeding unity have been
reported in the field (Derr et al., 1976; Sassen, 1976). Could the assumption
that σ is independent of the polarization state be incorrect owing to the bire-
fringence property of ice and pulse propagation effects? Although Takano and
Jayaweera (1985) have indicated that δ � 1.0 is theoretically possible for some
combinations of lidar observation angle and crystal axis ratio and orientation, the
great δ increases noted to occur with penetration depth into some ice clouds sug-
gest that more than single backscattering is involved. Perhaps, the transmission
of light directly through horizontally oriented ice plates (see Sassen, 1987a) at
most lidar angles, coupled with birefringence-induced depolarization, creates an
increasingly altered pulse polarization state owing to this form of forward scat-
tering. At microwave radar frequencies, propagation effects through regions of
oriented particles can have major impacts, and represent a mainstay of attempts
to infer target composition. To account for such effects, Schotland et al. (1971)
gave the following broader definition for the linear depolarization ratio in terms
of the atmospheric transmission terms τ in the two polarization planes:

δ(R) = β⊥(R)
β‖(R)

exp(τ‖ − τ⊥). (6)

Because lidar depolarization may be influenced by the polarization corruption of
the forward and backscattered laser pulses during transmission, this is a research
area that will no doubt receive more attention using scanning lidars.

Finally, it is important to note that the lidar backscattering and extinction coef-
ficients actually represent the range-dependent sums of the contributions from all
the atmospheric constituents present, including molecular, aerosol, and hydrom-
eteor scatterers, although when present cloud scattering would typically domi-
nate. Moreover, and importantly, the preceding equations apply only to the single-
scattering case, and so additional backscattering terms (Sassen and Zhao, 1995)
must be considered in the probing of most clouds in our atmosphere.

IV. AEROSOL RESEARCH

Surprisingly, relatively little lidar research has been directed toward the study
of nonspherical or inhomogeneous aerosols in the troposphere using the depolar-
ization method. This is partly the result of the great difficulties inherent in sepa-
rating the weakly depolarizing (δ ∼ 0.02) molecular returns (Hohn, 1969) from
the aerosol signal using simple two-channel lidars (see the following for a dis-
cussion of the promise of more advanced techniques), but may also reflect a lack
of recognition of the potential benefits. Polarization studies of the background
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and polluted lower troposphere, particularly in conjunction with HSRL or Raman
measurements to separate out the molecular constituents, hold particular promise
for characterizing the content of such climatically important aerosols.

Boundary layer aerosol research is further complicated by the effects of rel-
ative humidity, which causes hygroscopic aerosols to deliquesce and swell into
spherical haze particles. Such wetted particles may have solid inclusions and odd
refractive indices, but will generate near-zero δ because of the relatively minute
particle sizes. Thus, the δ values from hygroscopic particles will decrease as the
relative humidity increases (Murayama et al., 1997). As for the dry particulates,
their depolarizing properties will depend on their size, composition (i.e., refractive
index and uniformity), and shape (McNeil and Carswell, 1975; Kobayashi et al.,
1985, 1987). Because boundary layer aerosols may comprise a mixture of non-
and hygroscopic particles of various materials over a large size range, particularly
in urban areas, this scattering “soup” presents significant problems in quantitative
lidar signal analysis, but polarization diversity in combination with spectroscopic
techniques could be of great benefit.

Occasionally, dense (i.e., relative to molecular scattering) aerosol layers in the
free troposphere are created by catastrophic local or regional events, such as fierce
dust storms or fires. Plate 14.1 (see color Plates 14.1–14.5) shows an image of
an Asian (Kosa) dust storm, as the particulates were swept up into a develop-
ing weather system and advected over a polarization lidar in Tokyo, Japan (Mu-
rayama et al., 1998). Present in the returned energy display are sporadic strongly
scattering cirrus clouds between 9 and 12 km, streaks of Kosa dust descending
from approximately 11 km, and the aerosol of the boundary layer in the lowest
kilometer. In terms of depolarization, the cirrus produced δ ≈ 0.45, the dust be-
tween 0.1 and 0.2, and the low-level aerosol less than 0.1. Note that the strongest
returns in the boundary layer correspond to δ > 0.05, which are regions of acti-
vated haze particles. In contrast, the significant depolarization in the Kosa dust,
despite their relatively weak backscattering, indicates that they are crystalline par-
ticles. One may ask whether these potential cloud nuclei may have interacted with
the cirrus clouds clearly embedded in the dust plume.

The example of a smoke plume created by a brush/forest fire approximately
25 km upwind of the FARS site in Plate 14.2 depicts a more dynamic microstruc-
ture in the dense aerosol cloud, which had a milky, bluish appearance. The layer
is quite irregular, indicative of variations in the fire conditions that created the
plume, and also perhaps preserving gravity waves. Toward the end of the display, a
tongue of aerosols descends toward the surface (at 1.52 km above mean sea level,
MSL) during a period of plume fumigation. The corresponding δ values decrease
with height in the smoke layer: δ < 0.025 are found at the layer top, whereas
values up to 0.10 occur at the bottom, particularly near the end of the period. We
conclude that the backscattering was dominated by spherical haze particles from
condensed water and organic vapors in the upper regions of the layer, but that
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relatively large and irregular ash particles were in the process of sedimenting out
of the layer, perhaps aided by coagulation. Following these observations, a light
coating of gray ash was noted on the lidar telescope window.

It is particularly with regard to researching the aerosols of the stratosphere
that polarization lidar has played a leading role (Iwasaka and Hayashida, 1981).
Because the distinction between stratospheric clouds and aerosols is sometimes
vague, as the particles remain small in response to limited growth opportuni-
ties and rapid fallout in the thin air, we will consider both here. Principally,
stratospheric scatterers can be divided into (i) the background aerosol dominated
by (spherical) aqueous sulfuric acid droplets generated photochemically in situ;
(ii) the apparently uncommon polar stratospheric clouds (PSCs) of various types
often connected to ozone depletion; and (iii) the occasional volcanically injected
aerosols composed of sulfuric acid droplets, ash, and possibly frozen particles.
The major aerosol/cloud forming materials include compounds derived from sul-
furic and nitric acids admixed with water, providing a rich tableau for theoretical
chemists.

Spherical, homogeneous acid droplets must generate δ ≈ 0, and so are easily
identified (Sassen and Horel, 1990). Frozen multisubstance particles, however,
will depolarize visible laser light not only to the degree dictated by their amount of
nonsphericity but also according to their size: Stratospheric particles tend to reside
in the Rayleigh–Mie transition region with regard to light scattering. A number of
theoretical studies have shown that variations in δ measured at a given wavelength
are highly sensitive to the particle size parameter, which represents a significant
complication to single-wavelength lidar analyses (Mishchenko and Sassen, 1998).
Based largely on lidar studies, three distinct types of PSCs have been identified,
although the question of the precise corresponding particle compositions has not
been settled by theoretical chemists (Poole et al., 1990). Recently, it has also
been demonstrated that ice crystal clouds generating strong depolarization can
also inhabit the Antarctic middle stratosphere (Gobbi et al., 1998).

The fate of volcanically produced aerosols in the lower stratosphere (LS) and
upper troposphere (UT) also involve chemical processes. Based on laboratory
studies (Sassen et al., 1989a), the neutralization and partial crystallization of sul-
furic acid drops from the absorption of ammonia gas of lower-tropospheric origin
was shown to generate δ ∼ 0.1 for micrometer-sized particles, which were sim-
ilar to lidar measurements in an unusual volcanic aerosol layer injected into the
UT over Central America and later studied over Salt Lake City, Utah (Sassen and
Horel, 1990). Also unexpected were the δ values of approximately 0.05 measured
in the LS following the 1991 Mt. Pinatubo volcanic eruptions at times of un-
usually cold midlatitude tropopause temperatures in conjunction with Bishop’s
ring observations (Sassen et al., 1994a). It was conjectured that nonspherical
submicrometer-sized frozen sulfuric acid tetrahydrate (SAT) particles could have
been responsible for the optical display and nonzero δ values.
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Finally, the case of aircraft condensation trail (contrail) formation in the UT
bridges the Rayleigh–Mie transition and geometric optics regimes, and so pro-
vides a strict test of polarization lidar analysis methods, as well as a great deal of
promise for remote sensing of particle characteristics. A theoretical study specif-
ically addressing this problem using a uniquely wide selection of nonspherical
particle shapes and aspect ratios (Mishchenko and Sassen, 1998) has revealed
that polarization lidar, particularly dual-wavelength systems, has significant po-
tential for sizing the rapidly growing contrail particles. For nearly all particles
modeled, a backscatter depolarization resonance region was found for effective
size parameters of approximately 10–15 (corresponding to an ∼1-µm particle
radius at the 0.532-µm laser wavelength), which produced the highest δ values.
Because δ < 0.01 were predicted for effective size parameters of less than approx-
imately 5, the rapid δ changes as the contrail particles grow through the scattering
regime transition zone should allow for valuable research using sufficiently high
resolution polarization lidars (Sassen and Hsueh, 1998).

V. WATER AND MIXED-PHASE
CLOUD RESEARCH

The simplest application of the LBDT is the identification of clouds composed
of spherical cloud droplets. This follows from the null detection of the cloud base
region in the depolarized channel, before the buildup of multiply scattered depo-
larization gradually is manifested with penetration depth. The cause of the depo-
larization is related mainly to the polarization properties of azimuthally scattered
light from spheres at near-backscattering angles, in combination with double scat-
tering that redirects the light into the receiver FOV (Carswell and Pal, 1980). This
process is controlled essentially by the size of the instantaneous scattering vol-
ume (i.e., FOV and range to cloud) and the cloud droplet number size distribu-
tion. Although most theoretical simulations based on the lidar geometry show a
rather monotonic δ increase, this appears to be a consequence of the unrealistic
treatment of water cloud content as vertically homogeneous targets. Considera-
tion of the evolution of cloud droplet sizes with height yields important insights
into multiple scattering in water clouds (Sassen and Zhao, 1995). By significantly
restricting the lidar FOV on the order of 160 µrad these depolarizing effects can
be largely negated (Eloranta and Piironen, 1994).

We provide in Plate 14.3 an example of the results of varying the receiver FOV
while the laser illuminates a pure water phase layer studied by our PDL system at
the Oklahoma CART site. Depicted is a height–time display of parallel-polarized
relative 0.532-µm backscattering of the thin (∼140 m) stratus cloud, along with
the corresponding linear depolarization ratio display (note inserted color δ key).
Over the indicated 5-min period the receiver FOV was gradually decreased in
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10 steps from 3.8 to 0.28 mrad (the transmitter divergence was 0.45 mrad). De-
spite some variability that reflects the microphysical changes associated with the
cellularity in cloud structure, it is clear that the peak depolarization steadily de-
creases with decreasing FOV from approximately 0.35 to 0.05. Also note that δ
decreases rapidly near the cloud top in response to evaporation, as droplet sizes
decrease during the mixing process with the dry air above.

To the polarization lidar experimentalist, spheres may be boring, but the situ-
ation becomes more interesting when both water and ice exist in a supercooled
cloud layer. As illustrated in mixed-phase cloud model studies (Sassen et al.,
1992), supercooled water clouds cannot contain a relatively large amount of ice
for long, for the competing and more rapid ice phase growth occurs at the expense
of the cloud droplets and the water vapor needed for their growth. As a result, as
the ice content in a supercooled mixed-phase cloud increases, the LDR within the
cloud actually decreases because of a lessening of the effects of multiple scatter-
ing using the usual (1–3-mrad) lidar receiver FOVs in the model. Thus, simple
polarization techniques do not show much promise in quantitatively separating
the ice and water contents in mixed-phase clouds.

Although clouds that produce precipitation reaching the ground are discussed
later, polarization lidar has unique capabilities for studying thin supercooled cloud
layers that produce virga, or precipitating particles that do not reach the ground.
Under such conditions, lidar detects the weak signals from sedimenting ice par-
ticles below the much stronger returns upon entering the water cloud. In terms
of δ values, the ice virga may produce the typical 0.4–0.5 values for randomly
oriented ice crystals, but often displays the near-zero ratios (when probed in the
zenith direction) indicative of horizontally oriented planar crystals (see the fol-
lowing discussion). Of course, water clouds display the characteristic multiple-
scattering δ-value increasing trend with penetration depth as a function of the
lidar FOV, the signature of this process. Thus, scanning polarization lidar can
unambiguously identify these common midlevel cloud conditions, which pose a
special problem in attempts to use radar units to characterize clouds. Because even
research-grade millimeter wave radars would have great difficulty in detecting the
supercooled cloud droplets, the radar would only detect the diffuse ice virga com-
posed of relatively large ice particles, and hence misidentify the cloud system by
ignoring the radiatively more important water cloud.

Perhaps the most trying meteorological conditions to interpret involve deter-
mining the structure and composition of winter mountain storm cloud systems,
which have received much attention because of their potential for artificial cloud
seeding to increase snowfall amounts (Sassen et al., 1990a). Snowfall and/or fog
are common at mountain side field sites during the cloud seeding experiment
periods, and so simple cloud retrieval algorithms relying on subcloud clear air
conditions are useless. Lidar returns from supercooled liquid water (SLW) cloud
layers embedded in such diverse media are made difficult to identify because of
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the potentially strong attenuation in the snowfall below, and of course may of-
ten go undetected with lidar if the attenuation is strong enough. Nonetheless, the
versatility of the LBDT has been amply illustrated by lidar studies of orographic
storm clouds. In addition to identifying liquid-dominated SLW and mixed-phase
clouds, applying the principles of hydrometeor shape, surface complexity gov-
erning backscatter depolarization, and orientation allows the discrimination of
graupel, rimed and pristine snowflakes, and uniformly oriented ice crystals. Such
capabilities are important for cloud seeding research because the locations (and
temperatures) of SLW clouds and the growth mechanism of precipitation parti-
cles are closely tied to the likelihood of the successful introduction of artificial ice
nuclei.

VI. CIRRUS CLOUD RESEARCH

As demonstrated early on (Schotland et al., 1971), the differences in δ be-
tween water and ice clouds were so dramatic that there was little doubt that cloud
thermodynamic phase discrimination was inherent in the LBDT, which is quite
important because such clouds at high altitudes have distinct radiative effects
(Sassen et al., 1985). This recognition came at a critical time, as it was becoming
apparent that the extensive cirrus cloud layers, which covered a significant por-
tion of the globe, would likely have a major impact on our climate and on how
our atmosphere would respond to the hypothesized changes brought about by the
buildup of greenhouse gases through cloud feedback mechanisms (Liou, 1986).
The next step was to evaluate the information content of depolarization variations
in ice clouds, and this effort gained impetus in the 1980s as scientific attention
became focused on cirrus clouds in order to better understand their impact on the
planet’s radiation balance (Sassen et al., 1990b). Ray-tracing theory has clearly
demonstrated that δ values depend critically on the hexagonal ice crystal axis ratio
(Takano, 1987; Takano and Liou, 1995) and that preferentially oriented crystals
generate lidar elevation angle-dependent δ values (Takano and Jayaweera, 1985).
For example, it can be seen from Table I that δ can vary from about 0.3 for ran-
domly oriented thin plates to 0.6 for solid columns. In other words, δ increases
with increasing axis ratio, and when the effects of the birefringence property of
ice are also considered, the δb values in Table I tend to be somewhat stronger.
Thus, according to theory, polarization lidar should have the capability of dis-
criminating between basic ice crystal types. Experimental differences depending
on crystal habit were also apparent in the field and laboratory (see the review in
Sassen, 1991).

However, the situation in nature seems to have limited these laser remote-
sensing opportunities, because most cirrus (off-zenith) measurements reveal δ in
the 0.4–0.5 range. It appears that, as indicated by direct in situ particle sampling
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Table I

Backscatter Linear Depolarization Ratio Values at Visible
Wavelengths Computed Through Ray Tracing for Randomly

Oriented Solid Ice Crystals with the Indicated Length L to Radius a

Ratios (in µm). The Two Columns Show the Results Computed
Ignoring (δ) and Including (δb) Ice Birefringence Effects

L/2a δ δb

8/80 (thin plate) 0.339 0.399
16/80 (plate) 0.355 0.396
32/80 (thick plate) 0.394 0.508
64/80 (short column) 0.382 0.500
200/80 (column) 0.550 0.616
400/80 (long column) 0.563 0.611

Source: Adapted from Takano (1987).

(Sassen et al., 1994b), cirrus ice crystal collections often show a great diversity
in particle habits and axis ratios reflecting dynamic cloud processes involving a
combination of vertical redistribution (from vertical air motions and sedimenta-
tion), turbulent mixing, and new particle generation, as shown by two-dimensional
(2D) model simulations (e.g., Khvorostyanov and Sassen, 1998). Thus, oppor-
tunities to probe homogeneous ice cloud compositions may be uncommon, al-
though speculations as to the content of particular regions of cirrus clouds have
been widespread. For example, in Sassen et al. (1989b), regions associated with
Doppler radar-detected updrafts yielded rather low δ (∼0.2–0.3), which were at-
tributed either to rapidly growing haze particles, as precursors to new ice par-
ticles, or to the peculiar shapes of newly formed ice crystals. Atypically high δ
(∼0.5–0.8) were measured at the tops of unusually cold, corona-producing mid-
latitude cirrus layers extending slightly into the LS and also in contact with
tropopause folds (Sassen et al., 1995). These high δ values were attributed to
the effects on ice particle nucleation and growth of homogeneously frozen sul-
furic acid droplets of stratospheric/volcanic origin. Recently, in situ sampling of
a cold corona-producing cirrus layer (Sassen et al., 1998) revealed the presence
of small (∼20 µm diameter) simple ice crystals, but the question of the high-δ
particle shape has not yet been fully resolved.

Microphysically, a ubiquitous ice cloud polarization lidar application deals
with the anisotropic scattering behavior of horizontally oriented planar ice crys-
tals, which initially led to the misidentification of an ice altostratus layer as mixed
phase using zenith lidar (Platt, 1977), but soon offered promise in understanding
the fall attitudes of atmospheric ice plates (Platt, 1978; Platt et al., 1978). Because
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Figure 5 Changes in lidar backscattering and depolarization in a medium of horizontally oriented
ice plate crystals produced as the lidar is scanned away from the zenith direction by the indicated
amounts. Reprinted from K. Sassen (1991), The polarization lidar technique for cloud research: A re-
view and current assessment, Bull. Am. Meteorol. Soc. 72, 1848–1866. Copyright c© 1991 American
Meteorological Society.

of this orientation effect and other temperature- and humidity-dependent factors
controlling ice crystal shape that could yield increased depolarization (as in Ta-
ble I), δ-value climatologies of cirrus clouds typically show a trend of increasing
δ values with decreasing temperature/increasing height (Platt et al., 1987, 1998).
Provided in Fig. 5 is an example of the lidar pointing angle-dependent backscat-
tering and depolarization properties caused by oriented plate crystals. Because
of the typically small crystal wobble angles from the horizontal plane (typically
∼2.5◦), it is only necessary to tip the lidar a few degrees off the zenith to observe
often greatly decreased backscatter and increased depolarization. This behavior is
undoubtedly due to the coexistence of randomly oriented crystals of different size
or habit (Takano and Jayaweera, 1985). Because the specular reflection is approx-
imately 360 times stronger than the backscattering from a sphere of equivalent
cross section according to Sassen (1977a), there need not be many of the oriented
plates to generate noticeable effects. For example, assuming a δ = 0.5 value for
an ice cloud, a simple model predicts that the ratio of unoriented-to-oriented crys-



Chapter 14 Lidar Backscatter Depolarization Technique 411

tals need be only 1/2000 to produce δ ≈ 0.45, 1/200 for δ ≈ 0.25, and 1/75 for
δ ≈ 0.15.

Finally, in Plate 14.4 is a unique view of the disorientation of aerodynami-
cally oriented plate crystals apparently caused by turbulent air motions associated
with breaking Kelvin–Helmholtz waves in a thin layer embedded within a cir-
rus cloud system derived from the blowoff of hurricane Nora in September 1997,
which basked in the unusually warm El Niño waters off the southern California
coast before sending inland a huge cirrus cloud shield that rapidly crossed the
continent. This cirrus cloud layer generated vivid and relatively uncommon opti-
cal displays, including the 22◦ halo, perihelia of 22◦ and 120◦, a parhelic circle,
and an upper tangent arc/Parry arc combination (see inserted photograph). And
what of the ice crystal shapes that were responsible for the near-zero δ values
and optical displays? A group of ice crystals collected in situ under these con-
ditions is included in Plate 14.4: The hexagonal and rare triagonal particles are
solid, have sharp edges, and are often large enough (�100 µm) to maintain their
preferred horizontal orientations, all necessary halo arc-generating virtues. In ad-
dition, some plates show an asymmetrical division of prism faces, and if this also
occurs for the large columns (imperfectly preserved in the replicator fluid), then
it may be possible to explain how the crystals could maintain the so-called Parry
arc orientation (Können and Tinbergen, 1998).

VII. PRECIPITATION AND THE PHASE CHANGE

It is no coincidence that this appraisal of polarization lidar applications for
cloud research ends with the consideration of the physics of precipitation, for in
the study of various precipitation mechanisms we are confronted with the most
stringent tests for understanding the backscatter depolarization behaviors of the
full range of hydrometeors. Take the case of raindrops at the surface that began
their descent as snowflakes aloft. In passing through the freezing level the low-
density ice particles gradually melt to produce irregular, mixed-phase particles,
followed by the collapse of wet snowflakes into inhomogeneous, ice-containing
raindrops, which may be spherical to aspherical depending on the diameter. This
is the environment of the microwave radar “bright band.” Rainfall and drizzle can
also be produced entirely through the liquid phase droplet coalescence process,
which should produce depolarization only through multiple scattering. Drizzle
precipitation should produce especially low amounts of depolarization, because
the concentrations of the drops are typically low and the particles are small enough
(�100 µm) to scatter as perfect spheres (unlike aerodynamically distorted rain-
drops). Finally, snowfall at the surface can be composed of individual ice crystals,
which may display uniform orientations, ice crystal aggregates (snowflakes), and
near-spherical graupel particles that grow by collecting frozen cloud droplets in
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convective updrafts like their larger hailstone relatives. Clearly, these principal
precipitation-generating mechanisms should be easily separable on the basis of
the LBDT.

The bright-band phenomenon warrants further examination. Shown in Fig. 6
and Plate 14.5 are vertical profiles of returned lidar and W-band radar power
and depolarization (averaged over 2 min) and height–time displays of ruby lidar
backscattering and depolarization obtained from light rainshowers. Note in Fig. 6
that with increasing height the nearly nondepolarizing raindrops (which have not
yet reached the ground) give way to the much more strongly scattering and de-
polarizing snowflakes aloft. The rapid backscattering increase in the snow starts
where severely melted snowflakes collapse into raindrops, but is soon followed
by a rapid decrease in signal owing to the strong attenuation from the relatively
large low-density snowflakes. Although model results have shown that the width
and strength of the peak in snow backscattering above the melting layer depends
on the precipitation intensity (Sassen, 1977b), the appearance of the signal on an
oscilloscope display often resembles that of the microwave radar “bright band.”
Because the lidar “bright band” analog is related to the strong optical attenuation
in snow, however, its cause is completely foreign to that at microwave frequen-
cies, which results from dielectric effects in wet snowflakes. Finally, also note the
conspicuous lidar “dark band” that separates the raindrops and snowflakes, which
went unexplained until recently despite its dramatic appearance (Uthe, 1978).

As for the cause of this lidar dark band, Sassen and Chen (1995) offered
an explanation of this phenomenon using ray optics theory combined with lab-
oratory experiments of melting ice drops suspended in a laser beam (Sassen,
1977c). Lorenz–Mie theory dictates that water spheres backscatter light exclu-
sively through surface waves and axial retroreflections that include contributions
from both the front and the rear drop faces (Bryant and Cox, 1966). Laser experi-
ments have also illustrated that the rear face reflection is a significant contributor
to the total backscattering, because the front surface acts as a lens to focus light
on the rear face (Ro et al., 1968). However, an inhomogeneous raindrop behaves
differently because the irregular ice core of a collapsed snowflake in effect blocks
the internal paraxial return and so diminishes backscattering. It is clear then that
a sudden increase in backscattering would occur as the melting process nears
completion. Thus, the lidar dark band appears to owe its existence to two micro-
physical events in the melting zone: the structural collapse of the severely melted
snowflake, which suddenly decreases laser backscattering owing to the combi-
nation of decreased particle cross sections and concentrations (from increased
fall speeds), and the near completion of the melting process, which suddenly in-
creases the returned power by allowing the full complement of spherical particle
backscattering mechanisms to come into play.

The approximately 1-h height versus time display in Plate 14.5, however, indi-
cates that the lidar-observed behavior of the melting region can be quite variable.



Figure 6 Comparison of vertical profiles of 3.2-mm microwave radar and 0.532-µm PDL data obtained from the melting layer,
where LDR is the linear depolarization ratio, V the Doppler velocity, Ze the radar reflectivity factor, and Pr the returned laser power
in relative units. The lidar LDR data could not be calculated near the freezing level (dashed line) because of off-scale signals in the
depolarized channel. Reprinted from K. Sassen and T. Chen (1995), The lidar dark band: An oddity of the radar bright band analogy,
Geophys. Res. Lett. 22, 3505–3508.
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These zenith ruby lidar returned energy and depolarization displays depict the
passage of a modest thunderstorm that briefly produced light rain at the FARS
site around 2212 UTC. This storm was generated over the nearby Oquirrh Moun-
tains during the summer monsoon season, and only brushed our location to yield
a trace of rain, thus allowing the lidar to capture a cross section of the propagat-
ing convective shower. Initially, anvil layers up to 9 km and pendant mammatta
structures were interrogated, but as the main thunderstorm anvil and precipitation
advected over the site, the range of lidar probing was limited by the strong optical
attenuation (seen from ∼2200–2225). Note the sheared ice particle fall streak that
descends from approximately 7 km at 2200 to 4 km at 2210, to be transformed
below into a near-vertical rain shaft as a result of the higher raindrop fall speeds.

Although much of the cloud can be seen to produce typical 0.45–0.5 ice δ val-
ues, two notable exceptions are apparent. The first occurs between 6.5 and 7 km
where low ratios occur in the anvil owing to the presence of horizontally oriented
ice plates, as was confirmed by tilting the lidar a few degrees off the zenith at
2158:20. More notable is the depolarizing behavior of the particles in the melting
zone, which show some surprising features in addition to the expected ice–water
δ-value transition. The lidar dark band at 3.5 km separating the snow/rain regimes
is particularly obvious from 2205 to 2215. However, note the absence of the dark
band in the rain shafts after 2215, the wide range of depolarization in the rain vary-
ing from approximately 0 to 0.2, and the gap in the ice returns just above the rain
around 2205. In this last respect this bright-band resembles more its microwave
radar analog (a result of water/ice dielectric constant differences), in contrast to
the melting layer study of Sassen and Chen (1995). It is obvious that understand-
ing the bright band phenomena requires an improved characterization of the mi-
crophysics in the melting zone, including ice particle type (single crystals versus
aggregates, graupel, or hail), and raindrop size and susceptibility to oscillate in
response to turbulence and collisions. Such shape deformations could generate
the relatively significant depolarization noted at about 2210 (Sassen, 1977c), or
alternatively melting hailstones could have been responsible.

VIII. CONCLUSIONS AND OUTLOOK

We have attempted to illustrate here how lidars employing the backscatter
depolarization technique have successfully exploited the sensitivity of light scat-
tering to remotely determine the characteristics of nonspherical atmospheric par-
ticles. Starting in the early 1970s, the capabilities of polarization lidar for differ-
entiating between the great range of atmospheric targets was comprehensively
examined in the field and laboratory. Lidars operating at visible and near-
infrared wavelengths sense depolarization arising from various sources: Rayleigh-
scattering molecules, aerosols in the Rayleigh and Rayleigh–Mie transition zone,
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and cloud and precipitation particles mostly in the geometric optics domain,
which when present typically dominate the backscattered signal.

Polarization lidar studies of aerosols have made significant strides in analyzing
the exotic clouds of the stratosphere, but relatively little has been accomplished
with respect to the aerosols in the lower tropospheric boundary layer. The prob-
lems associated with the quantitative analysis of aerosol properties are numerous,
but with the use of polarization diversity coupled with intrinsically calibrated lidar
techniques such as Raman and HSRL, basic uncertainties can be overcome and
attention focused on better understanding particle shape, size, and composition,
taking into account humidity effects. We look forward to such lidar applications
for the improved study of tropospheric aerosols.

As for large and nonabsorbing (relative to the laser wavelength) hydromete-
ors, the results gained early on (see, e.g., Fig. 2), along with ray-tracing theory,
clearly imply that laser depolarization is sensitive to the exact shape of the hy-
drometeors. This is very unlike Rayleigh scattering, which essentially senses non-
spherical particles as equivalent ellipsoids regardless of the presence of surface
or internal structures. Rather, photons interact with every nook and cranny of a
complex particle to a scale on the order of the incident wavelength. As reviewed
in Sassen (1991), backscatter depolarization depends on the balance between the
sums of nondepolarizing specular reflections and the internally refracted/reflected
ray paths and intracrystal element scatterings responsible for depolarization. Take
the example of a spatial dendritic-branched ice crystal: The 3D aspect promotes
interbranched and internal scatterings characteristic of randomly oriented hexag-
onal particles, but at the same time, as such particles acquire frozen cloud droplets
through the accretion process, each near hemisphere acts like a miniature diffus-
ing element until in the limit, a graupel particle, very high δ values approaching
the diffusing medium of ground glass are encountered.

As useful as polarization lidar measurements of clouds and aerosols have been,
however, their utility for atmospheric research can be enhanced when the data are
collected as part of a coordinated active and passive remote-sensing ensemble, of-
ten resulting in a striking synergy of observations. In addition to lidars, the ensem-
ble currently in vogue includes short-wavelength Doppler radars, dual-channel
microwave radiometers, and various visible and infrared radiometers. This multi-
ple remote sensor approach has increased steadily in importance in field research
programs, and as illustrated here, polarization lidar plays a crucial role in a num-
ber of applications. Most notably, polarization diversity allows for the unambigu-
ous identification of liquid water clouds, the accurate determination of cloud base
and (cirrus) cloud top heights, and a measure of the microphysical content of ice
clouds and precipitation. This applies to lidars either on the ground or in high-
flying aircraft (Spinhirne et al., 1983), as well as potentially from Earth’s or-
bit (Winker and Trepte, 1998). Modern lidar/radar “bright band” research is an
excellent example of how fundamental scattering principles can be applied to
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comprehending the intricacies of the hydrometeor phase change process. As a
matter of fact, the induced scattering variations are so intriguing that a new fea-
ture, the lidar “dark band,” was only recently recognized.

We look forward to the continued integration of polarization diversity into
other lidar probing techniques for probing clouds, particularly those methods that
effectively separate the molecular and cloud/aerosol backscattering constituents
(Ansmann et al., 1992). Not only will depolarization data enhance and improve
the interpretation of cloud and aerosol quantities, but they can also be used as a
quality check on the precision of some spectrally separated channels (e.g., “pure”
molecular for which Rayleigh-predicted values of δ are known). The approach of
using predictions from detailed cloud microphysical models to help evaluate lidar
returns is clearly promising. We also believe that a more concerted focus given
to evaluating additional laser backscatter methods such as circular depolarization
and complete Stokes parameterization may contain unique, and as yet unknown
attributes, particularly with regard to utilizing propagation effects for increasing
our knowledge of hydrometeor content. The addition of polarization diversity is
economical in terms of hardware and indispensable in terms of dealing with non-
spherical atmospheric scatterers.
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I. INTRODUCTION

Understanding the radiation budget of Earth and the atmosphere system, and
hence its climate, must begin with an understanding of the scattering and absorp-
tion properties of cloud particles. A large number of cloud particles are nonspher-
ical ice crystals. Basic scattering, absorption, and polarization data for the type of
nonspherical ice crystals that occur in cirrus clouds are required for reliable mod-
eling of their radiative properties for incorporation in climate models; for inter-
pretation of the observed bidirectional reflectances, fluxes, and heating rates from
the air, the ground, and space; and for development of remote-sensing techniques
to infer cloud optical depth, temperature, and ice crystal size. Moreover, because
of the limitation of our present knowledge and understanding, fundamental inves-
tigation of the light-scattering and polarization characteristics of nonspherical ice
crystals is also an important scientific subject in its own right.

Laboratory experiments reveal that the shape and size of an ice crystal are
governed by temperature and supersaturation, but it generally has a basic hexag-
onal structure. In the atmosphere, if the ice crystal growth involves collision and
coalescence, its shape can be extremely complex. Recent observations based on
aircraft optical probes and replicator techniques for midlatitude, tropical, and con-
trail cirrus show that these clouds are largely composed of bullet rosettes, solid
and hollow columns, plates, aggregates, and ice crystals with irregular surfaces
with sizes ranging from a few micrometers to 1000 µm. In addition to the non-
spherical shape problem, a large variation of size parameters at the solar and
thermal infrared wavelengths also presents a basic difficulty in light-scattering
calculations.

We wish to address the issue of the variability of size parameter for nonspher-
ical ice crystals in fundamental electromagnetic scattering and present a unified
theory for light scattering by ice crystals covering all sizes and shapes that can be
defined mathematically or numerically. Further, we shall illustrate the importance
of the basic scattering, absorption, and polarization data for ice crystals in climate
and remote-sensing research.

II. UNIFIED THEORY FOR LIGHT SCATTERING
BY ICE CRYSTALS

The scattering of light by spheres can be solved by the exact Lorenz–Mie the-
ory and computations can be performed for the size parameters that are practical
for atmospheric applications. However, an exact solution for the scattering of light
by nonspherical ice crystals covering all sizes and shapes that occur in Earth’s at-
mosphere does not exist in practical terms. It is unlikely that one specific method
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can be employed to resolve all the scattering problems associated with nonspheri-
cal ice crystals. In the following, we present a unified theory for light scattering by
ice crystals by means of a combination of geometric optics and finite difference
time domain methods.

A. GEOMETRIC RAY TRACING

The principles of geometric optics are the asymptotic approximations of the
fundamental electromagnetic theory, valid for light-scattering computations in-
volving a target whose dimension is much larger than the incident wavelength.
The geometric optics method has been employed to identify the optical phenom-
ena occurring in the atmosphere, such as halos, arcs, and rainbows. In addition,
it is the only practical approach for the solutions of light scattering by large non-
spherical particles at this point. In this section we shall review the conventional
and improved approaches, the methodology dealing with absorption in the context
of geometric ray tracing, and the numerical implementation by the Monte Carlo
method. As we have published a series of papers on this subject (Liou and Cole-
man, 1980; Liou, 1980, 1992; Cai and Liou, 1982; Takano and Liou, 1989a, b,
1995; Liou and Takano, 1994; Yang and Liou, 1995, 1996b, 1997, 1998a), only
the fundamentals and the associated equations will be presented here. References
of the relevant works can be found in these papers.

1. Conventional Approach

When the size of a scatterer is much larger than the incident wavelength, a light
beam can be thought of as consisting of a bundle of separate parallel rays that hit
the particle. Each ray will then undergo reflection and refraction and will pursue
its own path along a straight line outside and inside the scatterer with propagation
directions determined by the Snell law only at the surface. In the context of ge-
ometric optics, the total field is assumed to consist of the diffracted rays and the
reflected and refracted rays, as shown in Fig. 1a. The diffracted rays pass around
the scatterer. The rays impinging on the scatterer undergo local reflection and re-
fraction, referred to as Fresnelian interaction. The energy that is carried by the
diffracted and the Fresnelian rays is assumed to be the same as the energy that
is intercepted by the particle cross section projected along the incident direction.
The intensity of the far-field scattered light within the small scattering-angle in-
terval �� in the scattering direction � can be computed from the summation
of the intensity contributed by each individual ray emerging in the direction be-
tween � + ��/2 and � − ��/2. Except in the method presented by Cai and
Liou (1982), all the conventional geometric ray-tracing techniques have not ac-
counted for phase interferences between relevant rays. It is usually assumed that
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Figure 1 (a) Geometry of ray tracing involving a hexagon in three-dimensional space. Conventional
and improved methods are also indicated in the diagram. (b) Geometric ray tracing in a medium
with absorption. The planes of constant amplitude of the refracted wave are parallel to the interface,
whereas the direction of the phase propagation for the inhomogeneous wave inside the medium is
determined via Snell’s law.
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the interference is smoothed out when the particles are randomly oriented. In this
case the extinction efficiency (the ratio of the extinction cross section to the aver-
age projected area of the particle) of the scatterer is 2. On the basis of Babinet’s
principle, diffraction by a scatterer may be regarded as that by an opening on an
opaque screen perpendicular to the incident light, which has the same geometric
shape as the projected cross section of the scatterer. The well-known Fraunhofer
diffraction formula can be employed to compute the diffraction component for
hexagonal ice particles.

In the geometric ray-tracing method, the directions of the rays are first deter-
mined. In reference to Fig. 1a, they can be defined by the following unit vectors:

erp = xp − 2(xp · np)np, p = 1, 2, 3, . . . , (1a)

etp = 1

mp

{
xp − (xp · np)np − [

m2
p − 1 + (xp · np)2

]1/2np
}
,

p = 1, 2, 3, . . . , (1b)

xp =

⎧⎪⎨⎪⎩
ei , p = 1,
et1, p = 2,

erp−1, p ≥ 3,
(1c)

where mp = m for p = 1 and mp = 1/m for p > 1, with m being the
refractive index, and np denote the unit vectors normal to the surface. When
m2
p < 1 − (xp · np)2, total reflection occurs and there will be no refracted

ray. The electric fields for two polarization components associated with the rays
can be computed from the Fresnel formulas [see Eqs. (18a) and (18b)]. Sum-
ming the energies of the rays that emerge within a preset small scattering-angle
interval in a given direction, the phase function can be obtained for this part.
Let the normalized phase functions [i.e., (1, 1) element of the scattering matrix]
for the parts of reflection and refraction and diffraction be Fr11 and Fd11, respec-
tively. Then the normalized phase function is F11 = (1 − fd)F r11 + fdFd11, where
fd = 1/2�(1−fδ)with fδ being the delta transmission associated with 0◦ refrac-
tion produced by two parallel prismatic faces and � being the single-scattering
albedo, which can be determined from the absorption of individual rays and the
constant extinction efficiency.

2. Improved Geometric Optics Approach

The laws of geometric optics are applicable to the scattering of light by a par-
ticle if its size is much larger than the incident wavelength so that geometric rays
can be localized. In addition to the requirement of the localization principle, the
conventional geometric ray-tracing technique assumes that the energy attenuated
by the scatterer may be decomposed into equal extinction from diffraction and
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Fresnel rays. Moreover, the Fraunhofer diffraction formulation used in geometric
ray tracing does not account for the vector property of the electromagnetic field
and requires a Kirchhoff boundary condition, which cannot take into consider-
ation the effects of the changes along the edge contour of the opening. Finally,
calculations of the far field directly by ray tracing will produce a discontinuous
distribution of the scattered energy, such as the delta transmission noted by Takano
and Liou (1989a).

To circumvent a number of shortcomings in the conventional geometric optics
approach, an improved method has been developed (Yang and Liou, 1995, 1996b).
It is simple in concept in that the energies determined from geometric ray tracing
at the particle surface are collected and mapped to the far field based on the exact
electromagnetic wave theory. In this manner, the only approximation is on the
internal geometric ray tracing. This differs from the conventional approach, which
collects energies produced by geometric reflections and refractions directly at the
far field through a prescribed solid angle.

The tangential components of the electric and magnetic fields on surface S
that encloses the scatterer can be used to determine the equivalent electric and
magnetic currents for the computation of the scattered far field on the basis of
the electromagnetic equivalence theorem (Schelkunoff, 1943). In this theorem,
the electromagnetic field detected by an observer outside the surface would be the
same as if the scatterer were removed and replaced by the equivalent electric and
magnetic currents given by

J = nS × H, (2a)

M = E × nS, (2b)

where nS is the outward unit vector normal to the surface. For the far-field region,
we have

Es (r) = exp(ikr)

ikr

k2

4π

(
r
r

)
×
∫∫
S

[
M(r′)+

(
r
r

)
× J(r′)

]
exp

(
−ikr · r′

r

)
d2r′, (3)

where r/r denotes the scattering direction, r is the reference position vector, r′ is
the position vector of the source point, k is the wavenumber, and i = √−1.
The far-field solution can also be determined by a volume integral involving the
internal field.

By means of geometric ray tracing, the electric field on the surface of a particle
can be evaluated after the successive application of Fresnel reflection and refrac-
tion coefficients parallel and perpendicular to a defined reference plane at the
point of interaction taking into account the path length in the three-dimensional
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geometry. If an ice crystal shape is of great complexity such as an aggregate, the
surface can be defined as a cubic box so that the computation of the electric field
can be conducted on a regularly shaped surface. The electric field can be defined
on the illuminated and shadowed sides as follows:

E(r) =
{

Ea(r)+ Eb(r), r ∈ illuminated side,

Eb(r), r ∈ shadowed side,
(4a)

where

Ea(r) = Ei (r)+ Er1(r), (4b)

Eb(r) =
∞∑
p=2

Etp(r). (4c)

In these equations, Ei is the incident electric field, Er1 is the electric field for ex-
ternal reflection, and Etp are the electric fields produced by two refractions and
internal reflections (p ≥ 2). Because the transverse electromagnetic wave condi-
tion is implied in ray tracing, the magnetic field for each reflection and refraction
can be obtained from

Hr,tp (r) = er,tp × Er,tp (r) for r ∈ outside the particle. (5)

In practice, the mapping of the near-field solution to the far field can be done in
its entirety for Ea in Eq. (4b). But for Eb in Eq. (4c), the mapping is done ray
by ray and the results will include the diffraction pattern. Full account of phase
interferences is taken in this mapping process in the determination of the phase
function.

In accord with the conservation principle for electromagnetic energy concern-
ing the Poynting vector (Jackson, 1975), the extinction and absorption cross sec-
tions of the particle can be derived as follows:

Cext = Im

{
k

|Ei |2 (ε − 1)
∫∫∫

V

E(r′) · E∗
i (r

′) d3r′
}
, (6a)

Cabs = k

|Ei |2 εi
∫∫∫

V

E(r′) · E∗(r′) d3r′, (6b)

where the asterisk denotes the complex conjugate, εi is the imaginary part of the
permittivity, and V is the particle volume.

Finally, when the ray-tracing technique is applied to obtain the surface field,
one must properly account for the area elements from which the externally re-
flected and transmitted localized waves make a contribution to the surface field.
If the cross section of the incident localized wave is �σi , the area on the particle
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surface for external reflection is

�σr1 = −�σi(ni · ei)−1. (7a)

For the transmitted rays, the area is given by

�σtp = −�σi(n1 · et1)
[
(n1 · ei)(np · etp)

]−1
, p = 2, 3, 4, . . . , (7b)

where all unit vectors have been defined in Eqs. (1a)–(1c). The radius of the cross
section of a ray should be on the order of k−1 so that the phase change over
the ray cross section is not significant and permits proper account of the phase
interference of the localized waves by using the phase information at the centers of
the rays. Because the phase variation over the ray cross section can be neglected,
the numerical results are not sensitive to the shape of the ray cross sections. We
may use a circular shape in the calculations.

3. Absorption Effects in Geometric Optics

The geometric optics approach that has been used in the past generally assumes
that the effect of absorption within the particle on the propagating direction of a
ray can be neglected so that the refracted angle and the ray path length can be
computed from Snell’s law and the geometry of the particle. This is a correct
approach if absorption is weak, such as that of ice and water at most solar wave-
lengths. For strong absorption cases, rays refracted inside the particle are almost
totally absorbed so that the geometric optics method can also be used to compute
diffraction and external reflection as long as the particle size is much larger than
the incident wavelength. Although the preceding argument is physically correct in
the limits of weak and strong absorption, we shall consider the general absorption
effect in the context of geometric optics based on the fundamental electromagnetic
wave theory. Note that the effect of the complex refractive index on geometric op-
tics has been formulated only for the Fresnel coefficients (Stratton, 1941; Born
and Wolf, 1970).

Consider the propagation of the incident wave from air into ice (Fig. 1b). The
wave vectors associated with the incident and reflected waves are real because
these waves, which are outside the ice medium, must have the same properties.
However, the wave vector of the refracted wave is complex; this is referred to as
the inhomogeneity effect. These wave vectors can be represented by

ki = kei , kr = ker , kt = ktet + ikαeα, (8)

where ei , er , et , and eα are unit vectors; the subscripts i, r , and t denote the
incident, reflected, and refracted waves, respectively; k = 2π/λ in which λ is
the wavelength in air; and kt and kα are two real parameters that determine the
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complex wave vector of the refracted wave. For nonabsorptive cases, kα is zero.
The corresponding electric vectors can be expressed by

Ei (r, t) = Ai exp
[
i(kr · ei − ωt)], (9a)

Er (r, t) = Ar exp
[
i(kr · er − ωt)], (9b)

Et (r, t) = At exp
[
i(ktr · et + ikαeα − ωt)], (9c)

where Ai , Ar , and At are the amplitudes and ω is the circular frequency. Further,
we define the following parameters:

Nr = kt

k
, Ñi = kα

k
. (10)

At the interface of the two media, at which the position vector is denoted as rS ,
the phases of the wave vibration must be the same for the incident, reflected, and
refracted waves. Thus from Eqs. (8) and (10) we obtain

ei · rS = er · rS = Nr(et · rS)+ iÑi(eα · rS). (11)

Because the wave vectors for the incident and reflected waves are real, we must
have

ei · rS = er · rS = Nr(et · rS), eα · rS = 0. (12)

Based on the geometry defined by Eq. (12), a generalized form of the Snell law
can be derived and is given by

sin θi = sin θr, sin θt = sin θi
Nr

, (13)

where θi, θr , and θt denote the incident, reflected, and refracted angles, respec-
tively (Fig. 1b). The vector eα in Eq. (12) is normal to the interface of the two
media. It follows that the planes of constant amplitude of the refracted wave are
parallel to the interface. To determine Nr and Ni, we use the electric field of the
refracted wave, which must satisfy the wave equation in the form

∇2Et (r, t)− (mr + imi)
2

c2

∂2Et (r, t)
∂t2

= 0, (14)

where c is the speed of light in vacuum and mr and mi are the real and imaginary
parts of the refractive index, respectively. Substituting Eq. (9c) into Eq. (14) and
using Eq. (10) lead to

N2
r − Ñ2

i = m2
r −m2

i , NrÑi cos θt = mrmi. (15)
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Let Ni = Ñi cos θt . Then from Eqs. (12) and (15), we obtain

Nr =
√

2

2

{
m2

r −m2
i + sin2 θi

+ [(
m2

r −m2
i − sin2 θi

)2 + 4m2
rm

2
i

]1/2
}1/2

, (16a)

Ni = mrmi

Nr
. (16b)

These two parameters are referred to as the adjusted real and imaginary refractive
indices.

After determiningNr andNi, the refracted wave given in Eq. (9c) can be rewrit-
ten in the form

Et (r, t) = At exp(−kNila) exp
[
i(kNret · r − ωt)], (17)

where la = (eα · r)/ cos θt is the distance of the propagation of the refracted
wave along the direction et . It is clear that the direction of the phase propagation
for the inhomogeneous wave inside the medium is determined by Nr via Snell’s
law, whereas the attenuation of the wave amplitude during the wave propagation
is determined by Ni. Consequently, the refracted wave can be traced precisely.
Following Yang and Liou (1995), the Fresnel reflection and refraction coefficients
in terms of the adjusted real and imaginary refractive indices are given by

Rl = Nr cos θi − cos θt
Nr cos θi + cos θt

, Tl = 2 cos θi
Nr cos θi + cos θt

, (18a)

Rr = cos θi −Nr cos θt
cos θi +Nr cos θt

, Tr = 2 cos θi
cos θi + Nr cos θt

, (18b)

where the subscripts l and r denote the horizontally and vertically polarized com-
ponents, respectively.

4. Monte Carlo Method for Ray Tracing

Use of the Monte Carlo method in connection with geometric ray tracing was
first developed by Wendling et al. (1979) for hexagonal ice columns and plates.
Takano and Liou (1995) further innovated a hit-and-miss Monte Carlo method to
trace photons in complex ice crystals, including absorption and polarization.

Let a bundle of parallel rays, representing a flow of photons, be incident on a
crystal from a direction denoted by a set of two angles with respect to the crystal
principal axis. Consider a plane normal to this bundle of incident rays and the
geometric shadow of a crystal projected onto this plane. Further, let a rectangle
(defined by X and Y ) enclose this geometric shadow such that the center of this
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rectangle coincides with the center of the crystal. One of the sides, X, is parallel
to the geometric shadow of the crystal principal axis. A point (xi, yi) is selected
inside this rectangle using random numbers, RN, whose range is from 0 to 1 such
that

xi = X

(
RN − 1

2

)
, (19a)

yi = Y

(
RN − 1

2

)
. (19b)

In this manner, xi is from −X/2 to X/2, whereas yi is from −Y/2 to Y/2. If the
point is inside the geometric shadow, it is regarded as an incident point on the
crystal. Otherwise it is disregarded. If there are more than two crystal planes for
a photon, the point closer to the light source is regarded as the incident point. The
coordinates of an incident point (xi, yi) can be transformed to the coordinates
(x, y, z) with respect to the body-framed coordinate system using the method
described by Takano and Asano (1983) for efficient geometric ray-tracing proce-
dures. Once the incident coordinates are determined, the photons are traced with a
hit-and-miss Monte Carlo method. The Fresnel reflection coefficients,Rl and Rr ,
are first calculated and compared with a random number, RN. If (|Rl|2 +|Rr |2)/2
is greater than RN, the photon is reflected. Otherwise, it is transmitted. When a
photon traverses a particle, it can be absorbed. One can account for absorption
by means of stochastic procedures. When a photon enters a crystal, an absorption
path length la is generated with a random number such that

RN = exp(−2kNila), i.e., la = − ln

(
RN

2kNi

)
. (20)

The random number represents the probability of the transmission of a photon.
The absorption path length la denotes a distance traversed by a photon in the
crystal before the photon is absorbed. An actual path length, l, between an inci-
dent point and the next internal incident point can then be calculated on the basis
of Snell’s law and the specific ice crystal geometry. The transmission is then given
by T = exp(−kil). If T ≤ RN ≤ 1, then the photons associated with these RNs
are absorbed. Equivalently, if l is greater than la , then the photon is absorbed. Oth-
erwise, it is transmitted without absorption. This procedure is repeated whenever
photons travel inside the crystal.

After a photon is transmitted out of the crystal or reflected externally, it can
reenter the crystal depending on the crystal shape. In this case, a new incident
direction can be calculated using the direction cosine of the scattered beam. The
new incident coordinates can also be determined from the new incident direction
and the coordinates of an emergent point of the photon on the crystal surface.
The foregoing procedure is repeated until the photon escapes from the crystal.
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When a photon reenters the crystal, the scattering angle and the scattering matrix
are computed with respect to the original incident direction. In the conventional
method, the number of scattered photons per unit solid angle, 2π sin���, is
counted as the phase function. The single-scattering albedo is obtained from the
ratio of the number of scattered photons to the number of incident photons. The
Monte Carlo method allows us to treat complicated ice crystals effectively and
can be employed in connection with the improved geometric ray tracing.

The surface of ice crystals may not be exactly smooth particularly if they un-
dergo collision processes. Also, a careful examination of some polycrystalline
ice crystals reveals rough structures on the surfaces (Cross, 1968). Halo and arc
patterns that are absent from some cirrus clouds could be caused by deviations
of the ice crystal surfaces from defined hexagonal structures. Incorporation of
some aspects of the ice crystal surface roughness in geometric ray tracing has
been recently undertaken by Takano and Liou (1995), Muinonen et al. (1996),
Macke et al. (1996b), and Yang and Liou (1998a). Our approach follows the idea
developed by Cox and Munk (1954) for wavy sea surfaces. A rough surface may
be thought of as consisting of a number of small facets that are locally planar and
randomly tilted from the flat surface. We may use a two-dimensional Gaussian
probability function to define the surface tilt as follows:

p(zx, zy) = 1

πσ 2 exp

[
−z

2
x + z2

y

σ 2

]
, (21a)

with

zx = ∂z

∂x
= [
(cos θ)−2 − 1

]2 cosϕ, (21b)

zy = ∂z

∂y
= [
(cos θ)−2 − 1

]2 sin ϕ, (21c)

where zx and zy are the slopes defined for a facet of rough surface along two or-
thogonal directions, θ and ϕ are the local polar angles defining the position of the
tilt of the surface facet, and σ is a parameter controlling the degree of roughness.
In general, effects of the surface roughness on ice particles are to smooth out the
scattering maxima that occur in the phase function (see Fig. 4).

B. FINITE DIFFERENCE TIME DOMAIN METHOD

The geometric ray-tracing method with a modification in the mapping of the
near field to the far field can be applied to size parameters on the order of about
15–20. We have developed the finite difference time domain (FDTD) method for
light scattering by small ice crystals with specific applications to size parameters
smaller than about 20 (Yang and Liou, 1995, 1996b; Chapter 7). Details of this
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method have been elaborated on in Chapter 7. For the continuity of this presenta-
tion, however, we shall address the physical fundamentals of the methodology.

The FDTD technique is a direct implementation of the Maxwell curl equations
to solve the temporal variation of electromagnetic waves within a finite space
containing the scatterer given by

∇ × E(r, t) = −µ

c

∂H(r, t)
∂t

, (22a)

∇ × H(r, t) = ε

c

∂E(r, t)
∂t

+ 4π

c
σE(r, t), (22b)

where µ, ε, and σ are the permeability, permittivity, and conductivity of the
medium, respectively.

First, the three-dimensional scatterer must be discretized by a number of suit-
ably selected rectangular cells, referred to as grid meshes, at which the opti-
cal properties are defined. Discretizations are subsequently carried out for the
Maxwell curl equations by using the finite difference approximation in both time
and space. The propagation and scattering of the excited wave in the time domain
can be simulated from the discretized equations in a manner of time-marching
iterations.

Second, in numerical computations, scattering of the electromagnetic wave by
a particle must be confined to finite space. It is therefore required in the applica-
tion of the FDTD technique to impose artificial boundaries so that the simulated
field within the truncated region would be the same as that in the unbounded case.
Implementation of an efficient absorbing boundary condition to suppress spurious
reflections is an important aspect of the FDTD method associated with numerical
stability and computer time and memory requirements.

Third, the solution of the finite difference analog of the Maxwell curl equations
is in the time domain. To obtain the frequency response of the scattering particle,
we require an appropriate transformation. The discrete Fourier transform tech-
nique can be employed to obtain the frequency spectrum of the time-dependent
signals if a Gaussian pulse is used as an initial excitation. Correct selection of the
pulse is required to avoid numerical aliasing and dispersion.

Finally, mapping of the near-field results to the far field must be performed
to derive the scattering and polarization properties of the particle. A surface in-
tegration or a volume integration technique, mentioned in Section II.A.2, can be
employed to obtain the far-field solution. Fundamental problems of the FDTD
method in numerical calculations include the staircasing effect in approximating
the particle shape and the absorbing boundary condition used to truncate the com-
putational domain. We have shown in Chapter 7 that the FDTD approach can be
applied to size parameters smaller than about 20 with adequate accuracies.
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C. ESSENCE OF THE UNIFIED THEORY AND COMPARISON
WITH MEASUREMENTS

It is unlikely that one specific method can be satisfactorily used to tackle the
scattering of light by nonspherical ice crystals covering all size parameters. How-
ever, by unifying the improved geometric ray-tracing and FDTD methods dis-
cussed previously, we are now in a position to resolve the intricate problems in-
volving light scattering and absorption by nonspherical ice crystals. This approach
is referred to as the unified theory for light scattering by ice crystals covering all
sizes and shapes that commonly occur in the atmosphere. Demonstration of this
unified theory is shown in Fig. 2 in terms of the extinction efficiency as a func-
tion of size parameter kL for randomly oriented columns, where L is the column
length. The improved geometric optics method breaks down at size parameters
smaller than about 15, whereas the FDTD method is computationally reliable for
size parameters smaller than about 20 because of numerical limitations. Also illus-
trated is a verification of the improved geometric ray tracing for size parameters
from 15 to about 20.

Figure 3 displays the commonly occurring ice crystal shapes in cirrus clouds
generated from computer programs, along with the phase function patterns at a
wavelength of 0.63 µm computed from the geometric ray-tracing method. The
size parameters for these ice crystals are on the order of 100. Irregular shapes,

Figure 2 Presentation of a unified theory for light scattering by ice crystals using the extinction
efficiency as a function of size parameter as an example (see text for further explanations).



Figure 3 Commonly occurring ice crystal shapes in cirrus clouds generated from the computer program, along with the phase
function patterns for the 0.63-µm wavelength computed from a geometric ray-tracing method. The patterns for snowflakes, dendrites,
and plates with attachments are produced from a fractal shape generation program. Results for a sphere and spheroid are also shown
for comparison purposes.
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such as hollow column, dendrite, and fernlike plate, and rough surface ice crystals
do not produce well-defined halo patterns that are common to hexagonal-based
crystals such as bullet rosettes and aggregates. Results for small size parameters
less about 20 can be computed from the FDTD method.

Measurements of the scattering and polarization patterns for ice crystals
have been performed in cold chambers (e.g., Sassen and Liou, 1979a; Volkovit-
skiy et al., 1980). Desirable ice crystal sizes and shapes, however, are difficult
to generate and sustain for a period of time to perform light-scattering experi-
ments. A light-scattering experimental program has been recently conducted us-
ing hexagonal icelike crystals as measured in the analog manner so that optical
experiments can be performed over a relatively long period of time for complex-
shaped particles (Barkey et al., 1999). The experiment consisted of a polarized
laser beam at λ = 0.63 µm and an array of 36 highly sensitive photodiode detec-
tors arranged between the scattering angles 2.8◦ and 177.2◦ mounted in a linear
array on a half dome, which can rotate to vary the azimuthal angle. After care-
ful calibration and signal acquisition, this system was used to measure the phase
functions for a glass sphere and a glass fiber configured to scatter light like an
infinite cylinder. The experimental results match closely those computed from the
Lorenz–Mie theory. The crystals used were made out of sodium fluoride (NaF),
which has an index of refraction (1.33) close to ice in the visible. The crystal was
mounted on top of a small pedestal and its orientation position was controlled
by a rotator. Angular integrations in the experiment can follow the computational
procedures in theory.

Figure 4a shows a comparison between measurements and theory for an ag-
gregate that was assembled from NaF columns with small glass fiber attachments
glued onto small holes. To simulate random orientation, a 1◦ increment was used
for all possible orientation angles. General agreement between measurements and
theory is shown but with several discrepancies. Most notable is that the experi-
mental results are lower than the theory in backscattering directions, which are
dominated by internal reflections. This difference could be caused by absorption
of small glass fibers and glues that connect the columns. Comparison results for a
rough-surface plate are shown in Fig. 4b. All eight sides were sanded with small
scratches evenly distributed across the crystal surface. Between 25◦ and 180◦ scat-
tering angles, the measurements closely follow the theoretical results. For scatter-
ing angles less than 20◦, the experimental results are higher, however. The scan-
ning electron photomicrographs reveal features on the roughened crystal surface
on the order of 0.5–1 µm. More light could have been scattered through them as
compared with the defined cross-sectional area used in diffraction calculations.

The electrodynamic levitation technique has also been used recently to suspend
and grow an individual ice crystal for light-scattering experiments (Bacon et al.,
1998). The apparatus consists of an electrodynamic balance with an internally
mounted thermal diffusion chamber, a laser beam, a 1024-element linear photo-
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Figure 4 Phase functions for randomly oriented aggregate and rough surface plate crystals made
from NaF with an index of refraction of 1.33 in the visible. The experiment used a polarized laser
beam at λ = 0.63 µm as a light source and the positions of the detector and the crystal were controlled
by automatic mechanical devices (Barkey et al., 1999). The theoretical results are derived from the
geometric ray-tracing/Monte Carlo method.

diode array, and two cameras for top and side views of the ice crystal. Shown in
Fig. 5 are experimental results for two ice crystal sizes and shapes defined by the
depicted photos (courtesy of N. J. Bacon). Theoretical results computed from con-
ventional geometric ray tracing, which does not account for phase interferences,
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Figure 5 Phase function measurements for a single ice crystal suspended by the electrodynamic
levitation technique (Bacon et al., 1998). The sizes and shapes are determined from the top and side
views of two cameras. The angle β denotes the ice crystal orientation with respect to the incident laser
beam. Theoretical results are computed from the conventional (×) and modified geometric ray-tracing
methods.
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show discrete maxima associated with the halo pattern. The modified geometric
optics method generates closely matched patterns, except some deviations in the
55◦ scattering angle region in the top diagram. Differences between theoretical
and experimental results can be attributed to the uncertainty in the measurement
of the ice crystal size (∼4 µm) and in the computation of the near field based on
the geometric ray-tracing approximation.

III. APPLICATION TO REMOTE SENSING AND
CLIMATE RESEARCH

Determination of the composition and structure of clouds and aerosols from
the ground, the air, and space based on remote sensing is an important task in
climate studies. In the following, we wish to demonstrate the applicability of the
basic scattering, absorption, and polarization data for nonspherical ice crystals to
various types of remote sensing of cirrus clouds and to climate studies.

A. BIDIRECTIONAL REFLECTANCE

Solar radiances reflected from clouds can be used to determine their composi-
tion and structure. The nondimensional bidirectional reflectance, the ratio of re-
flected and incident radiances for given positions of the Sun and observer and an
underlying surface, is primarily a function of the cloud optical depth and particle
size and shape. Development of reliable remote-sensing techniques from satellites
for the detection of cirrus clouds and retrival of their optical and microphysical
properties using bidirectional reflectances must begin with an understanding of
the fundamental scattering and absorption properties of ice particles.

Figure 6 shows measurements of the bidirectional reflectances of cirrus that
were obtained with the scanning radiometer on board ER-2 over Oklahoma on
November 24 and 25, 1991, presented by Spinhirne et al. (1996), who also de-
rived the best-fit cloud optical depths and surface albedos from concurrent lidar
and spectral radiometric observations. For interpretation, we used a typical cirro-
stratus size distribution having a mean effective size of 42 µm and three ice crys-
tal models: spheres, defined hexagons, and irregular ice particles (aggregates with
rough surfaces). For the same optical depth, ice spheres reflect much less radia-
tion than nonspherical ice crystals. The best matches for the three cases presented
appear to be irregular particles. Because the measured data were about 20◦ apart,
it is possible that some scattering maxima could be missed in the observations. It
appears that the ice crystals in these developed cirrus must contain a combination
of hexagonal and irregular ice crystals. In the visible, the bidirectional reflectance



Figure 6 Measurements of visible bidirectional reflectances of cirrus obtained from the scanning radiometer on board ER-2 over
the area of Oklahoma on November 24 and 25, 1991 (Spinhirne et al., 1996), and interpretations using light-scattering results for
spheres, defined hexagons, and aggregates with rough surfaces based on the adding–doubling method for radiative transfer. A typical
ice crystal size distribution with a mean effective size of 42 µm and predetermined optical depths are employed in the interpretation.
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Figure 7 Correlations of the bidirectional reflectances in the wavelength domains of 0.63/1.6 µm
and 0.63/2.2 µm. Six representative ice crystal size distributions with mean effective sizes ranging
from 23 to 123 µm and optical depths from 0.1 to 8 are used in the construction of these curves.
The viewing geometry includes θ0 = 31.5◦, θ0 = 12.5◦, and �φ = 100◦. Also shown are the
bidirectional reflectances obtained from MAS during the SUCCESS experiment on April 26, 1996.
The bottom panels illustrate the retrieved optical depth and ice crystal mean size based on a statistical
searching method (Rolland and Liou, 1998).

is largely dependent on the optical depth and ice crystal shape. The size infor-
mation has been found from measurements at near infrared wavelengths where
substantial absorption by ice occurs (King et al., 1997).

In the following, we show the potential of determining the optical depth and
ice crystal size based on correlation of bidirectional reflectance data in the domain
of λ = 0.63/1.6 µm and 0.63/2.2 µm (Fig. 7). In the construction of the corre-
lation diagram, six representative midlatitude ice crystal size distributions were
used along with optical depths ranging from 0.1 to 8. The mean effective size
ranges from 23 to 123 µm. The adding–doubling method for radiative transfer
was employed to compute the bidirectional reflectances for cirrus cloud layers.
Also shown are bidirectional reflectances obtained from the MODIS Airborne
Simulator (MAS) for a sample viewing geometry occurring on April 26, 1996,
during the SUCCESS experiment (Rolland and Liou, 1998). The retrieved opti-
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cal depth ranges from about 2 to 4 and the retrieved mean effective ice crystal
sizes are about 40–120 µm, as shown in the following maps. Validation of these
retrievals has not been made at this point, however.

B. LINEAR POLARIZATION OF REFLECTED SUNLIGHT

Next, we present the applicability of the scattering data for nonspherical ice
crystals to the interpretation of polarization of the reflected sunlight from cirrus
clouds. Figure 8 shows the linear polarization pattern in the solar principal plane
as a function of scattering angle that was measured from a cirrus cloud using a
wavelength of 2.22 µm (Coffeen, 1979) at which the Rayleigh scattering contri-
bution is minimum. The measured polarization values are less than about 6% and
are positive from 50◦ and 150◦ scattering angles. The theoretical results based
on the adding–doubling radiative transfer program (Takano and Liou, 1989b) in-
clude spheres, columns, plates, and a mixture of dendrites, bullet rosettes, and
plates.

Results from the spherical model deviate significantly from observations in
which the rainbow feature does not exist. For plates and columns, negative po-
larization results in the scattering angle region from 20◦ to 40◦ produced by
halo patterns show general agreement with the observed data. The results for
columns appear to match the observations, except in the backscattering direc-
tion from about 150◦ to 180◦. With the inclusion of dendrites the backscattering
polarization decreases and there is a general agreement between theoretical re-
sults and observed data in the entire scattering-angle range. It appears that the
polarization patterns of the reflected sunlight can be used to infer the shape of
cloud particles, which otherwise cannot be accomplished by other remote-sensing
techniques.

C. LIDAR BACKSCATTERING DEPOLARIZATION

The depolarization technique using lidar backscattering returns has been devel-
oped to differentiate between ice and water clouds. It is based on the fundamen-
tal scattering properties of nonspherical ice crystals and spherical water droplets.
The incident polarized light beam from spheres will retain its polarization state
in the backscattering direction, if multiple scattering can be neglected. However,
a cross-polarized component, referred to as depolarization, will be produced by
nonspherical particles because of their deviation from the spherical geometry. In
the geometric optics region, Liou and Lahore (1974) showed that depolarization
is the result of internal reflections and refractions by hexagonal ice particles. To



Chapter 15 Light Scattering and Radiative Transfer in Ice Crystal Clouds 439

Figure 8 Linear polarization of sunlight reflected from a cirrus cloud measured at the 2.2-µm wave-
length (Coffeen, 1979). The solar zenith angle is 70◦. The theoretical polarization results are computed
for ice spheres, columns, plates, and a mixture of dendrites, bullet rosettes, and plates as a function of
the scattering angle.

quantify the amount of depolarization, a parameter called the depolarization ra-
tio, defined as the ratio of the cross-polarized return power to the return power of
the original polarization state, is introduced. It has been used to differentiate be-
tween ice and water clouds, as well as to determine some aspects of the physical
characteristics of ice clouds (Sassen, 1991; Chapter 14).
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Figure 9 Depolarization ratios determined from high-resolution polarization lidar for contrail cirrus
(Sassen and Hsueh, 1998, case; Freudenthaler et al., 1996, temperature) and computed from the unified
theory for light scattering by ice crystals with shapes ranging from single and double plates, solid and
hollow columns, dendrites, bullet rosettes, aggregates, and irregular surface particles, the sizes of
which span from a few micrometers to the geometric optics limit.

Figure 9 shows the depolarization ratios determined from high-resolution
0.532/1.06-µm polarization lidar for contrail cirrus presented by Sassen and
Hsueh (1998) and Freudenthaler et al. (1996). The former authors showed that
the lidar depolarization ratio in persisting contrails ranged from about 0.3 to 0.7,
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whereas the latter authors observed this ratio from 0.1 to 0.5 for contrails with
temperatures ranging from −60◦ to −50◦C depending on the stage of their
growth. For interpretation, we have carried out backscattering depolarization cal-
culations for various sizes and shapes displayed in this figure employing the uni-
fied theory for light scattering by ice crystals described in Section II. The vertical
bars indicate the results for ice crystals of a few micrometers to the geometric
optics region. Depolarization generally becomes larger for larger ice particles and
reaches a maximum of about 0.6 for size parameters in the geometric optics limit.
One exception is for columns, which produce a depolarization of about 0.65 for
size parameters of about 10 because of resonance effects.

D. INFORMATION CONTENT OF 1.38-µM AND THERMAL
INFRARED SPECTRA

Water vapor exhibits a number of absorption bands in the solar spectrum. Bidi-
rectional reflectance at the top of the atmosphere in these bands will contain in-
formation of high-level clouds. Specifically, the 1.38-µm band has been found to
be useful for the detection of cirrus clouds (Gao and Kaufman, 1995). The line
spectra in this band have also been shown to contain rich information on the com-
position and structure of clouds and were a subject for a small-satellite proposal
(Liou et al., 1996).

To investigate the line formation in cirrus in the 1.38-µm band, we use a
radiation model with a 1-cm−1 resolution containing 10 equivalent absorption
coefficients based on the correlated k-distribution method for water vapor and
other greenhouse gases derived from the updated 1996 HITRAN data (Liou et al.,
1998). The adding–doubling radiative transfer program including all Stokes pa-
rameters is used to perform the transfer of monochromatic radiation in vertically
inhomogeneous atmospheres decomposed into a number of appropriate homoge-
neous layers. This program incorporates line absorption, scattering and absorption
by nonspherical ice crystals, Rayleigh and background aerosol scattering, and sur-
face reflection, and accounts for both direct solar flux and thermal emission con-
tributions. In the calculations, we employ cirrostratus and cirrus uncinus models
having mean effective ice crystal sizes of 42 and 123 µm, respectively, with a
shape composition of 50% aggregates/bullet rosettes, 25% hollow columns, and
25% plates.

Figure 10a illustrates the bidirectional reflectances in the 1.38-µm water va-
por line spectrum from 6600–7500 cm−1 for clear and cirrus cloudy conditions.
The line structure of the water vapor absorption exhibits significant fluctuations.
At about 7100–7400 cm−1, the reflectances from the clear atmosphere are ex-
tremely small as a result of strong water vapor absorption. Multiple scattering
produced by ice particles contributes to the strength of reflectances in the line



Figure 10 (a) Bidirectional reflectances for clear and cirrus cloudy atmospheres as a function of
wavenumber in the 1.38-µm water vapor band. (b) Monotonically increasing bidirectional reflectances
as a function of rearranged wavenumber in the domain of optical depth and mean effective ice crystal
size. The solar and emergent zenith angles are denoted in the figure and the calculations were carried
out in the solar principal plane.
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wing regions. Figure 10b shows the reflectance spectra whose wavenumbers are
ordered according to their magnitudes so that monotonically increasing functions
are displayed in the domain of optical depth and mean effective ice crystal size.
Low values indicate that the reflectances are associated with line centers, whereas
high values are related to line wings. Reflectances are dependent on the optical
depth and ice crystal size, as clearly demonstrated in this example. Consequently,
a retrieval procedure can be constructed for the determination of these two pa-
rameters. Moreover, we find that the cloud position can also be inferred from the
spectra because the reflectances are determined by the amount of water vapor
above the cloud. The preceding example clearly demonstrates that the 1.38-µm
line spectra contain rich information about the cirrus composition and structure.
Of course, the question of uniqueness of the solution of cloud parameters within
the broad range of spectral lines is one that requires further investigations and
numerical experimentations.

Information on thin cirrus in the tropics has been noted from the analysis
of satellite Infrared Radiation Interferometer Spectrometer (IRIS) data (Prab-
hakara et al., 1993), particularly in the 8–12-µm window region. Recent tech-
nological advancements have led to the development of the High-Resolution
Interferometer Sounder (HIS), a Michelson interferometer covering a broad spec-
tral region in the infrared (3.5–19 µm) with high spectral and spatial resolutions
(Smith et al., 1998). Information on thin cirrus containing small ice crystals ap-
pears between λ = 10 and 12 µm. Interpretation of the line structure in the
thermal infrared for cirrus cloudy atmospheres and exploration of the informa-
tion content with respect to the cloud optical depth, ice crystal size, and position
would be an exciting project.

In summary, because of the spatial and temporal variabilities of ice crystal sizes
and shapes in cirrus clouds, remote sensing of their optical and microphysical
properties from space presents an unusual challenge in atmospheric sciences.

E. SOLAR ALBEDO

Reflection of solar radiation by clouds determines the amount of solar en-
ergy absorbed within the atmosphere and by the surface. Thus, understanding the
broad-band solar albedo (reflection) is fundamental in the analysis of the cloud
radiative forcing associated with climate studies. We wish to illustrate the impor-
tance of the nonsphericity of ice particles on the interpretation of observed solar
albedo determined from radiometric measurements. Figure 11 shows the broad-
band solar albedo as a function of the ice water path (IWP) derived from broad-
band flux aircraft observations for cirrus clouds during the FIRE experiment in
Wisconsin, October–November, 1986 (Stackhouse and Stephens, 1991). The ex-
tensions of the vertical and horizontal lines through the data points represent the
uncertainty of measurements.
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Figure 11 Solar albedo as a function of ice water path determined from broad-band flux observa-
tions from aircraft for cirrus clouds that occurred during the FIRE experiment, Wisconsin, November–
December, 1986 (Stackhouse and Stephens, 1991). The solid lines represent theoretical results com-
puted from a line-by-line equivalent solar model using observed ice crystal sizes and shapes for a
range of mean effective ice crystal diameters. The dashed lines are corresponding results for equiva-
lent spheres.

The solid lines are theoretical results computed from the line-by-line equiva-
lent solar radiative transfer model mentioned previously using a set of observed
ice crystal size distributions for columns and plates. The dashed lines denote the
results based on these size distributions converted into equivalent spheres. Re-
gardless of the input parameters for spheres, the theoretical results significantly
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underestimate the observed values primarily because of the nature of stronger
forward scattering for spherical particles and stronger absorption for spheres at
near infrared wavelengths. Using the mean effective ice crystal size defined in
Liou et al. (1998), we show that the size that best fits the observed data lies be-
tween 50 and 75 µm, typical ice crystal sizes at the top portion of midlatitude
cirrus cloud systems.

Further, we have also investigated from a theoretical perspective the effects of
ice crystal shape on solar albedo by using a mean effective size of 16 µm, rep-
resenting a typical ice crystal size for contrail cirrus. In this study, four shapes
are used in which bullet rosettes have both smooth and rough surfaces. Cloud
albedo, not shown here, becomes progressively smaller for hollow columns,
plates, and equal-area spheres relative to that of bullet rosettes, primarily be-
cause their asymmetry parameters become increasingly larger to allow stronger
forward scattering to take place. The effect of ice crystal surface roughness does
not appear to alter the solar albedo values for nonspherical particles. It does,
however, affect the phase function pattern, a critical parameter in remote-sensing
applications.

F. TEMPERATURE SENSITIVITY TO
ICE CRYSTAL NONSPHERICITY

Many dynamic and thermodynamic factors and feedbacks affect temperature
perturbations. Nevertheless, we wish to demonstrate that the scattering and ab-
sorption properties of nonspherical ice crystals are relevant and important in the
modeling of the role of clouds in climate. The potential effect of ice crystal non-
sphericity in light scattering on climatic temperature perturbations is studied by
using a one-dimensional cloud–climate model developed by Liou and Ou (1989).
Perturbation calculations were performed by varying the cloud cover and IWP for
a typical cirrostratus cloud model with a thickness of 1.7 km and a base height of
9 km. Cloud positions and covers for middle and low clouds were prescribed and
other parameters in the model remained unchanged in the perturbation runs. The
radiative properties of columns/plates and area-equivalent ice spheres were incor-
porated into the climate model to investigate sensitivity to the surface temperature
change. The present climate condition is defined at 288 K, which corresponds to
a cirrus cloud cover of 20% and an IWP of 20 g/m2 based on the column/plate
model.

The left panel of Fig. 12 shows the variation of surface temperature as a func-
tion of cloud cover when the IWP is fixed. Because the greenhouse effect pro-
duced by the trapping of thermal infrared radiation outweighs the solar albedo
effect, increasing the cloud cover increases the surface temperature. If a spherical
model is used, a significant increase of the surface temperature occurs because



Figure 12 Surface temperatures determined from a one-dimensional cloud and climate model using a radiative transfer parame-
terization based on the scattering and absorption properties of hexagonal columns/plates and equivalent ice spheres. The model has
a present climate condition corresponding to the surface temperature of 288 K involving a typical cirrostratus located at 9 km with a
thickness of 1.7 km and an ice water content of 10−2 g/m3 and the cirrus has 20% fractional coverage. Perturbations are performed
for both cloud cover and IWP.
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equivalent spheres reflect less solar radiation as shown in Fig. 11. At the present
climate condition, the increase amounts to about 0.4 K, which appears to be sub-
stantial. Variation of the IWP when the cloud cover is fixed is shown in the right
panel of Fig. 12. An increase of the surface temperature occurs at IWPs up to
15 g/m2 after which a decrease occurs. This is because an increase in the infrared
(IR) emissivity is relatively smaller as compared with an increase in the solar
albedo, thereby leading to cooling effect. Using the spherical model, the cloud
radiative forcing increases by about a factor of 2 because of a reduction in the
solar albedo. For this reason, larger surface temperatures are produced relative to
the case involving the column/plate model.

In view of the preceding discussion, a sufficient sensitivity of climatic temper-
ature perturbations can be observed when the shape of ice particles (spheres vs
hexagons) is accounted for in radiative transfer calculations. Thus a physically
based cloud microphysical model is required in the parameterization of the radia-
tive properties of cirrus clouds for climate models.

IV. SUMMARY

We have presented a unified theory for light scattering by ice crystals of all
sizes and shapes that can be defined mathematically or numerically. This theory
is a combination of a geometric optics approximation for size parameters larger
than about 20 and a finite difference time domain method for size parameters
smaller than about 20. Conventional geometric ray tracing was first reviewed,
followed by a discussion of the physical fundamentals of the improved method
involving the mapping of the tangential components of the electric and magnetic
fields on the ice crystal surface to the far field on the basis of the electromagnetic
equivalence theorem. By virtue of this mapping, the only approximation is in the
calculation of the surface electric fields by means of the Fresnel coefficients and
the applicable Snell’s law based on the geometry. Phase interference and wave
diffraction are both accounted for in the method.

The issue of absorption in the medium in the context of geometric ray tracing,
referred to as the inhomogeneous effect, was subsequently discussed. We showed
that the phase propagation of a wave inside the medium is determined by an ad-
justed real part of the refractive index through the Fresnel and Snell laws, whereas
attenuation of the wave amplitude is determined by an adjusted imaginary part of
the refractive index. The adjusted refractive indices are derived on the basis of
the fundamental electromagnetic wave theory. We further described an efficient
way of performing geometric ray tracing in complex-shaped ice particles via the
Monte Carlo method and presented a methodology to treat the possibility of ir-
regularity of the ice crystal surface using the stochastic approach. Comparisons
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of the phase function results derived from the theory and laboratory-controlled
experiments were also made.

For size parameters smaller than about 20, we adopted a finite difference time
domain technique for light scattering by small nonspherical ice crystals, which
solves the Maxwell equations by finite difference numerical means in the time
domain by discretizing the scatterer with given optical properties. The solution
requires the imposition of a numerically stable absorbing boundary condition.
The frequency spectrum of the time-dependent results can be obtained by us-
ing a suitable Gaussian pulse via the discrete Fourier transform technique. The
far-field solution can be derived by employing a surface or a volume integra-
tion approach. The method that we have developed was verified through compar-
isons with the exact Lorenz–Mie results for spheres and infinite circular cylin-
ders and was shown to be efficient and accurate for size parameters on the order
of 20. It can also be effectively applied to small inhomogeneous particles such as
aerosols.

We then presented a number of examples demonstrating the application of the
unified theory for light scattering by ice crystals to remote sensing of ice crystal
clouds and to investigation of the climatic effect of cirrus. We showed that in-
terpretations of the bidirectional reflectance and polarization patterns measured
from aircraft and satellites require the correct scattering, absorption, and polar-
ization data for nonspherical ice crystals. Lidar backscattering observations of
cirrus and contrail, particularly those utilizing the depolarization technique, also
require the correct scattering information on nonspherical ice particles. Based on
observations and appropriate ice cloud models, the ice crystal size and shape and
optical depth information for cirrus can be inferred from the reflected solar in-
tensity and polarization. Moreover, we illustrated that rich information on cirrus
cloud composition and structure is contained in the 1.38-µm solar line spectra.
Indeed, determination of the optical and microphysical properties of cirrus, sub-
visual cirrus, and contrails based on remote sensing presents a great challenge
in view of the substantial variability of ice crystal sizes and shapes in space and
time.

Finally, we discussed the importance of the scattering and absorption proper-
ties of nonspherical ice particles in conjunction with studies of cloud radiative
forcing and climatic temperature perturbations resulting from uncertainties in the
cirrus cloud parameters. We used the models of ice columns/plates and equiva-
lent spheres to illustrate the effect of nonspherical shapes on the broad-band solar
albedo and showed that cloud albedo is much smaller for equivalent spheres be-
cause of stronger forward scattering. Although the temperature responses to cli-
mate change are complex and involve numerous dynamic and thermodynamic
factors and feedbacks, we illustrate that the physically based single-scattering
properties of nonspherical ice crystals are relevant and significant in the modeling
of cirrus cloud radiative transfer for climate studies.
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I. INTRODUCTION

This chapter deals with electromagnetic wave scattering from hydrometeors at
centimeter and millimeter wavelengths, also known as the microwave (1–40 GHz)
and millimeter wave (40–300 GHz) bands. The radar meteorology community
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refers to millimeter wave radars as those operating above 30 GHz. Radar engi-
neers have designated different frequency bands with the following letters (Skol-
nik, 1990): L band (1–2 GHz), S band (2–4 GHz), C band (4–8 GHz), X band
(8–12 GHz), Ku band (12–18 GHz), K band (18–27 GHz), Ka band (27–40 GHz),
V band (40–75 GHz), and W band (75–110 GHz). Presently, operational and re-
search radars used for the remote sensing of storms and clouds operate at frequen-
cies in the S, C, X, Ku, Ka, and W bands (Hobbs et al., 1985; Bringi and Hendry,
1990; Lhermitte, 1987, 1990; Meneghini and Kozu, 1990; Pazmany et al., 1994;
Clothiaux et al., 1995; Kropfli et al., 1995; Sekelsky and McIntosh, 1996; Tes-
tud et al., 1996).

Oguchi (1983) provides an excellent review of electromagnetic wave propa-
gation and scattering in rain and other hydrometeors. This chapter reviews the
developments over the past 15 years, focusing on selected studies dealing with
polarimetric scattering properties of nonspherical hydrometeors. Applications are
directed toward the identification and quantification of hydrometeors using polari-
metric radars (Atlas, 1990; Doviak and Zrnic, 1993). Estimation of rainfall rate;
detection of hail; discrimination of snow, rain, and graupel; and estimation of
cloud ice water content are among these applications, which should have signifi-
cant impact on fields such as meteorology, hydrology, climatology, and radiowave
communications.

Many terrestrial and satellite communication systems operate at microwave
frequencies and are affected by hydrometeors in their paths. A medium filled with
hydrometeors will attenuate the signal, cause interference between different links
because of bistatic scattering, and in frequency reuse systems using transmission
on orthogonal polarizations cause crosstalk as a result of depolarization (Awaka
and Oguchi, 1982; de Wolf and Ligthart, 1993; Roddy, 1996). Because of space
limitations these topics will not be covered. The focus of this chapter will be
on polarimetric radar remote-sensing applications over the frequency range 3–
300 GHz.

II. POLARIMETRIC RADAR PARAMETERS

In this chapter we will use the linear polarization basis. A simple linear trans-
formation can be used to convert from the linear polarization basis to another ba-
sis such as circular or elliptical (Azzam and Bashara, 1987; Chandrasekar et al.,
1994). Over the past 15 years most polarization studies in radar meteorology have
focused on linear polarization techniques. Results from earlier work on circular
polarization can be found in the papers by McCormick and Hendry (1975) and
Hendry and Antar (1984). A linearly polarized wave propagating in rain expe-
riences depolarization, which is the conversion of energy from the initial to the
orthogonal polarization as a result of raindrop canting, differential phase shift,
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and differential attenuation between the horizontally (h) and vertically (v) po-
larized components [see Eq. (1)]. At S-band frequencies differential phase shift
is the dominant factor causing depolarization (Humphries, 1974; Seliga et al.,
1984). Methods have been developed to recover circular polarization parameters
affected by differential phase shift (Bebbington et al., 1987; Jameson and Davie,
1988; Torlaschi and Holt, 1993).

The notation in Chapter 1 is based on the forward scattering alignment (FSA)
convention (Ulaby and Elachi, 1990). The notation used in this chapter is based
on the backscattering alignment (BSA) convention (Ulaby and Elachi, 1990), with
the exception of forward scattering parameters involving attenuation and propa-
gation phase shift. The amplitude matrix S for the BSA convention relates the
incident and scattered wave fields as follows:[

Esca
v

Esca
h

]
= eikR

R

[
Svv Svh

Shv Shh

][
Einc

v

Einc
h

]
[V m−1]. (1)

The amplitude matrix in the FSA convention [Eq. (4) of Chapter 1] is related to
that in Eq. (1) as follows:[

Svv Svh

Shv Shh

]
=
[
S11 S12

−S21 −S22

]
[m]. (2)

The phase matrix elements in the BSA (denoted by an overbar) and FSA
[Eqs. (14)–(29) in Chapter 1] conventions are related as

Zij = Zij , i = 1, 2 and j = 1, 2, 3, 4 [m2], (3a)

Zij = −Zij , i = 3, 4 and j = 1, 2, 3, 4 [m2]. (3b)

The backscattering and bistatic scattering cross sections can be expressed in terms
of the amplitude matrix elements as

σij = 4π |Sij |2, i, j = v, h [m2]. (4)

For backscattering we have σhv = σvh because of reciprocity (see Chapter 1). The
effective reflectivity factors (Battan, 1973) at v and h polarizations and the differ-
ence reflectivity [note that Golestani et al., 1989, define ZDP = 10 log(Zh − Zv)

for Zh > Zv] are defined as

Zv = Cn0〈σvv〉 = 2πCn0
〈
Z11 + Z12 + Z21 + Z22

〉 [mm6 m−3], (5a)

Zh = Cn0〈σhh〉 = 2πCn0
〈
Z11 − Z12 − Z21 + Z22

〉 [mm6 m−3], (5b)

ZDP = |Zh − Zv| = 4πCn0
∣∣〈Z12 + Z21

〉∣∣ [mm6 m−3]. (5c)

The brackets 〈·〉 indicate ensemble averaging and n0 is the total number of par-
ticles per cubic meter (see Chapter 1). The coefficient C = 1018λ4/(π5|K|2),
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where λ is the free-space wavelength in meter units, K = (ε − 1)/(ε + 2), and
ε is the complex dielectric constant of water or ice (Battan, 1973). Unless speci-
fied otherwise, ε will be that of water even if the medium contains ice particles.
The effective reflectivity factors are also expressed as 10 log(Zv or Zh or ZDP) in
dBZ units. Other radar parameters are defined later.

The differential reflectivity (Seliga and Bringi, 1976)

ZDR = Zh

Zv
= 〈Z11 − Z12 − Z21 + Z22〉

〈Z11 + Z12 + Z21 + Z22〉
. (6)

The linear depolarization ratios

LDRv = 〈σhv〉
〈σvv〉 = 〈Z11 + Z12 − Z21 − Z22〉

〈Z11 + Z12 + Z21 + Z22〉
, (7a)

LDRh = 〈σvh〉
〈σhh〉 = 〈Z11 − Z12 + Z21 − Z22〉

〈Z11 − Z12 − Z21 + Z22〉
. (7b)

For backscattering we have ZDR = (LDRv)/(LDRh). The ratio parameters in
Eqs. (6) and (7) are generally expressed as 10 log(·) in dB units. Note that the
depolarization ratios for circular and elliptical polarizations are denoted as CDR
and EDR, respectively.

The copolarized correlation coefficient (note that the e−iωt time dependence is
used throughout this chapter)

ρhv exp(iδhv) = 〈ShhS
∗
vv〉

[〈|Shh|2〉〈|Svv|2〉]1/2
, (8a)

ρhv = [〈Z33 + Z44〉2 + 〈Z43 − Z34〉2]1/2

[〈Z11 − Z12 − Z21 + Z22〉〈Z11 + Z12 + Z21 + Z22〉]1/2
, (8b)

δhv = arg
(〈
ShhS

∗
vv

〉) = arctan
[ 〈Z43 − Z34〉
〈Z33 + Z44〉

]
. (8c)

The cross-polarized correlation coefficients

ρv exp(iδv) = 〈SvvS
∗
hv〉

[〈|Svv|2〉〈|Shv|2〉]1/2 , (9a)

ρv = [〈Z31 + Z32〉2 + 〈Z41 + Z42〉2]1/2

[〈Z11 + Z12 + Z21 + Z22〉〈Z11 + Z12 − Z21 − Z22〉]1/2
, (9b)

δv = arg
(〈
SvvS

∗
hv

〉) = arctan

[ 〈Z41 + Z42〉
〈−Z31 − Z32〉

]
(9c)

and
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ρh exp(iδh) = 〈ShhS
∗
vh〉

[〈|Shh|2〉〈|Svh|2〉]1/2
, (10a)

ρh = [〈Z32 − Z31〉2 + 〈Z42 − Z41〉2]1/2

[〈Z11 − Z12 − Z21 + Z22〉〈Z11 − Z12 + Z21 − Z22〉]1/2
, (10b)

δh = arg
(〈
ShhS

∗
vh

〉) = arctan

[ 〈Z42 − Z41〉
〈Z32 − Z31〉

]
. (10c)

Note that a similar parameter (the correlation between the co- and cross-polarized
elements) for the circular polarization basis is denoted as ρc. In addition to the pa-
rameters defined previously, a bistatic radar system can also measure the ratios of
the bistatic-to-backscattering reflectivities BBRv and BBRh (Aydin et al., 1998):

BBRv = Zv(bistatic)

Zv(back)
, (11a)

BBRh = Zh(bistatic)

Zh(back)
. (11b)

Finally, there are several parameters of interest that relate to the forward scat-
tering characteristics of the particles; these are defined next based on the FSA
convention of Chapter 1.

The specific differential phase

KDP = 103
(

180

π

)(
2π

k

)
n0 Re

[〈S22(n,n)− S11(n,n)〉
]

= 103
(

180

π

)
n0
〈
K34(n)

〉 [deg km−1], (12)

where K34 is an element of the extinction matrix and k is the wavenumber in m−1

units (see Chapter 1).
The specific attenuation at v and h polarizations and the specific differential

attenuation

Av = 4.343 × 103n0〈σev〉 = 8.686 × 103
(

2π

k

)
n0 Im

[〈S11(n,n)〉
]

= 8.686 × 103n0
〈K11(n)+ K12(n)〉

2
[dB km−1], (13a)

Ah = 4.343 × 103n0〈σeh〉 = 8.686 × 103
(

2π

k

)
n0 Im

[〈S22(n,n)〉
]

= 8.686 × 103n0
〈K11(n)− K12(n)〉

2
[dB km−1], (13b)

�A = Ah − Av = 8.686 × 103n0〈−K12(n)〉 [dB km−1], (13c)
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where σev and σeh are the extinction cross sections at v and h polarizations. Atten-
uation resulting from hydrometeors, especially raindrops and melting snow and
ice particles, can be significant at C-band frequencies and above (as well as at the
S band for special circumstances; e.g., Ryzhkov and Zrnic, 1994).

Note that optimal polarization parameters will not be discussed here and can
be found in the papers by McCormick (1985), Kwiatkowski et al. (1995), and
Hubbert and Bringi (1996). Also, issues related to measurement techniques and
the statistical properties of these parameters will not be considered. The reader
is referred to the following publications: Bringi et al. (1983), Sachidananda and
Zrnic (1986), Chandrasekar and Bringi (1988a, b), Chandrasekar et al. (1990),
Doviak and Zrnic (1993), Kostinski (1994), and Jameson and Kostinski (1999).

III. HYDROMETEOR MODELS

As methodologies are developed to extract more information about hydro-
meteors utilizing polarimetric radars, it becomes increasingly important to model
the hydrometeors more accurately. Their shape, size, fall behavior, and composi-
tion must be represented realistically with enough detail to capture the dominant
features influencing the measurable radar parameters at the frequencies of inter-
est. For example, raindrops are generally modeled as oblate spheroids with size-
dependent axis ratios (defined as the ratio of the vertical axis to the horizontal
axis with the symmetry axis along the vertical direction; this ratio is less than 1
for oblate spheroids and greater than 1 for prolate spheroids). However, their ac-
tual equilibrium shapes are somewhat more flat on the bottom as shown in Fig. 1
(Beard and Chuang, 1987). This is different from the elliptical cross section of

Figure 1 Computed shapes of raindrops in air for D = 1, 2, 3, 4, 5, and 6 mm with origin at center
of mass. Shown for comparison are dashed circles of diameter D divided into 45◦ sectors. Reprinted
from K. V. Beard and C. Chuang (1987), A new model for the equilibrium shape of raindrops, J. Atmos.
Sci. 44, 1509–1524. Copyright c© 1987 American Meteorological Society.
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an oblate spheroid. Comparison of the actual equilibrium shape with an oblate
spheroidal model having the same volume and axis ratio shows that the backscat-
tering and extinction cross sections are not significantly different (within 3%) up
to 15 GHz. The difference begins to become noticeable at 35 GHz for backscat-
tering (at side incidence) from drops with D > 3 mm. For example, the oblate
spheroidal model with D = 5 mm has about 10% lower σvv than the equilibrium
shape model. A brief overview of hydrometeor characteristics is presented next.

A. SHAPE

Raindrops can oscillate and deviate from their equilibrium shape. Oscillating
drops have been modeled, on average, as oblate spheroids (axis ratio < 1) with
larger axis ratios compared to the equilibrium shape model (Beard et al., 1983,
1991; Chandrasekar et al., 1988; Beard and Kubesh, 1991; Kubesh and Beard,
1993; Tokay and Beard, 1993; Keenan et al., 1997; Pruppacher and Klett, 1997;
Bringi et al., 1998). Ice phase hydrometeors such as hailstones, graupel particles,
and snowflakes may have irregular shapes as well as shapes that may be modeled
as spheroids (Pruppacher and Klett, 1997). Hailstones collected at ground level
in Colorado have oblate spheroidal (predominant shape) and conical shapes with
axis ratios varying between 0.5 and 1, with 0.77 being the approximate mean
value (Matson and Huggins, 1980; Knight, 1986).

There are a great variety of snow crystal shapes (Magono and Lee, 1966;
Pruppacher and Klett, 1997). In terms of their scattering characteristics for radar
remote-sensing applications, they can be grouped under three basic forms: colum-
nar, planar, and spatial crystals. The spatial crystals have the most complex and
difficult shapes to deal with in terms of scattering calculations, especially at the
higher millimeter wave frequencies such as 94 and 220 GHz, which show sensi-
tivity to the details of their structure. Bullet rosettes, capped columns, and side
planes are among such crystal types.

B. COMPOSITION

The composition of hydrometeors affects their dielectric constants and, as a re-
sult, their scattering characteristics. Raindrops are composed of water, which has
a temperature-dependent dielectric constant (Ray, 1972). This temperature depen-
dence has a negligible effect on the backscattering cross sections at the S band.
At higher frequencies the effect becomes noticeable for drop sizes at or near res-
onance scattering. On the other hand, ice phase hydrometeors are generally inho-
mogeneous particles composed of ice and air mixtures (except for certain pristine
crystals such as hexagonal plates, which are essentially solid ice). These can be
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treated as homogeneous particles for scattering calculations by using effective
dielectric constants determined by the Maxwell-Garnett or Bruggeman theories
(Bohren and Battan, 1980; Chapter 9). The same theories can also be applied to
particles with water in their mixture, such as spongy graupel particles and hail-
stones (Bohren and Battan, 1982; Chýlek et al., 1991; Fujiki et al., 1994; Menegh-
ini and Liao, 1996). Melting hailstones and other ice particles may also acquire
a coating of water or water–ice mixture on top of a solid ice or ice–air mixture
core (Rasmussen and Heymsfield, 1987). Such particles would have to be treated
as inhomogeneous scatterers.

C. FALL BEHAVIOR (ORIENTATION)

A raindrop falls in the atmosphere with its symmetry axis (which is the minor
axis of the oblate spheroid model) aligned in the vertical direction with very lit-
tle deviation (Pruppacher and Klett, 1997). The tilt of the symmetry axis from the
vertical direction is called canting. The mean canting angle for raindrops has been
estimated to be near 0◦ with a standard deviation less than 3◦. The fall behavior
of hailstones and graupel is not as well understood. Conical shapes fall with their
apex pointed upward most frequently, but the apex can also be pointed downward
(Pruppacher and Klett, 1997). For radar observations at near side incidence, it
does not make a difference either way, as long as the canting angle distributions
are the same. On the other hand, it is important to know if the symmetry axis
of oblate and prolate spheroidal models is along the vertical or horizontal direc-
tion. It has been suggested that oblate spheroidal hailstones may fall with their
minor axes, on average, vertically aligned (Knight and Knight, 1970; Roos and
Carte, 1973; List et al., 1973; Matson and Huggins, 1980) as well as horizontally
aligned (Knight and Knight, 1970; Kry and List, 1974). They can also tumble,
gyrate, and wobble. Such uncertainties in the falling pattern of hailstones make it
difficult to obtain quantitative information about these particles using polarimet-
ric techniques. Columnar and planar (larger than 100 µm) snow crystals fall with
their large dimensions horizontal and deviations from the horizontal plane exhibit
a Gaussian distribution (Pruppacher and Klett, 1997; Sassen, 1980). There are no
established relationships between size and canting angle distributions for water
and ice phase hydrometeors.

D. SIZE DISTRIBUTION

The gamma model size distribution is widely used for all types of hydromete-
ors and can be expressed as

N(D) = N0D
µe−$D [mm−1 m−3], (14)
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where D is a representative dimension of the particle such as equivalent-volume
spherical diameter or maximum dimension and N(D) dD is the number of parti-
cles per unit volume with sizes from D to D + dD. Raindrops have equivalent-
volume spherical diameters ranging from about 0.1 to about 8 mm. The well-
known exponential drop size distribution is a special case of Eq. (14) with µ = 0,
which has been used for raindrops (Marshall and Palmer, 1948) as well as for
hailstones (Federer and Waldvogel, 1975; Cheng and English, 1983; Musil et al.,
1976). The gamma model with varying values of µ is also used for raindrops and
snow crystals (Ulbrich, 1983; Kosarev and Mazin, 1991; Mitchell et al., 1996;
Tokay and Short, 1996). A bimodal size distribution composed of two gamma
model distributions has also been suggested for ice crystals (Mitchell et al., 1996).

IV. SCATTERING CHARACTERISTICS
OF HYDROMETEORS

Before dealing with the polarimetric radar signatures of hydrometeors it is
worthwhile to understand their single-scattering characteristics. The following
sections take a look at some of the important results reported in the literature.

A. RAINDROPS

Seliga et al. (1982a, 1984) and Jameson (1983) first investigated the effects of
oscillations on the backscattering cross sections of raindrops at the S band (10-cm
wavelength). The oscillating drops were modeled as spheroids with varying axis
ratios making them oblate at one extreme and prolate at the other (axisymmet-
ric oscillation). The differential reflectivity ZDR decreased by about a few tenths
of a decibel up to 1 dB, depending on the oscillation and the drop size distribu-
tion model parameters (Seliga et al., 1984). Jameson (1983) showed that for a
given axis ratio (r) distribution, Z−1

DR (expressed as a ratio) was proportional to
the power [|Shh|2] weighted average of r7/3. His results also indicated that ZDR
decreases because of drop oscillations and that the effects of oscillations could be
represented by axis ratios larger than the equilibrium values. Zrnic and Doviak
(1989) showed that oscillation magnitudes that produce less than 10% change
in the equilibrium axis ratios are insufficient to produce measurable changes in
S-bandZDR or KDP, yet they can lead to a detectable increase in the side bands of
Doppler spectra. Ka-band extinction cross sections of oscillating raindrops (axi-
symmetric oscillations) were shown to be well represented by average axis ra-
tio models (Aydin and Daisley, 1998). Several such models have been developed
and are used in polarimetric radar measurements of rainfall (Chandrasekar et al.,
1988; Beard et al., 1991; Beard and Kubesh, 1991; Kubesh and Beard, 1993;
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Tokay and Beard, 1993; Keenan et al., 1997). It should be noted that representing
drop oscillations with average axis ratios may be feasible for radar applications
at the S and C bands, but this approach may not yield acceptable results at higher
frequencies. Furthermore, the effects of transverse mode (different from the axi-
symmetric mode) drop oscillations on polarimetric radar observables have yet to
be determined. These effects could be significant at higher frequencies such as
the Ka band (8-mm wavelength), where it has been shown that the backscattering
parameters such as ZDR, CDR, and LDR are very sensitive to variations in the
shapes of ice and liquid water particles with size parameters ranging from about
1 to 16 and axis ratios from about 0.66 to 1.3 (Sturniolo et al., 1995).

B. HAILSTONES AND GRAUPEL PARTICLES

As ice phase hydrometeors descend through the 0◦ C level they begin to melt
and acquire a coating of water. Herman and Battan (1961) first studied the effects
of water coating on the backscattering cross sections of spherical ice particles.
They showed that the backscattering cross sections (at 3.21-, 4.67-, and 10-cm
wavelengths) for particles small compared to the wavelength increased with water
coating thickness. However, for larger sizes the trend became more complicated,
decreasing in some cases and increasing in others followed by oscillations. These
results showed good qualitative agreement with experimental measurements of
backscattering from melting hail in the laboratory (Atlas et al., 1960). Aydin et al.
(1984) considered oblate spheroidal and conical models of hailstones and the ef-
fects of water coating on σhh (which they denote σH), ZDR, and CDR at a wave-
length of 10 cm (Fig. 2). Figure 3 shows their results for the oblate spheroid
model with an axis ratio of 0.6 as a function of size and water coating thickness.
It is clear that σH, ZDR, and CDR increase with increasing water thickness. This
trend changes at the larger sizes (beyond those shown in the figure). For smaller
sizes the largest change in all these parameters takes place in the transition from
ice to ice with a 0.05-mm water coating. Increasing the coating thickness by a
factor of 10 beyond this does not create as much of a change. This trend does not
hold for the larger sizes. Although not shown here, the conical model scattering
parameters show similar behavior except thatZDR is negative. This is because the
axis ratio is greater than unity and its size (relative to the wavelength inside the
particle) is below the resonance scattering regime. Increasing the water thickness
makes ZDR even more negative for these sizes.

Hailstones and graupel particles have also been modeled with conical shapes
similar to the one shown in Fig. 2 but with the cone attached to an oblate spheroid
rather than a sphere (Aydin et al., 1984; Aydin and Seliga, 1984; Bringi et al.,
1984, 1986a, b). With this shape the axis ratio can be made less than unity, similar
to some observations with particle imaging probes mounted on aircraft. Computa-
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(a)

(b) (c)

Figure 2 (a) Oblate spheroidal model of hail. A nonuniform water coating is also shown. Note that
b/a = b′/a′ and D = 2a(b/a)1/3, where D is the equivolume spherical diameter. (b) Sphere–cone–
sphere model of hail. A nonuniform water coating is also shown. (c) Sphere–cone–oblate spheroid
model of soft hailstones. Reprinted from K. Aydin, T. A. Seliga, and V. N. Bringi (1984), Differential
radar scattering properties of model hail and mixed phase hydrometeors, Radio Sci. 19, 58–66.

tional scattering results for this model compared favorably with the positive ZDR
values measured simultaneously by an S-band (3 GHz) radar (Bringi et al., 1984,
1986a, b). Bringi et al. (1986a) utilized a melting model for graupel (Rasmussen
and Heymsfield, 1987) and derived height profiles of Zh and ZDR at the S band
and LDRh (LDR in the graph) at the X band (Fig. 4). It is clear that all three pa-
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(a)

(b)

Figure 3 Profiles of (a) σH and (b) ZDR and CDR of oblate spheroidal model of melting hail for
axial ratio b/a = 0.6 and various water coating thickness t . Reprinted from K. Aydin, T. A. Seliga,
and V. N. Bringi (1984), Differential radar scattering properties of model hail and mixed phase hy-
drometeors, Radio Sci. 19, 58–66.
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(a)

(b)

Figure 4 Vertical profile of (a) S-band reflectivity and (b) X-band LDR and S-band ZDR using the
graupel melting model for June 8, 1983. Note that the steady increase in ZDR with decreasing altitude
corresponds to the onset and progression of melting. The LDR “bright band” is due to soaking, water-
coated conical graupel. Reprinted from V. N. Bringi, R. M. Rasmussen, and J. Vivekanandan (1986a),
Multiparameter radar measurements in Colorado convective storms. I. Graupel melting studies, J. At-
mos. Sci. 43, 2545–2563. Copyright c© 1986 American Meteorological Society.
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Figure 5 Values of LDR for particles having the same intrinsic ZDR (ZDRI). The solid line cor-
responds to randomly tumbling oblate spheroidal particles, and the dotted lines correspond to the
Gaussian distribution of canting angles with the given standard deviation. Reprinted from I. R. Frost,
J. W. F. Goddard, and A. J. Illingworth (1991), Hydrometeor identification using cross polar
radar measurements and aircraft verification, Prepr. Vol., Conf. Radar Meteorol., 25th, Paris, 1991,
658–661.

rameters increase with decreasing height as a result of the melting of the graupel
particles. Both Zh and LDRh exhibit a “bright band,” where they reach a peak
value at a certain altitude as a result of soaking and water-coated graupel parti-
cles. ZDR reaches its maximum value when melting is complete and raindrops
are formed, which have smaller axis ratios compared to graupel. LDRh is reduced
when melting is complete because raindrops have very little canting, unlike grau-
pel particles.

Jameson (1987) derived relationships between linear and circular polarization
scattering parameters and illustrated the sensitivity of these parameters to particle
canting and radar elevation angle. Illingworth and Caylor (1989) and Frost et al.
(1991) showed that LDRh increases with increasing standard deviation of the
canting angle for oblate spheroidal particles (in the Rayleigh scattering regime)
having the same intrinsic ZDR, which is denoted as ZDRI in Fig. 5. ZDRI is ob-
tained when the v and h polarization directions are aligned with the oblate parti-
cle’s minor and major axes, respectively. Notice that LDRh (LDR in the graph)
increases with ZDRI and for a given ZDRI reaches its maximum value when the
particle is randomly oriented (in which case ZDR would be 0 dB). Frost et al.
(1991) showed, based on measurements at the S band and modeling results, that
the side-looking LDRh of wet aggregates is around −15 dB and for wet graupel
it is −25 dB, which are quite different and can be used in differentiating them.
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Several other studies on the scattering characteristics of melting hailstones
have been published in the literature (Longtin et al., 1987; Aydin and Zhao, 1990;
Balakrishnan and Zrnic, 1990a, b; Vivekanandan et al., 1990; Aydin and Girid-
har, 1991; Fujiki et al., 1994). All of these results illustrate the sensitivity of the
scattering parameters on the composition of the hydrometeors (most importantly
the amount of liquid water), their shape, orientation, and size. It is also empha-
sized that realistic modeling (e.g., melting models) is important for the proper
interpretation of radar measurements.

C. ICE CRYSTALS

Scattering from ice crystals is of interest for the interpretation of millimeter
wave radar measurements of clouds. Higher frequencies are more sensitive to the
smaller size ice crystals (typically less than 2 mm). The radar frequencies used for
this purpose are around 35 and 94 GHz because they lie in propagation windows,
that is, local minima in the absorption resulting from oxygen and water vapor
(Wiltse, 1981). 220 GHz is another possible frequency for this type of application.
However, it experiences significant attenuation in the atmosphere even though
it is in a propagation window. The 220-GHz frequency may be more useful on
airborne and spaceborne platforms. It should be noted that snowflakes formed
from aggregates of dendrites have sizes in the range 2–12 mm (Pruppacher and
Klett, 1997), in which case frequencies as low as 3 GHz would be suitable for
radar remote-sensing applications.

O’Brien and Goedecke (1988a) computed the polarimetric scattering charac-
teristics of a dendrite (with 4-mm maximum dimension) using the discrete dipole
approximation (DDA; Chapter 5) at a wavelength of 10 mm. They found rea-
sonable agreement for equivalent oblate spheroidal particles whose mass dis-
tributions were most similar to that of the dendrite. Evans and Vivekanan-
dan (1990) used the same method to study radar scattering from columns,
needles, and plates for the S through Ka bands and radiative transfer mod-
eling at 37, 85, and 157 GHz for microwave radiometry applications. They
noted the significant difference in the elevation angle dependence of LDR for
plates and columns. Vivekanandan et al. (1990) highlighted the elevation an-
gle dependence of S- and C-band LDR and ZDR for melting graupel parti-
cles. Vivekanandan et al. (1991, 1994) used prolate and oblate spheroids to
model ice crystals for scattering calculations at frequencies up to 35 GHz
and to evaluate the effects of orientation and bulk density variations. Ma-
trosov (1991) used the Rayleigh approximation to represent planar and colum-
nar ice crystals (up to 1 mm in maximum dimension) with oblate and pro-
late spheroidal models at a wavelength of 8 mm. He considered linear and
circular polarization parameters and concluded that the elevation angle depen-
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dence of LDR or CDR can be used to differentiate oblate and prolate spheroidal
particles.

Dungey and Bohren (1993) used the DDA to study scattering at 94 GHz from
hexagonal columns and plates and noted a marked difference between the two.
Aydin et al. (1994) compared radar measurements (12◦ elevation angle) at 95 GHz
with scattering computations for stellar crystals based on shadow images obtained
with an in situ two-dimensional cloud particle probe. They used the finite differ-
ence time domain (FDTD) method for the scattering computations (Kunz and
Lubbers, 1993; Taflove, 1995; Chapter 7). The simulated Zh compared very well
with the radar measurements and was found less sensitive to particle canting than
Zv. Schneider and Stephens (1995) compared the Rayleigh approximation using
spheroidal models with the DDA results for hexagonal columns and plates. They
concluded that the difference is small when the maximum dimension of a particle
is below 0.2, 0.6, and 1.4 mm for oblate spheroids (0.3, 0.8, and 2 mm for pro-
late spheroids) at wavelengths of 1, 3, and 8 mm, respectively. Liao and Sassen
(1994) and Sassen and Liao (1996) used the conjugate gradient fast Fourier trans-
form method to calculate the scattering characteristics of hexagonal plates, solid
and hollow columns, solid and hollow bullets, and bullet rosettes at frequencies
of 35 and 95 GHz. They derived relationships between the liquid water content
and the reflectivity factor for a mixture of these ice crystal types.

Tang and Aydin (1995) presented results on scattering from hexagonal
columns, hexagonal plates, and stellar crystals (Fig. 6). They considered ice crys-
tals aligned such that the column axis and broad surfaces of plates and stellar
crystals lie on the horizontal plane and are randomly oriented on this plane. They
showed that only the hexagonal column creates any measurable LDRh at vertical
incidence (they also noted that LDRh is higher for 220 GHz compared to 94 GHz).
Measurement of LDR at vertical incidence was suggested as a means of differen-
tiating columns from plates. They also showed that the phase matrix for this case
is diagonal; this can also be deduced from Eqs. (61)–(64) of Chapter 1, and it can
be obtained from LDR alone (for this case LDRh = LDRv):

〈Z〉 = 〈Z11〉
1 + LDR

⎡⎢⎢⎣
1 + LDR 0 0 0

0 1 − LDR 0 0
0 0 1 − LDR 0

0 0 0 1 − 3LDR

⎤⎥⎥⎦ . (15)

This is identical to the form described for orientation-independent media such as
trees, grass, and snow cover (Mead et al., 1991, 1993). Resulting from this form
of the phase matrix is the relation

ρhv = 1 − 2LDR, (16)

which is also derivable from results based on a different formulation (Jameson,
1987).
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Figure 6 (a) Hexagonal column, hexagonal plate, and stellar ice crystal models. (b) d/h as a function
of d, where d is the maximum dimension and h is the minimum dimension of the crystal. Reprinted
from K. Aydin and C. Tang (1997a), Millimeter wave radar scattering from model ice crystal distribu-
tions, IEEE Trans. Geosci. Remote Sens. 35, 140–146 ( c© 1997 IEEE).

The elevation angle dependence of LDRh and ρhv for hexagonal columns and
plates with a gamma model size distribution (µ = 1 and $ = 5 mm−1) showed
that the trends for columns and plates are the opposite of each other (Fig. 7; Ay-
din and Tang, 1997a). These two crystal types may be differentiated using the
elevation angle dependence of LDRh (or LDRv) or ρhv or simply from their val-
ues at vertical incidence. The use of the elliptical depolarization ratio (EDR) was
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(a)

(c)

Figure 7 Radar observables for a distribution of hexagonal columns (a) LDRh and (b) ρhv as a
function of radar elevation angle α at 94 GHz (solid line) and 220 GHz (dashed line). The canting angle
standard deviation is a parameter with values of 10◦ (diamond), 20◦ (square), and 30◦ (cross). Here a
gamma model size distribution is used with N0 = 1 µm−2 m−3, µ = 1, and $ = 5 × 10−3 µm−1.
(c) and (d) are the same as (a) and (b), but for hexagonal plates. Reprinted from K. Aydin and C. Tang
(1997a), Millimeter wave radar scattering from model ice crystal distributions, IEEE Trans. Geosci.
Remote Sens. 35, 140–146 ( c© 1997 IEEE).

suggested for particle identification with Ka-band radars (Matrosov and Kropfli,
1993; Matrosov et al., 1996). EDR shows similar trends as CDR and LDR, but
produces a stronger signal (with a smaller dynamic range), providing an advan-
tage in low reflectivity regions where CDR and LDR may be difficult to measure.
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(b)

(d)

Figure 7 (Continued.)

The scattering characteristics of spatial crystal forms such as bullet rosettes,
capped columns, and double plates have also been evaluated (Aydin and Walsh,
1996, 1998; Walsh and Aydin, 1997; Walsh, 1998). It is observed that aligned
spatial crystals can exhibit different scattering characteristics compared to pla-
nar and columnar crystals such as hexagonal plates, stellar crystals, hexagonal
columns, bullets, and needles. For example, at 220 GHz and for sizes larger than
0.4 mm the spatial crystals have LDRh, ZDR, and ρhv that do not change mono-
tonically as a function of the elevation angle as they do for planar and columnar
crystals.



470 Kültegin Aydın

V. DISCRIMINATION OF HYDROMETEORS
WITH POLARIMETRIC RADAR

Polarimetric radars have been most useful for the discrimination of hydrome-
teor types. It was recognized early on that ZDR (at the S band) might be used for
distinguishing raindrops from ice particles (Hall et al., 1980, 1984; Seliga, 1980;
Seliga et al., 1982b). At S-, C-, and X-band frequencies ZDR resulting from rain
is positive, ranging from a few tenths of a decibel up to 4 or 5 dB as a result of
their oblate spheroidal shape oriented with the minor axis in the vertical direction.
On the other hand, ZDR for snowflakes and graupel (before they begin to melt)
is close to 0 dB. This results from a much lower dielectric constant compared to
water, together with a shape and orientation that project an average aspect ratio
close to unity in the plane of polarization (the plane perpendicular to the incident
wave direction). When a radar scans vertically through a storm the regions of ice
and rain can be readily distinguished.

Radar observations of hail have shown both negative and positive ZDR (dB)
values. Regions of negative ZDR are generally associated with high values of Zh
and are considered as indicators of hail (Seliga et al., 1982a, b; Bringi et al., 1984,
1986b; Aydin et al., 1984, 1990b; Husson and Pointin, 1989). It was established
through radar observations of pure rainfall (Leitao and Watson, 1984) and simu-
lations based on raindrop size distribution measurements (Aydin et al., 1986) that
(Zh, ZDR) pairs caused by rainfall are clustered in a certain region of theZh–ZDR
plane. An upper bound can be obtained for the Zh of rainfall as a function ZDR.
Aydin et al. (1986) devised a hail signal HDR based on the difference between
the measured Zh and this upper bound (also called the rainfall boundary), which
could be used to identify regions of hail below the melting level. Figure 8 shows
the rainfall boundary and radar measurements in a hailstorm. The scatter plot con-
tains data from hail (above the boundary), rain (below the boundary), and regions
containing both rain and hail (a fuzzy region along the boundary). Using a simi-
lar approach, Balakrishnan and Zrnic (1990a) derived a rainfall boundary on the
Z–KDP plane (they define Z as the average of Zh and Zv) for differentiating rain
and hail. A similar concept was developed earlier by Steinhorn and Zrnic (1988).

In regions of a storm where there is a mixture of rain and hail it is of interest to
determine the fraction of the reflectivity caused by hail and rain. Golestani et al.
(1989) proposed a method that can be applied for this purpose. It is based on es-
tablishing a relationship between Zh and ZDP (the difference reflectivity), which
turns out to be linear on the dBZ scale. They show that radar measurements in rain
lie close to this “rain line.” Ice particles, because of their shapes and fall behavior,
appear to be more spherical on average and, as a result, have a negligible contribu-
tion to ZDP compared to raindrops. Therefore, the deviation from the “rain line”
indicates the presence of ice phase hydrometeors and the amount of deviation can
be used to estimate the fraction of Zh resulting from ice and rain.
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Figure 8 Scatter plot of ZH vs ZDR from radar measurements at a constant altitude of 400 m above
ground level. The solid line is the rainfall boundary. Reprinted from K. Aydin, T. A. Seliga, and
V. Balaji (1986), Remote sensing of hail with a dual linear polarization radar, J. Clim. Appl. Meteorol.
25, 1475–1484. Copyright c© 1986 American Meteorological Society.

The requirement of self-consistency among multiple parameters increases the
level of confidence in their interpretation. For example, Balakrishnan and Zrnic
(1990b) present vertical profiles of S-band Z (the average of Zh and Zv), ZDR,
KDP, and ρhv for a hailstorm in Oklahoma on May 14, 1986, which produced hail
smaller than 1 cm in size (Fig. 9). The profiles in Fig. 9a show that above the 0◦C
isotherm ZDR is near 0 dB and KDP is about 0◦ km−1, indicating the presence of
ice phase hydrometeors that are nearly spherical or are tumbling. The high value
of ρhv is consistent with the other parameters for dry hailstones (Balakrishnan
and Zrnic, 1990b; Aydin and Zhao, 1990). Below the 0◦C isotherm ZDR and KDP

begin to increase as a result of the onset of melting, while ρhv begins to decrease.
The authors indicate that the decrease in ρhv is due to mixed-phase hydrometeors,
which is consistent with melting hailstones. The presence of different hydrome-
teor types can lead to a reduction of ρhv (Jameson, 1989). The profiles in Fig. 9b
correspond to a later time in the storm when the precipitation has turned to strat-
iform type. Below the 0◦C isotherm a “bright band” is seen for both Zh and ZDR,
and ρhv decreases slightly below the melting region and increases further below
that, which are all consistent with the presence of rain at the ground.

An increasing number of studies are making use of multiparameter polarimet-
ric radar measurements for obtaining the microphysical characteristics of storms
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(a)

(b)

Figure 9 Vertical profiles of average reflectivity factor [Z = (ZH +ZV)/2], differential reflectivity
(ZDR), specific differential phase (KDP), and the co-polarized correlation coefficient (ρhv) measured
on May 14, 1986, at (a) 1559:32 CST at 40 km in range and 130◦ in azimuth. The 0◦C isotherm is
at 3.5 km, and the profiles are from averages over 2.1 km in range. (b) Vertical profiles as in (a) but
for 1611:06 CST. Reprinted from N. Balakrishnan and D. S. Zrnic (1990b), Use of polarization to
characterize precipitation and discriminate large hail, J. Atmos. Sci. 47, 1525–1540. Copyright c©
1990 American Meteorological Society.
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(e.g., Caylor and Illingworth, 1987; Illingworth et al., 1987; Bringi et al., 1991;
Meischner et al., 1991; Hubbert et al., 1993; Vivekanandan et al., 1993a, b;
Zrnic et al., 1993a, b; Meneghini and Kumagai, 1994; Ryzhkov and Zrnic, 1994;
Holler et al., 1994; Russchenberg and Ligthart, 1996; Hubbert et al., 1998). Some
studies are focused on understanding storm electrification processes through spa-
tial and temporal information on the hydrometeor characteristics obtained from
polarimetric radars (Seliga et al., 1983; Goodman et al., 1988; Metcalf, 1995,
1997; Jameson et al., 1996; Krehbiel et al., 1996; Shao and Krehbiel, 1996; Cay-
lor and Chandrasekar, 1996). Table I illustrates the range of values for polarimet-
ric radar observables corresponding to different precipitation types. Straka et al.

Table I

Values of Polarimetric Radar Observables for Various Precipitation Types. D0 Is the
Median Volume Diameter of Raindrops. These Values Are for S-Band Radar

Wavelengths. They Are Not Significantly Different at C Band Except for KDP,
Which Differs by about a Factor of 2.

Zh ZDR KDP LDRh ρhv δhv
(dBZ) (dB) (deg km−1) (dB) (deg)

Rain <28 0–0.7 0–0.03 <−32 >0.97 |δhv| < 1
(D0 < 1 mm)

Rain 28–60 0.7–4 0.03–10 −32– −25 >0.95 |δhv| < 1
(D0 > 1 mm)

Snow crystals, <35 0–6 0–0.6 <−28 >0.95 —
dry, high density

Snow aggregate, <35 0–1 0–0.2 <−25 >0.95 —
dry

Snow aggregate, <45 0.5–3 0–0.5 −20– −10 0.5–0.9 −5 < δhv < 10
wet

Graupel, dry, 20–35 −0.5–1 −0.5–0.5 <−25 >0.95 |δhv| > 1
low density

Graupel, wet, 30–50 −0.5–2 −0.5–1.5 −30– −20 >0.95 |δhv| > 1
high density

Hail, dry 45–60 −1–0.5 −0.5–0.5 −26– −18 >0.95 |δhv| > 1
(>5 mm)

Hail, wet, small 50–60 −0.5–0.5 −0.5–0.5 >−24 0.92–0.95 |δhv| < 15
(<20 mm)

Hail, wet, large 55–65 −1–0.5 −1–1 >−20 0.9–0.92 5 < |δhv| < 15
(>20 mm)

Rain/small wet 45–60 −0.5–6 0–10 >−25 <0.95 |δhv| < 15
hail

Rain/large wet 55–65 −0.5–3 0–10 >−22 <0.92 5 < |δhv| < 15
hail

Source: Adapted from Doviak and Zrnic (1993) using results from Straka et al. (1999).
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(1999) present a synthesis of information on multiparameter radar observables
using results from observational and model studies reported in the literature. This
information is utilized by Vivekanandan et al. (1999), who demonstrate a fuzzy
logic algorithm for categorizing hydrometeor habits.

It was noted earlier that linear, circular, and elliptical depolarization ratios
(LDR, CDR, and EDR) can be used for differentiating planar and columnar crys-
tals by their trends as a function of elevation angle (e.g., Fig. 7) or by simply mak-
ing observations at vertical incidence (Evans and Vivekanandan, 1990; Matrosov,
1991; Tang and Aydin, 1995; Matrosov et al., 1996; Aydin and Tang, 1997a).
Furthermore, ρhv can also be used in the same manner for this purpose (Aydin
and Tang, 1997a). Zrnic et al. (1994) showed that ρhv can be used to identify the
melting layer with a vertically pointing radar. These parameters should also be
useful for distinguishing spherical cloud droplets from columnar and planar ice
crystals. Reinking et al. (1997) report on Ka-band radar measurements of reflec-
tivity, LDR, and EDR in winter storm clouds. They suggest that it is possible to
separate graupel from drizzle and thick plates from graupel.

It should be noted that multiple-scattering effects could produce LDR and CDR
even in a medium filled with spherical particles. Theoretical results at 10 and
34.5 GHz for a thin rain layer composed of spherical raindrops show trends simi-
lar to experimental observations, suggesting that part of the depolarization signal
in the measurements is due to second-order multiple-scattering effects (Ito and
Oguchi, 1994; Ito et al., 1995).

Aydin and Walsh (1998) showed that using Zh and ZDP at side incidence (0◦
radar elevation angle) it is possible to identify columnar and planar crystals, as-
suming that only one type is present or dominant. It should be noted that this
technique could potentially be used at elevation angles up to about 75◦. Further-
more, based on these two parameters the presence of aggregates or spatial crys-
tals, which produce similar reflectivities at both h and v polarizations, could be
inferred. It should be possible to estimate the fraction of the reflectivity factor
resulting from the aggregates. These are accomplished by establishing Zh–ZDP
relations for columnar (hexagonal column) and planar (hexagonal plate, stel-
lar crystal, planar rosette) crystals through size distribution simulations (Walsh,
1998). Figure 10 shows 95-GHz radar measurements obtained with the Univer-
sity of Wyoming airborne radar system. On board the aircraft was a cloud particle-
imaging probe. The radar data shown here are for side incidence over the range
120–240 m away from the aircraft. The shadow images for the first case indicate
columnar crystals and the radar data follow the column line. The shadow images
for the second case indicate stellar crystals in part of the cloud and aggregates in
another part. The data are closer to the stellar crystal line and follow its slope.
Some of the data are distant from all of the lines and have smaller ZDP values
for a given Zh, indicating the presence of particles other than planar or columnar
crystals that do not contribute much to ZDP.



(a) (b)
Figure 10 (a) Columnar crystals observed from an airborne cloud particle imaging probe (top) and airborne 95-GHz radar Zh–
ZDP data for side incidence (below). (b) Same as in (a) but for stellar crystals and small aggregates. Note that the maximum
vertical dimension of the particle-imaging data is 800 µm. The lines shown (in order from left to right) correspond to simulations
for hexagonal column (solid), planar bullet rosette with four branches (dash-dotted), hexagonal plate (dashed), and stellar crystal
(dotted). Note that the plate and stellar crystal lines appear to be identical. Zh is the ice-based effective reflectivity factor. Reprinted
from T. M. Walsh (1998), Polarimetric scattering characteristics of planar and spatial ice crystals at millimeter wave frequencies,
Ph.D. Thesis, Pennsylvania State Univ., University Park, PA.
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All of the applications discussed previously are for monostatic polarimetric
radar systems in which the transmitters and receivers are colocated. Aydin et al.
(1998) proposed the use of bistatic polarimetric radar measurements for detect-
ing hail and estimating the median size of hail. A bistatic Doppler radar system
has already been demonstrated for measuring dual-Doppler vector wind fields
(Wurman, 1994). A polarimetric bistatic radar system should include a mono-
static radar (single or dual polarized) and a dual-polarized bistatic receiver located
at some distance from the radar (multistatic systems may have receivers at sev-
eral different locations). Simulations indicate that pairs such as (LDRv, ρv) and
(BBRv, Zv), for v-polarized transmission or a similar set for h-polarized trans-
mission, could be used to differentiate rain from hail. All of the bistatic radar
parameters are significantly affected by the amount of liquid water in the hail-
stones. It is suggested that the melting layer may be identified with polarimetric
bistatic radar measurements.

VI. QUANTITATIVE ESTIMATION WITH
POLARIMETRIC RADAR

A. RAINFALL

Polarimetric radar methods for estimating the rainfall rateR were developed to
overcome the problems associated with the traditional R–Z relationship method
(Battan, 1973), which is still in use by the National Weather Service today. Prob-
lems associated with R–Z (where Z can be Zh or Zv) relationships are well
known. Z is proportional to the integral of Dα over the drop size distribution
(DSD), where D is the equivalent volume diameter of a raindrop. α ≈ 6 for Z
at the S and C bands (and even at the X band for smaller raindrops), whereas
α ≈ 3.67 for the rainfall rate and 3 for the water content (Battan, 1973). As a re-
sult, the R–Z relationship is strongly dependent on the DSD, which can be quite
different from one rainfall event to another and can be highly variable even during
the same event (Waldvogel, 1974). The differential reflectivity (ZDR) was origi-
nally introduced for the purpose of improving radar rainfall estimates (Seliga and
Bringi, 1976). At the S- and C-band frequenciesZDR is a measure of the reflectiv-
ity weighted mean axis ratio (Jameson, 1983), which indicates that it is a measure
of raindrop size because size and axis ratio are related for equilibrium-shaped
drops (Pruppacher and Klett, 1997). If a two-parameter DSD is assumed, such as
the gamma model with a fixed value for µ, then it is possible to estimate the pa-
rameters of the DSD using ZDR andZh (Seliga and Bringi, 1976). In fact, it is not
necessary to assume a specific DSD model to estimate the rainfall rate R or water
contentM . These parameters can be obtained throughR–(Zh, ZDR) andM–(Zh,
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ZDR) relationships derived from disdrometer measurements of DSD (Seliga et al.,
1986; Aydin and Giridhar, 1992) or simulations of a variety of DSDs.

The use of the specific differential phase has also been suggested for improving
rainfall measurements with radar (Seliga and Bringi, 1978; Jameson, 1985, 1989;
Sachidananda and Zrnic, 1986, 1987). KDP at the S band is proportional to the
integral of Dα over the DSD with α ≈ 4.24 (Sachidananda and Zrnic, 1987)
for larger sizes and α ≈ 5.6 for smaller sizes (Ryzhkov and Zrnic, 1996). As a
result, the R–KDP relationship is not very sensitive to DSD variations for heavy
rain involving larger drops and becomes more sensitive in light rain with smaller
drops.

Comparisons of S-band radar rainfall rate estimates obtained using an
R–(Zh, ZDR) relationship have shown good agreement with rain gauge and
disdrometer measurements (Seliga et al., 1979, 1981; Goddard et al., 1982;
Bringi et al., 1982; Aydin et al., 1987, 1990a). Using gamma model DSD simula-
tions, Ryzhkov and Zrnic (1995) compared one and two-parameter relationships:
R–Zh, R–KDP, R–(Zh, ZDR) orR–(Zh, Zv), R–(KDP, ZDR). They concluded that
the R–(KDP, ZDR) relationship performs much better than the others; however, in
a case study comparing radar and rain gauge measurements the R–KDP relation-
ship performed just as well (the rain rate was mostly between 10 and 45 mm h−1).
Simulations by Chandrasekar et al. (1990) showed that R–KDP performs best for
R > 70 mm h−1; R–(Zh, ZDR) gives the least error among the three relationships
for 20 < R < 70 mm h−1 and is comparable to R–Zh forR < 20 mm h−1. Chan-
drasekar et al. (1993) developed a framework to optimally combine the estimates
of rainfall rates from these three relationships.

Zrnic and Ryzhkov (1996) showed that the R–KDP relationship is immune
to beam blockage and ground clutter canceling. However, they also noted that
KDP estimates of R have lower resolution (about 2–4-km radial resolution) com-
pared to methods using Zh (several hundred meters radial resolution) and KDP

is affected more by nonuniform beam filling (Ryzhkov and Zrnic, 1998). On the
other hand, theR–KDP relationship provides much better estimates of the rain rate
when mixed-phase precipitation is involved compared to those involving ZDR.
Balakrishnan and Zrnic (1990a) proposed using KDP to estimate the rain rate in
the presence of hail, based on the sensitivity of KDP to anisotropic scatterers.
Raindrops are highly aligned and considered anisotropic, whereas hailstones are
considered isotropic because they produce similar radar returns at h and v polar-
izations as a result of their shape and fall behavior. Therefore, only the raindrops
contribute to KDP, because the averaged difference of the two polarization com-
ponents in Eq. (12) will cancel for hail. This was experimentally demonstrated by
comparing the rainfall rate obtained using KDP with a ground-based rain gauge
and in situ confirmation of the presence of hailstones with rainfall (Aydin et al.,
1995; Hubbert et al., 1998).
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The use of attenuation, differential attenuation, and differential phase shift
along propagation links at microwave and millimeter wave frequencies have
also been proposed for measuring the rainfall rate and water content (Atlas and
Ulbrich, 1977; Giuli et al., 1991; Jameson, 1993; Jameson and Caylor, 1994;
Ruf et al., 1996; Aydin and Daisley, 1998). Measurements of millimeter wave at-
tenuation in rain and snow show promise for estimating rainwater and snow mass
contents (Wallace, 1988; Nemarich et al., 1988; Ruf et al., 1996). However, more
research is needed to determine the feasibility of techniques involving attenuation
and phase shift for path integrated rainfall and snowfall measurements.

B. ICE AND MIXED-PHASE HYDROMETEORS

Quantitative estimation of ice and mixed-phase precipitation parameters is a
difficult task owing to the significant variability in the shape, density (composi-
tion), and fall behavior of the hydrometeors involved. Polarimetric radars have
not been able to provide significant improvement in this area because none of the
polarimetric parameters is a measure of particle size. Some parameters have been
used to categorize hailstone size to be greater than or less than 2 cm in diameter
(Table I). However, this does not give the needed detail for estimating hailfall rate
or hailfall kinetic energy flux (Waldvogel et al., 1978a, b; Schmid and Waldvogel,
1986). Vertically pointing Doppler radars have been used to estimate exponential
hailstone size distributions from which the hailfall parameters can be estimated
(Ulbrich, 1978; Ulbrich and Atlas, 1982). Aydin et al. (1998) propose the use of
bistatic radar measurements such as Zv and BBRv orZh and BBRh for estimating
the parameters of an exponential hailstone size distribution based on simulations
using oblate spheroidal model hailstones. Earlier bistatic studies focused on rain
and the estimation of exponential raindrop size distributions using the bistatic co-
and cross-polarized reflectivities (Awaka and Oguchi, 1982) as well asZDR, LDR,
and CDR (Dibbern, 1987).
Rs–Zh relations (where Rs is the snowfall rate) for snowfall measurements

have been available since the 1950s (Battan, 1973; Smith, 1984; Matrosov, 1992;
Xiao et al., 1998), but their successful use has been limited owing to the variabil-
ity in the size distribution and the density of snowflakes. Relationships between
ice water content (IWC) or ice mass content and reflectivity factor have been
proposed for estimating ice cloud content (Sassen, 1987b; Vivekanandan et al.,
1994; Atlas et al., 1995; Schneider and Stephens, 1995; Sassen and Liao, 1996;
Aydin and Tang, 1997b; Ryzhkov et al., 1998). Large scatter in IWC estimates
from Zh measurements is predicted (Atlas et al., 1995), although some of this
scatter may be reduced in certain cases if the crystal types can be identified and the
corresponding IWC–Zh relations are used (Aydin and Tang, 1997b). Polarimet-
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ric techniques have also been suggested for this purpose, but they require further
investigation and experimental verification (Aydin and Tang, 1997b).

The ratio of reflectivity factors at two different frequencies (DFRs) has been
suggested for gauging hailstone size (Atlas, 1964). The idea was to make use of
the differences in the reflectivity factors corresponding to the Rayleigh and res-
onance scattering regimes such as 3 and 10 GHz for hailstones. This idea was
extended to gauging ice crystal size using frequency pairs such as 35 and 94, 35
and 220, and 94 and 220 GHz (Matrosov, 1993; Tang and Aydin, 1995; Sekel-
sky and McIntosh, 1996; Lohmeier et al., 1997). Meneghini and Kumagai (1994)
used a DFR (from 10 and 34.5 GHz) together with the 10-GHz reflectivity factor
to estimate the snow size distribution in clouds. More studies involving experi-
ments with in situ confirmation are needed to better assess the potential of these
techniques for ice crystal measurements.
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I. INTRODUCTION

Because microwaves readily penetrate clouds and do not depend on the sun as
a source of illumination, microwave radiometry provides an excellent compliment
to infrared and visible remote-sensing techniques. In contrast to active microwave
remote sensing (Chapter 16) in which a pulse is actively emitted from a source and
then backscattered from a target, passive microwave radiometers measure radia-
tion that is naturally emitted by some source, such as the atmosphere and surface
of Earth. This naturally emitted radiation may interact with other matter and be
scattered, absorbed, and reemitted before being detected by a radiometer. In this
chapter, microwave scattering by nonspherical hydrometeors will be discussed in
the context of remote sensing of precipitation.

The potential of using passive microwave radiometry for observing precip-
itation from space was first explored mathematically by Buettner (1963) over
three decades ago. In 1972, the first Electrically Scanning Microwave Radiometer
(ESMR) was launched aboard Nimbus-5, and some of the first spaceborne passive
microwave precipitation retrievals were performed. Soon thereafter, passive mi-
crowave precipitation observations were made using radiometers aboard Skylab in
1973, the Nimbus-6 ESMR in 1975, and the Scanning Multichannel Microwave
Radiometer (SMMR) aboard Nimbus-7 and Seasat-1 in 1978.

Since these early missions, several projects dedicated to the accurate measure-
ment of global precipitation have been developed. For example, the first Special
Sensor Microwave/Imager (SSM/I) was launched in June 1987 as part of the De-
fense Meteorological Satellite Program. Another project, the Global Precipitation
Climatology Project established by the World Climate Research Program, was
created to produce monthly global rainfall totals on a 2.5◦ latitude by 2.5◦ longi-
tude scale for the period 1986–95 using data returned from satellite observations.
In November 1997 the Tropical Rainfall Measuring Mission (TRMM) satellite
was launched as part of a joint program between the United States and Japan to
measure rainfall from space (Simpson et al., 1996).

Some satellite methods of precipitation estimation use visible or infrared mea-
surements to infer rainfall amounts. However, at these frequencies, the radiation
observed by satellite radiometers originates from cloud tops and, therefore, is an
indirect observation of the precipitation below. In contrast, measurements using
microwaves that can penetrate clouds provide a more direct means of observ-
ing and estimating precipitation. To derive a mathematical relationship between
the radiation measured by a satellite radiometer and the underlying precipita-
tion structure, physically based microwave rainfall retrieval algorithms typically
apply radiative transfer theory to microphysical cloud models to obtain bright-
ness temperature (TB) versus rain rate (R) relationships. In terms of the four-
component Stokes intensity vector introduced in Section XII of Chapter 1, the
brightness temperature is defined as the equivalent blackbody temperature of a
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given Stokes intensity vector component. Current and past sensors have measured
brightness temperatures at two orthogonal polarizations; future sensors may (and
some current airborne sensors do) include polarimetric channels to measure the
third (plane of polarization) and possibly the fourth (ellipticity) Stokes parameters
(see Gasster and Flaming, 1998; Yueh, 1997).

Mathematically, the brightness temperature for the first Stokes parameter is
obtained by inverting Planck’s law for a fixed wavelength λ to yield

TB,I (ϑ, ϕ) = C2

λ ln[1 + C1/{λ5|I (ϑ, ϕ)|}] sgn[I (ϑ, ϕ)], (1)

where C1 = 3.74126 × 108 W µm4 m−2, C2 = 1.4388 × 104 µm K, and I is
the radiant intensity propagating in the direction described by the polar and az-
imuthal angles ϑ and ϕ.1 The function sgn(x) is equal to 1 when its argument is
positive, equal to 0 when its argument is 0, and equal to −1 when its argument is
negative. Brightness temperatures for the other Stokes parameters (Q, U, and V )
are obtained by switching the symbol I with the symbol for the Stokes parameter
under consideration. Brightness temperatures for vertical and horizontal polariza-
tions (Section III of Chapter 1) are obtained by first defining the alternate Stokes
parameters

Iv = I +Q
2

, (2)

Ih = I −Q
2

, (3)

and then inserting Iv or Ih into Eq. (1) to obtain TB,v or TB,h, respectively, where
lowercase subscripts have been used to avoid confusion between vertically po-
larized brightness temperatures (“v”) and the fourth Stokes parameter brightness
temperature (“V ”).

Panegrossi et al. (1998) have noted that there is often a lack of consistency be-
tween model-generated TBs and those observed by actual satellite radiometers.
They suggest that some of this mismatch may be attributed to (1) using one-
dimensional radiative transfer models that do not account for three-dimensional
precipitation structures and (2) approximating all hydrometeor species as spher-
ical scatterers. Currently, it is not entirely clear how important these two issues
are in terms of retrieving accurate precipitation quantities from satellite-based
microwave radiometers. The three-dimensional issue has received some attention
(e.g., Roberti et al., 1994) throughout the years, but is still an outstanding prob-
lem. The assumption of spherical scatterers has also received some attention in

1The constants C1 and C2 are defined as C1 = 2πhc20 and C2 = hc0/k, where c0 is the speed
of light in a vacuum, h is Planck’s constant, and k is the Boltzmann constant. In some literature, the
constant C1 is defined as hc20.
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the passive microwave remote-sensing literature, but, even though the theory is
well known (Tsang et al., 1985), it is not entirely clear how the assumption of
sphericity impacts microwave precipitation retrievals.

The purpose of this chapter is to review the relevant literature that deals with
the effect of nonspherical randomly and nonrandomly oriented hydrometeors on
microwave brightness temperatures and to review the mathematical theory nec-
essary to model scattering by nonspherical hydrometeors in passive microwave
precipitation retrieval. It is known that small raindrops are nearly spherical, but as
raindrop size increases, the shape can depart significantly from spherical (Chuang
and Beard, 1990). Ice in the atmosphere can take on a variety of shapes and orien-
tations (Pruppacher and Klett, 1997; Matson and Huggins, 1980). Thus, although
no attempt is made here to quantify the effect of nonsphericity on passive mi-
crowave precipitation retrieval, it is hoped that the review presented will allow
interested researchers to pursue this issue on their own.

Because some researchers have speculated that hydrometeor shape influences
microwave polarization signatures, this issue is also touched upon. For example,
Spencer et al. (1989) observed polarization differences2 of about 5–10 K at the
85-GHz frequency of the SSM/I near convective cores over land and speculated
that they were due to oriented ice within stratiform precipitation areas. Heyms-
field and Fulton (1994a, b) noted SSM/I 85-GHz polarization differences between
8 and 13 K and 37-GHz polarization signatures up to 7 K in mesoscale convective
systems and in tornadic storms over land. Petty and Turk (1996) observed similar
85-GHz signatures in moderate to heavy precipitation in tropical cyclones over
the ocean. These authors attributed the polarization signatures to nonspherical
hydrometeors with a preferred orientation and proposed that this only happens in
stratiform-type precipitation (for convective precipitation, convective motion pro-
duces random orientation and larger, nearly spherical graupel particles, presum-
ably leading to smaller polarization signatures). In addition, Kutuza et al. (1998)
have observed large polarization signatures for downwelling microwave radiation
propagating through precipitation.

The chapter is organized as follows. Section II reviews previous work in mi-
crowave radiative transfer modeling of nonspherical hydrometeors. Section III
discusses the mathematical formulation for performing microwave radiative trans-
fer calculations with nonspherical hydrometeors. Section IV describes a simple
atmospheric model containing nonspherical hydrometeors and presents some mi-
crowave radiative transfer results for this model atmosphere. Finally, in Section V,
conclusions and suggestions for future work are given.

2The terms “polarization difference” and “polarization signature” are taken throughout the text
to mean the difference between vertically and horizontally polarized brightness temperatures, that is,
TB,v − TB,h (=TB,Q).



Chapter 17 Microwave Scattering by Precipitation 485

II. REVIEW OF PREVIOUS WORK

A. OVERVIEW

The intent of this section is to present an overview of previous work done in
the area of scattering by nonspherical hydrometeors in passive microwave precip-
itation retrieval studies. The following studies have been performed within the last
couple of decades and are reviewed here to provide a framework for understand-
ing the developments and the state of the art in this area. The following sections
are organized according to a common author (not necessarily the lead author) of
a set of papers. Some of the older studies (e.g., Oguchi, 1960) are not reviewed,
but the interested reader may piece together a more complete historical account
by referring to the citations in the studies reviewed here.

B. WEINMAN

1. Wu and Weinman (1984)

Wu and Weinman (1984) presented results showing upwelling3 brightness
temperatures at a zenith viewing angle of 50◦ for two orthogonal polarizations
and using nonspherical particles for frequencies of 6.6, 10.7, 18, 21, and 37 GHz.
They modeled polydispersions of oblate water drops and oriented oblate ice par-
ticles, over both water and land surfaces. The scalar form of the radiative transfer
equation was solved by using the Eddington approximation for each polarization
state. That is, horizontal and vertical extinction coefficients were defined and the
radiative transfer equation was solved separately for each polarization. A linear
anisotropic phase function defined by a polarization-independent asymmetry pa-
rameter was used, and the polarized extinction coefficients of the particles were
computed for an angle of 50◦ with respect to the particle semi-minor axis of sym-
metry. To approximate an optically smooth ocean surface, a constant emittance
value of 0.333 was used for horizontal polarizations, and a value of 0.605 was
used for vertical polarizations. Over land, the surface was modeled as a Lamber-
tian surface (see Section III.I) with an emittance of 0.9.

Despite the lack of rigor used in the formulation of the radiative transfer equa-
tion, several important observations were made by Wu and Weinman concerning
the effect of hydrometeor shape on the computed upwelling brightness tempera-
tures. First, spherical particles depolarize the strongly polarized signature emitted

3The term “upwelling brightness temperature” is taken throughout the text to mean the brightness
temperature that represents the net radiation emitted in an upward direction by the entire atmospheric
path between the ground and the observation point in the direction under consideration. “Downward
brightness temperature” is defined as the net radiation emitted in a downward direction from a semi-
infinite atmosphere along a given line of sight to an observation point on the ground.
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by an optically smooth ocean surface. The amount of depolarization increases
with frequency and with rain rate. For example, at 6.6 GHz and rain rates of
32 and 64 mm/h, the polarization difference is about 28.5 and 7.5 K, respec-
tively, while at 37 GHz the polarization differences are 6.6 and 0.6 K at rain
rates of 2 and 4 mm/h, respectively, and no polarization difference occurs for
higher rain rates. Over land, the signal is unpolarized for all frequencies and rain
rates.

Second, for spherical ice and nonspherical water drops, the signal over land
becomes slightly polarized (less than 1 K for all frequencies and rain rates). Over
water, the signal becomes depolarized as for the case of spherical hydromete-
ors, but never becomes completely depolarized for the range of frequencies (6.6–
37 GHz) and rain rates (2–64 mm/h) considered. For example, at 37 GHz the
polarization differences are about 1 K for rain rates between 4 and 16 mm/h.
However, this can be considered to be an almost negligible effect on the polariza-
tion signal.

Third, and most significantly, deforming the ice hydrometeors (from spheres to
spheroids) had the largest impact on upwelling polarization signatures over land
and water. For example, at 37 GHz and rain rates in excess of 48 mm/h, the polar-
ization signal was about 11 K. The polarization signal decreases monotonically as
frequency decreases (about 6 K at 21 GHz and rain rates greater than 32 mm/h).

2. Kummerow and Weinman (1988)

Kummerow and Weinman (1988) used the T -matrix method to compute the
extinction coefficients of polydispersions of horizontally oriented oblate ice and
raindrops with an incidence angle of 50◦ with respect to the particle semi-minor
axis. The frequencies considered were 10.7, 18, 37, 50.3, and 85.6 GHz. Unfortu-
nately, no radiative transfer computations were performed. However, the extinc-
tion coefficients were parameterized as a function of rain rate via

ke
[
km−1] = κ1R

κ2+κ3 lnR, (4)

where ke is a scalar extinction coefficient, ke,v = n0[K11 + K22]/2 or ke,h =
n0[K11 −K22]/2, n0 is the particle number density (see Chapter 1, Section VIII),
and R is the rain rate in millimeters per hour. Values of κ1, κ2, and κ3 were
presented for liquid water and ice for the aforementioned frequencies.

The authors found that the horizontally polarized extinction coefficients were
always larger than those for vertical polarization, but explained that this is be-
cause the hydrometeors were oriented with their long axis in horizontal alignment.
An important finding from this study was demonstrated in a figure depicting the
differences between the extinction coefficients of oblate spheroids and spheres
of equal volume for horizontally and vertically polarized radiation as a function
of rainfall rate for 18, 37, and 85 GHz. The figure showed that the horizontal
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(vertical) extinction coefficients for oblate particles are larger (smaller) than the
extinction coefficients for spherical particles and that the differences grow with
frequency and rainfall rate. For intermediate rainfall rates (10–50 mm/h) the ab-
solute differences are between about 0.02 and 0.07 km−1 for 85 GHz and between
about 0.005 and 0.03 km−1 for 37 GHz.

3. Schols et al. (1997)

Schols et al. (1997) performed vector radiative transfer computations on a
model atmosphere that contained spherical rain and oriented oblate snow and
melting particles. Upwelling brightness temperatures and polarization differences
were computed for a frequency of 85 GHz and a 53◦ viewing angle. The results
demonstrated that the melting particles elevated 85-GHz brightness temperatures
in comparison to results that excluded melting particles, and that the oriented ice
particles created a polarization signature. The model results were consistent with
observations over a stratiform rain event.

C. EVANS

1. Evans and Vivekanandan (1990)

This study presented a simulation of radar and radiometer remote sensing of
nonspherical atmospheric ice crystals. The study was geared toward the remote
sensing of cirrus cloud properties, and the radiometric simulations were per-
formed at frequencies of 37, 85, and 157 GHz. The discrete dipole approximation
(DDA; see Chapter 5) was used to compute the radiative properties of horizontally
oriented ice modeled as polydispersions of hexagonal plates, columns, and nee-
dles. These radiative properties were used as input to a vector radiative transfer
model based on the adding–doubling method (Evans and Stephens, 1991). It was
shown that, in general, ice particles of all shapes depress brightness temperatures
(compared to the cases without ice) for all viewing angles at these frequencies,
though the depression increases with frequency.

Some results from this study are shown in Figs. 1 and 2. Figure 1 shows the up-
welling brightness temperature TB,I and polarization difference TB,Q as functions
of zenith angle for 85 and 157 GHz and contrasts the base case (plates with den-
sity 0.92 g/cm3 and polydispersion maximum size of 2 mm) with a low particle
density (0.23 g/cm3) case and lower maximum size (1 mm) case. All computa-
tions were performed using a three-layer atmosphere over a Lambertian surface
(thus, polarization signatures are due to particle scattering only and not to surface
effects). The figure shows the strong dependence of the brightness temperature
depression on particle density and maximum size in the polydispersion. The po-
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Figure 1 Upwelling brightness temperature TB,I and polarization difference TB,Q as functions of

zenith angle for (a) 85 GHz and (b) 157 GHz. The base case (plates with density 0.92 g/cm3 and poly-
dispersion maximum size of 2 mm) are contrasted with a low particle density (0.23 g/cm3) case and
lower maximum size (1 mm) case. Reprinted from K. F. Evans and J. Vivekanandan (1990), Multi-
parameter radar and microwave radiative transfer modeling of nonspherical atmospheric ice particles,
IEEE Trans. Geosci. Remote Sens. 28, 423–437 ( c© 1990 IEEE).

larization difference TB,Q increases with bulk ice density, maximum particle size,
frequency, and viewing angle. The polarization difference increases with view-
ing angle because the particles are oriented in the horizontal plane and the path
length is longer. Finally, TB,Q is always positive, indicating that the horizontally
polarized radiation is being scattered out of the viewing direction, leaving more
vertically polarized radiation.

Figure 2 shows the effect of ice particle shape on upwelling brightness tem-
perature and polarization difference as a function of zenith angle for frequencies
of 85 and 157 GHz. The total ice mass for each case is 0.1 g/m3, but the vol-
ume of the largest ice columns (with maximum dimension of 2 mm) is twice
that of plates and 20 times that of needles. As shown in Fig. 2, the bright-
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Figure 2 Upwelling brightness temperature TB,I and polarization difference TB,Q as functions of
zenith angle for plates, columns, needles, and no ice layer: (a) 85 GHz and (b) 157 GHz. Reprinted
from K. F. Evans and J. Vivekanandan (1990), Multiparameter radar and microwave radiative transfer
modeling of nonspherical atmospheric ice particles, IEEE Trans. Geosci. Remote Sens. 28, 423–437
( c© 1990 IEEE).

ness temperature depression corresponds directly with the volume, with the more
voluminous particles (columns, then plates, then needles) creating the largest
depression.

2. Evans and Stephens (1995a, b)

Part I of this study (Evans and Stephens, 1995a) used the DDA to compute
the single-scattering properties of five shapes of ice (solid and hollow columns,
hexagonal plates, planar bullet rosettes, and spheres) at frequencies of 85.5, 157,
220, and 340 GHz. The large dimension of the particles ranged in size from 30 to
2000 µm, and the radiative properties of the polydispersion were computed using
18 different gamma size distributions (specified by characteristic particle size and
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distribution width) over these particles sizes. The long axes of the ice particles
were assumed to be randomly oriented in the horizontal plane, and the particle
aspect ratios varied according to empirical formulas.

Many important findings were presented in this paper. First, it was noted
that, for the frequencies considered, there are three regimes for extinction as a
function of particle volume: (i) Absorption dominates and varies as particle vol-
ume; (ii) Rayleigh scattering dominates varying as the square of the volume; and
(iii) beyond the Rayleigh regime scattering increases more slowly than the square
of the particle volume.

A second finding was that, for a given particle shape, the characteristic particle
size of the distributionLm (defined as the median of the distribution of the dimen-
sion L to the third power, where L is the particle maximum size) is important in
determining the extinction properties of the distribution. Finally, it was found that
particle shape also has a significant effect on polarization: Plates were found to
be the most polarizing shape, followed by planar rosettes and then columns.

The scattering quantities were also fit as functions of particle size for sev-
eral incident angles. Part II of the study (Evans and Stephens, 1995b) used these
quantities as input to a radiative transfer model to examine the sensitivity of up-
welling brightness temperature depressions at nadir and 49◦ as a function of ice
water path. More recently, Evans et al. (1998) have used the DDA and polarized
radiative transfer modeling to lay the theoretical foundations for cirrus property
retrievals.

D. TURK

1. Turk and Vivekanandan (1995)

Turk and Vivekanandan (1995) performed microwave radiative transfer simu-
lations by considering oriented ice plates, oblate raindrops, and conical graupel,
over both ocean and land surfaces. Results were presented for both upwelling and
downwelling viewing angles, for frequencies of 10, 20, 37, and 85 GHz.

Some of the results obtained in this study are shown in Fig. 3, which illustrates
the behavior of the upwelling brightness temperature as a function of viewing
angle for the case of a 4-km-thick layer of oblate raindrops with a constant rain
rate of 5 mm/h, underlying a 4-km layer of conical graupel, all over the ocean,
for frequencies of 20, 37, and 85 GHz. The effect of the graupel layer becomes
more pronounced as frequency increases: At 20 GHz, the addition of the graupel
layer is nearly negligible, but at 37 and 85 GHz, the graupel layer depresses the
brightness temperatures considerably relative to the graupel-free cases. For all
frequencies, the polarization difference can be quite large for off-nadir viewing
angles. For example, at 85 GHz, the polarization difference TB,Q is about +20 K
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Figure 3 Upwelling brightness temperatures TB,v and TB,h at 20, 37, and 85 GHz as a function of
view angle away from nadir. The thick curves denote a model consisting of a 4-km, 5-mm/h oblate
spheroidally shaped rain layer beneath a 4-km layer of conical shaped graupel, and the thin curves
denote a model consisting of a 4-km oblate rain layer only. Reprinted from J. Turk and J. Vivekanandan
(1995), Effects of hydrometeor shape and orientation upon passive microwave brightness temperature
measurements, in “Microwave Radiometry and Remote Sensing of the Environment” (D. Solomini,
Ed.), pp. 187–196, VSP, Zeist, The Netherlands.
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for viewing angles between 45◦ and 60◦. For a fixed viewing angle of 48◦ (results
not shown), the authors found polarization differences of about 20 K at 37 and
85 GHz for rain rates greater than 10 mm/h.

The authors also examined downwelling radiation at the surface and found
that for a frequency of 85 GHz, the net downwelling brightness temperatures
warmed with increasing ice plate mass content because of backscattering of
the atmosphere and surface into the radiometer field of view. The polariza-
tion difference was found to be negative and had values of as much as −25 K
for viewing angles between 45◦ and 60◦ from nadir. Computations at lower
frequencies did not show these large polarization differences or brightness tem-
perature warming because of the smaller albedo of ice at these frequencies. The
results were also somewhat sensitive to the amount of cloud liquid water in the
atmosphere.

2. Petty and Turk (1996)

This study used the model of Turk and Vivekanandan (1995) and compared
the results to observed SSM/I brightness temperatures. The observed brightness
temperatures were for situations corresponding to widespread, moderate to heavy
rainfall in tropical cyclones. In general, the model results tended to overemphasize
the polarization effects, though in many cases, the correct trends were produced.
Furthermore, the observed SSM/I polarization signatures for rain rates between 5
and 50 mm/h (i) decreased linearly from about +10 K to 0 K at 19 GHz (presum-
ably this is due to masking of the polarized surface as the atmosphere becomes
opaque); (ii) were fairly constant with a mean value of +3.2 K for 37 GHz (this
appears to be due to the scattering properties of the hydrometeors); and (iii) had
values ranging from between +5 and +10 K for 85 GHz (again due to scattering
by hydrometeors) in moderately scattering stratiform precipitation, and decreas-
ing for more intensely scattering convective precipitation.

E. LIU

1. Liu et al. (1996b)

Apparently, the first fully three-dimensional polarized microwave code was de-
veloped by Liu et al. (1996b). The code combines forward and backward Monte
Carlo techniques to solve the radiative transfer equation. Though the scheme does
allow for the treatment of polarized radiation, it requires that the extinction ma-
trix be diagonal, and, thus, it is not capable of modeling oriented particles, though
it is capable of handling randomly oriented axisymmetric particles (Q. Liu, per-
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sonal communication). This particular study considers only spherical particles and
places emphasis on three-dimensional effects rather than concentrating on vector
radiative transfer and polarization effects.

2. Liu and Simmer (1996)

This paper explored theoretically the effect of neglecting the vector radiative
transfer approach when computing upwelling microwave brightness temperatures
in the presence of spherical hydrometeors. The successive orders of scattering
method was used for one-dimensional vector radiative transfer computations, and
the Monte Carlo method (Liu et al., 1996b) was used for three-dimensional vector
radiative transfer computations. Though the formulation presented applies to ran-
domly oriented axisymmetric particles (spheres, spheroids, ellipsoids, etc.), the
findings of this study apply strictly to spherical particles. The formulation does
not apply to preferentially oriented particles.

An important finding of this study applies to a homogeneous plane-parallel at-
mosphere with thermal sources and containing spherical particles. The finding is
for polarized radiation emerging in an upward direction at the top of the atmo-
sphere and is stated in terms of the phase matrix element Z21 (see Section VI of
Chapter 1) as

Q ≥ 0, when Z21 ≤ 0 for all scattering angles, (5)

Q ≤ 0, when Z21 ≥ 0 for all scattering angles, (6)

Q = 0, when Z21 = 0 for all scattering angles. (7)

If the preceding relations are only satisfied for some scattering angles, then the
sign of Q depends on the single-scattering albedo, optical depth, and viewing
angle. For most cases involving microwave radiation, relation (5) applies. Rela-
tion (6) sometimes applies to ice clouds and high microwave frequencies. For pure
Rayleigh scattering, relation (5) applies.

The study also found that for finite (three-dimensional) clouds, the sign
and magnitude of the polarization can change with cloud size. In addition, it
was found that the upwelling polarization signature TB,Q due to spherical par-
ticles is typically only a couple of degrees Kelvin and never exceeds 10 K
for microwave frequencies. Observed polarization signatures for precipitating
clouds are sometimes larger, likely because of oriented nonspherical hydrome-
teors. Finally, it was found that the differences between using scalar and vec-
tor radiative transfer theory are negligibly small when considering spherical
particles.
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F. CZEKALA

1. Czekala and Simmer (1998)

Unlike the other studies reviewed in this section, Czekala and Simmer (1998)
consider only nonspherical liquid water drops and do not examine the effects
of nonspherical ice. This is important for understanding how nonspherical wa-
ter drops can affect microwave radiation. The full Stokes vector formulation of
the radiative transfer equation was used to model both upwelling and down-
welling microwave radiation from rain modeled as rotationally symmetric ellip-
soids with a size-dependent axis ratio. The particles were assumed to be oriented
with their rotational axis aligned along the vertical, and azimuthal symmetry was
assumed. The model computations were performed at frequencies of 10.7, 19.4,
and 37 GHz, and a Marshall–Palmer drop size distribution (Section III.D) was
used.

Figure 4 shows results of the difference (nonspherical minus spherical) of TB,Q
computations for eight upward viewing angles between 0◦ and 90◦ as a function
of rainfall rate. The surface emissivity is set to 1, so all polarization differences
are due to scattering by the particles. The figure shows that for viewing angles
from 8.3◦ to 51.8◦, the difference in the values of TB,Q between the nonspher-
ical and the spherical particles increases with frequency and rain rate. At larger
viewing angles, the difference between the two types of particles is frequency de-
pendent: At high frequencies the brightness temperatures begin to saturate so the
differences do not increase, but the differences at the lower frequencies continue
to increase.

The authors noted that for the various cases examined, the total intensity (or,
equivalently, the average of the horizontal and vertical brightness temperature) for
both the upwelling and the downwelling cases did not differ significantly between
the spherical and the nonspherical cases. In all upwelling cases, the nonspherical
drops yield larger polarization signals than the spherical drops. For downwelling
cases, the polarization difference between spherical and nonspherical drops is
negative; that is, the spherical particles produce a larger downwelling polariza-
tion signature than the nonspherical particles.

2. Czekala (1998)

This study models oblate and prolate spheroidal ice particles with axial ratios
of 5 and 0.2, respectively, and whose axis of symmetry is aligned along the verti-
cal. The ice is positioned between 9 and 10 km height, using an exponential size
distribution with a maximum equivalent sphere radius of 200 µm and a fixed ice
water content of 0.05 kg/m2. Results are computed for a frequency of 200 GHz
and upwelling viewing angles, with the emphasis placed on near limb-viewing
angles.



Figure 4 Results of the difference (nonspherical minus spherical) of polarization difference TB,Q computations for eight upward
viewing angles between 0◦ and 90◦ as a function of rainfall rate. Oriented oblate and spherical liquid rain drops are considered. The
surface emissivity is set to 1, so all polarization differences are due to scattering by the particles. Reprinted from H. Czekala and
C. Simmer (1998), Microwave radiative transfer with nonspherical precipitating hydrometeors, J. Quant. Spectrosc. Radiat. Transfer
60, 365–374.
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The results show that the polarization difference TB,Q for oblate particles is
positive for upward directions and negative for downward directions. For prolate
particles, the sign of TB,Q is reversed for these situations. The largest magnitude of
TB,Q is realized as the viewing angle approaches 90◦; for example, TB,Q exceeds
20 K for viewing angles greater than 85◦. The differences between spherical and
nonspherical particle results for the total intensity TB,I are as large as 10 K for
prolate and oblate particles, depending on the viewing direction.

G. HORNBOSTEL

1. Hornbostel et al. (1995)

Hornbostel et al. (1995) performed radiative transfer computations for down-
welling microwave radiation through polydispersions of oriented oblate raindrops
and compared the model results with ground-based polarimeter observations. In
addition, ground-based measurements of rain rate, disdrometer (drop size) data,
and other meteorological quantities were available for comparison with the po-
larimeter and model data. The results show the potential of inferring drop size
distribution parameters by inverting dual-polarized brightness temperatures. In
addition, the authors pointed out that measurements of downwelling brightness
temperatures from a hydrometeor layer often give larger polarization signatures
than those obtained by physical modeling with spherical particles. However, they
show that, by modeling raindrops as oblate spheroids, good agreement with mea-
surements is obtained.

2. Hornbostel and Schroth (1995)

This paper uses the method of successive orders of scattering to model the
downwelling 20-GHz brightness temperature received by a ground-based ra-
diometer. The model results show that the polarization difference (vertical minus
horizontal) is directly related to the drop size distribution (oblate raindrops with
their axis of symmetry aligned to the vertical are used). The authors demonstrate
that drop size distributions can be derived from measured radiometric polarization
differences, and then show how these drop size distributions can be used as input
parameters to compute the propagation properties of Earth–satellite communica-
tion paths.

3. Hornbostel et al. (1997)

This short paper investigates the potential of using the polarization informa-
tion from a ground-based radiometer to infer information about rainfall drop size
distribution parameters. The vector radiative transfer equation is solved for fre-
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quencies of 13, 19, 37, and 90 GHz and rain rates ranging from 0 to 100 mm/h.
The dependence of downwelling brightness temperatures (and brightness tem-
perature differences) is shown as a function of rain rate for several drop size
distributions.

4. Kutuza et al. (1998)

The paper by Kutuza et al. (1998) shows the possibility for a nonzero third
Stokes parameter brightness temperature (TB,U ) due to scattering by hydrome-
teors. An important theoretical result of this paper is that for a homogeneous
layer of nonspherical oriented raindrops, TB,U is dominated by the first az-
imuthal harmonic of the emission vector. For downwelling radiation, the model
results give values of downwelling TB,U on the order of 2–3 K, depending
on the rain rate, frequency, and mean drop canting angle. For a given fre-
quency, downwelling TB,U increases with rain rate, reaches a saturation value,
and then decreases. For a given rain rate, downwelling TB,U increases with
frequency. Upwelling TB,U over an ice crystal layer reach values of about
4–5 K.

5. Schroth et al. (1998)

The paper by Schroth et al. (1998) is a follow-up study to the Kutuza et al.
(1998) paper and shows the importance of including solar effects on modeling
of downwelling TB,U . For example, it is shown theoretically that, for microwave
frequencies and realistic nonspherical raindrop canting angles, the resulting TB,U

is about 2 or 3 K. However, including incident solar radiation increases these
values by 5–7 times.

H. OTHER WORK

1. Smith and Mugnai (1989)

The paper by Smith and Mugnai (1989) is the third in a series of papers that
investigates the effect of hydrometeors on upwelling microwave brightness tem-
peratures. The study only considers spherical particles, but it is worthy of men-
tion here because the series of papers was seminal in its use of a time-dependent
three-dimensional cloud microphysics model as input to a plane-parallel radiative
transfer model. From a physical perspective, the modeling effort in these stud-
ies was quite extensive and included several types of hydrometeors (rain, cloud,
graupel, hail, ice crystals). In addition, the radiative effects of ice size, ice density,
and mixed-phase layers were examined. The studies of scattering by nonspherical
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hydrometeors mentioned in the preceding sections have all used ad hoc atmo-
spheric models; thus, it would be important to extend the microphysical cloud
model approach of Smith and Mugnai (1989) to include nonspherical particles
to gain a better understanding of the importance of nonsphericity on microwave
scattering by precipitation. Roberti and Kummerow (1999) have recently made
some progress on this challenge.

2. O’Brien and Goedecke (1988a, b)

These papers considered polarized microwave scattering by dendritic snow
crystals at a 10-mm wavelength (30-GHz frequency). The studies examined the
effect of complex refractive index mixing rules, equivalent particle shape and size,
and mono- versus poly-disperse distributions on radiative cross sections and for-
ward scattering matrix elements. Solutions of the radiative transfer equation were
not performed, but the studies are fundamental in understanding the microwave
scattering properties of snow.

3. Tsang

The textbook by Tsang et al. (1985) provides an extremely comprehensive and
detailed coverage of the theory of microwave remote sensing, including treat-
ments of the vector radiative transfer equation and scattering by nonspherical par-
ticles. The textbook includes several examples of scattering by precipitation. The
paper by Tsang (1991) lays the theoretical foundation for exploring the poten-
tial of using passive microwave polarimetry (i.e., using all four components of
the Stokes vector) on remote sensing of geophysical terrain. Though the paper is
geared toward remote sensing of forests and vegetation, the formulation is com-
pletely general.

4. Three-Dimensional Studies

As mentioned previously in Section E, Liu et al. (1996b) and Liu and Sim-
mer (1996) were the first to publish results of a three-dimensional polarized mi-
crowave radiative transfer model to compute upwelling brightness temperatures
for precipitating atmospheres. Their results pertained to spherical particles only.
Their Monte Carlo model is capable of treating randomly oriented axisymmetric
particles, but cannot handle oriented particles. Haferman et al. (1997) presented
a three-dimensional polarized radiative transfer model based on the discrete ordi-
nates method and validated the results for plane-parallel atmospheres containing
randomly oriented axisymmetric particles. In principle, the model can handle ori-
ented particles, though it so far has not been applied to this type of situation.
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Roberti and Kummerow (1999) have developed a three-dimensional “forward–
backward” Monte Carlo code that treats spherical and/or randomly oriented non-
spherical hydrometeors. They have also developed a forward Monte Carlo code
that treats oriented nonspherical hydrometeors, but this code is for plane-parallel
situations. However, the code should be extendable to three dimensions. These au-
thors have intercompared some of their three-dimensional polarized computations
with favorable results, but this continues to be an active area of research.

5. Other Related Studies

There are many other studies that have considered the propagation of mi-
crowave radiation through nonspherical particles. However, most of the studies
considering passive remote sensing of precipitation have been reviewed in the pre-
ceding pages. Exceptions are the works by Huang and Liou (1983) and Bauer and
Schluessel (1993). Both of these studies used the full vector form of the radiative
transfer equation for plane-parallel atmospheres, but only considered spherical
particles.

Other related studies that do not specifically deal with passive microwave re-
mote sensing of precipitation include the following: several that considered the ef-
fect of precipitation on communication transmissions, for example, Oguchi (1960,
1981), Mishchenko (1992a), and Li et al. (1995); Macke and Großklaus (1998),
who considered the effects of nonspherical particles on lidar remote sensing of
precipitation; Jin (1998), who reviewed polarimetric scattering from nonspherical
particles as applied to remote sensing of land surfaces; and, finally, Aydin (Chap-
ter 16), who reviewed scattering by hydrometeors in the context of active remote
sensing of precipitation.

III. MATHEMATICAL FORMULATION

A. RADIATIVE TRANSFER THEORY

The vector radiative transfer equation (VRTE) for polarized monochromatic
radiation is given by Eq. (86) of Chapter 1. For media with thermal emission, for
example, atmospheric hydrometeors in the microwave regime, the VRTE includes
an additional emission term and is written for plane-parallel geometries as

cosϑ
d

dz
I(z;ϑ, ϕ) = −n0

〈
K(z;ϑ, ϕ)〉 I(z;ϑ, ϕ)+ Ka(z;ϑ, ϕ)Ib(T )

+ n0

∫ 2π

0

∫ 1

−1

〈
Z(z;ϑ, ϕ;ϑ ′, ϕ′)

〉
I(z;ϑ ′, ϕ′)

×d(cosϑ ′) dϕ′, (8)
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where the vector Ka is a four-component absorption coefficient vector with com-
ponents given by Eqs. (89)–(92) of Chapter 1 and Ib(T ) is the Planck blackbody
radiance of particles at temperature T . The other terms are defined in Chapter 1,
as is the laboratory reference frame in which the z axis and angles ϑ and ϕ are
defined.

The VRTE given by Eq. (8) is completely general for the case of a plane-
parallel medium and is the most rigorous and appropriate form of the radiative
transfer equation to use for sparsely distributed, preferentially oriented, nonspher-
ical particles. A simpler form of the VRTE is applicable to the situation of an
azimuthally symmetric radiation field (note that solar radiation or rough surfaces
may entail asymmetry). An example of this situation is a plane-parallel medium
containing axisymmetric nonspherical particles aligned parallel to the horizon-
tal (x–y) plane of the laboratory frame (Section III of Chapter 1) and randomly
aligned in azimuthal directions, with thermal emission as the only source of radi-
ation. For such a situation, the third and fourth Stokes parameters are identically
equal to zero, and the VRTE reduces to

cosϑ
d

dz
I(z;ϑ) = −n0

〈
K(z;ϑ)〉 I(z;ϑ)+ Ka(z;ϑ)Ib(T )

+ n0

∫ 1

−1

〈
Z(z;ϑ, ϑ ′)

〉
I(z;ϑ ′) d(cosϑ ′), (9)

where the Stokes vector is now I = [I,Q]T (T means transpose) and all vectors
and matrices are of length 2 and dimension 2×2, respectively [however, the (2, 2)
element of the phase matrix is computed using the (3, 3) element of the scattering
matrix; see Eq. (68) of Chapter 1]. Finally, for the case of randomly oriented
axisymmetric particles in a plane-parallel, azimuthally symmetric radiation field,
the extinction matrix and absorption coefficient vector become scalars and the
VRTE reduces to

cosϑ
d

dz
I(z;ϑ) = −n0CextI(z;ϑ)+ n0CabsIb(T )

+ n0

∫ 1

−1

〈
Z(z;ϑ, ϑ ′)

〉
I(z;ϑ ′) d(cosϑ ′), (10)

where the extinction and absorption cross sections Cext and Cabs are defined in
Section XI of Chapter 1, I = [I,Q]T, and Z has dimension 2 × 2 [see the
note regarding the scattering matrix following Eq. (9)]. For unpolarized radiation,
Eq. (10) reduces to the more familiar scalar radiative transfer equation.

Several methods for numerically solving the VRTE are described in the liter-
ature. Most of these methods use discrete angles and quadrature summation to
simplify the integration term that appears in Eqs. (8)–(10). An exception is the
Monte Carlo method, which uses probabilistic interaction laws to trace photons
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through a medium. Overviews of Monte Carlo methods for solving the VRTE are
given by Adams and Kattawar (1993) and Marchuk et al. (1980). Descriptions of
backward (or adjoint) Monte Carlo methods, which trace photons from a detec-
tor back to a source, are given by Liu et al. (1996b) and Roberti and Kummerow
(1999).

Other numerical techniques for solving the plane-parallel VRTE include the
method of successive orders of scattering (Hornbostel and Schroth, 1995; Liu
and Simmer, 1996; Czekala and Simmer, 1998), the matrix operator method
(Liu et al., 1991), the method of invariant embedding (Adams and Kattawar,
1970), the Gauss–Seidel method (Herman et al., 1995), the matrix-eigenvalue
technique (Ishimaru, 1978), the iterative method (Tsang et al., 1984; Jin,
1991; Kuga, 1991), the adding method (Hansen, 1971; Hovenier, 1971; Evans
and Stephens, 1991), and the discrete ordinates method (Haferman et al., 1997;
Schulz et al., 1999b). This list is not intended to be exhaustive, but is provided to
give the reader an entry to the terminology and literature.

It should be noted that some VRTE solution methods with differing names are
quite similar to one another, whereas some methods with the same names but
different authors can be very different from one another. For example, the adding
method of van de Hulst (1980) is a special case of the matrix operator method
(Plass et al., 1973). On the other hand, Evans and Stephens (1991) note that their
adding method is very different from that described by Hansen (1971).

B. RADIATIVE (SINGLE-SCATTERING) PROPERTIES

The radiative properties for the VRTE in general depend on direction; position;
wavelength; and particle size, composition, and orientation. For a small volume
of independent scatterers, the radiative properties of the volume are computed by
averaging the single-scattering properties of the volume of scatterers over size,
shape, and orientation (Section X of Chapter 1). To define the scattering volume
for single-scattering purposes, it suffices to specify:

a. The particle size distribution N(r) dr that gives the number of particles per
unit volume having an equivalent-sphere radius between r and r + dr and
satisfies the normalization

∫ rmax
rmin

N(r) dr = n0 (where rmin and rmax are the
minimum and maximum radii of the distribution)

b. A definition of an equivalent sphere (e.g., an equivalent sphere may be
defined as a sphere having an equal volume or an equal average projected
cross-sectional area to a given nonspherical particle)

c. A description of the particle shape, for example, the particle aspect ratio
a/b, where a/b < 1 for prolate spheroids and a/b > 1 for oblate
spheroids, with a and b representing the lengths of the nonrotational and
symmetry axes, respectively
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d. The refractive index of the particle
e. The wavelength under consideration

Given these specifications, the solution to Maxwell’s equations for the scat-
tered field of the polydispersion of particles in terms of the ensemble-averaged
phase matrix (Chapter 1, Section VI) may be computed. The scattering proper-
ties needed for the VRTE may then be computed according to the formulas of
Chapter 1.

C. SIZE DISTRIBUTION

In Chapter 1, the particle size distribution was written as a function of particle
radius. For convenience, the particle size distribution is written in the remainder
of this chapter as a function of particle diameter (for notes on converting size dis-
tributions between diameter and radius, see Appendix A). Using this convention,
the particle size distribution N(D) gives the number of particles per unit volume
with diameters betweenD andD+ dD. In the case of nonspherical particles, the
distribution gives the number of particles per unit volume with equivalent-sphere
(Appendix B) diameters between D and D + dD. The most general size distri-
bution commonly employed in microwave precipitation studies is the modified
gamma distribution for spherical particles, written as

N(D) = N0($D)
P1 exp

[−($D)P2
]
, (11)

where N0, $, P1, and P2 are parameters. Gasiewski (1993) provides expres-
sions for computing quantities such as mean diameter, diameter variance, mode
diameter, total particle number density, fractional volume, liquid and ice water
density, and reflectivity, using this distribution. Setting P1 = 0 and P2 = 1 re-
duces Eq. (11) to an exponential distribution

N(D) = N0 exp[−($D)]. (12)

Of particular significance is the Marshall–Palmer distribution, which results by
setting

N0 = 8000m−3 mm−1

$ = 4.1R−0.21 mm−1

}
Marshall–Palmer, (13)

where R is the rain rate in millimeters per hour. The Marshall–Palmer distribu-
tion is very widely used in precipitation modeling to describe the size distribution
of liquid raindrops. The drop size distribution can vary greatly over meteorolog-
ical conditions, but the Marshall–Palmer distribution is a good representation of
“average” rainfall. Bauer et al. (1998) have used the exponential distribution of
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Table I

Sample Coefficients of Exponential Size Distribution for Four Hydrometeor Types
[i.e., Eq. (12): N(D) = N0 exp(−�D); N0 = c1Rc2 ; � = c3Rc4 ; R Is the Rain Rate
in mm/h]. Dmin and Dmax Are the Minimum and Maximum Diameters in the Size

Distribution, and ρ Is the Particle Density

Hydrometeor c1 c2 c3 c4 Dmin Dmax ρ

type (m−3 mm−2 h) (mm−3 h) (mm) (mm) (g m−3)

Rain 7000 0.37 3.8 −0.14 0.2 2.5 1
Snow 1500 −0.38 2 −0.34 0.5 5 0.2
Graupel 3400 −0.01 2.2 −0.24 0.5 3 0.5
Hail 12.1 0 0.42 0 1 35 0.9

Source: Based on Bauer et al. (1998).

Eq. (12) to model four hydrometeor particles (rain, snow, graupel, and hail). De-
tails are provided in Table I.

Another distribution that is commonly employed is the gamma distribution

N(D) = N0D
P exp[−$D], (14)

which has the three parametersN0, $, and P . Evans and Stephens (1995a) have
used this distribution to model nonspherical ice crystals and suggest that the inte-
gration over a discrete size distribution [cf. Eq. (50) of Chapter 1] be performed
using∫ ∞

0
N(D)k(D) dD ≈

N∑
i=1

k(Di)

∫ Du
i

Dl
i

N(D)

(
D

Di

)ζ
dD =

N∑
i=1

nik(Di), (15)

where k(Di) represents a scattering property of a single particle in the ith bin,Dl
i

and Du
i are the lower and upper bounds of the ith bin, and the weight (D/Di)ζ

is introduced to account for increasing contribution to the scattering properties
with increasing size. For the gamma distribution, it follows that ni may be written
as

ni = N0D
−ζ
i $

−(P+ζ+1)[�(P + ζ + 1,$Du
i

) − �(P + ζ + 1,$Dl
i

)]
, (16)

where �(a, x) is the incomplete gamma function. A value of P = 0 yields an ex-
ponential distribution, though values of P = 1 and P = 2 are also typically used
(as P increases, the width of the distribution decreases). Schneider and Stephens
(1995) suggest a range of 0 to 6 for the parameter ζ .
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D. SHAPE DISTRIBUTION

1. Raindrops

Pruppacher and Pitter (1971) parameterized the shape of the surface of a rain-
drop using a series of Chebyshev polynomials that defines the radius of the rain-
drop with respect to the polar angle θ via

r(θ) = r0
(

1 +
∞∑
n=0

cn cos(nθ)

)
, (17)

where r0 is the radius of the undistorted spherical drop. This equation generates
shapes that are consistent with observations showing that falling raindrops typ-
ically have a nearly oblate shape with a nearly round top and flattened bottom,
where the flat bottom tends to become more extreme as the particle increases in
size. For spheroids, shape can be characterized by defining the particle aspect ra-
tio a/b, where a and b are the lengths of the nonrotational and symmetry axes
(sometimes in the literature, a and b refer instead to the particle semi-major and
semi-minor axes, or vice versa). The spheroid is “oblate” when a/b > 1, “pro-
late” when a/b < 1, and spherical for a/b = 1. In some of the equations that
follow, the ratio b/a will be used to uphold the conventions defined in this para-
graph.

A recently published set of coefficients for Eq. (17) is presented by Chuang and
Beard (1990), who parameterize the aspect ratio b/a as a function of equivalent
spherical raindrop diameterD (in centimeters) using (the coefficient of the second
term has been corrected according to personal communication with K. Beard)

b

a
= 1.01668 − 0.098055D− 2.52686D2 + 3.75061D3 − 1.68692D4. (18)

This equation is useful for approximating raindrops as oblate particles and is valid
for the diameter range 0.1–0.9 cm. Other parameterizations of the particle aspect
ratio for raindrops have been reviewed by Chandrasekar et al. (1988). The most
recent work by Beard and co-workers (Andsager et al., 1999) gives the following
formula for nonoscillating drops (e.g., raindrops in the presence of an electric
field) (D in centimeters):

b

a
= 1.0048 + 0.0057D− 2.628D2 + 3.682D3 − 1.677D4, (19)

valid for the diameter range 0.1–0.9 cm, and, for oscillating raindrops,

b

a
= 1.012 − 0.1445D− 1.028D2, (20)
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valid for the diameter range 0.1–0.44 cm. The preceding formula is from a fit to
measurements from several published results.

2. Ice

Ice crystals (e.g., plates, dendrites, and columns), which tend to assume a pref-
erential orientation, take on a wide variety of shapes. Matrosov et al. (1996)
have compiled a list of coefficients to describe ice crystal shapes for use in the
formulas

d = a2L
f , (21)

ρ = a1L
c, (22)

where d (cm) is the crystal thickness, L (cm) is the maximum particle dimension,
and ρ is the ice crystal density (g cm−3). The coefficients a1, a2, f, and c are
listed in Table II. Wang (1997) has used elementary mathematical functions to

Table II

Coefficients of the Bulk Density—Size and Thickness—Major Dimension
Relationships [i.e., Eq. (21) Thickness: d = a2L

f ; Eq. (22) Density: ρ = a1Lc] for
Different Ice Crystal Classes. Except for Aggregates, Dimensions Are in Centimeters

and Densities Are in Grams per Cubic Centimeter. For Aggregates,
ρ(g cm−3) = 0.07S−1.1, where S Is the Particle Major Dimension in mm, and the

Particle Shape Can Be Modeled as Prolate and Oblate Spheroids

Ice crystal class a1 a2 f c

Dendrites 0.25 0.009 0.377 −0.377
Solid thick plates 0.916 0.138 0.778 0.0
Hexagonal plates 0.916 0.014 0.474 0.0
Solid columns (L/d ≤ 2) 0.916 0.578 0.958 0.0
Solid columns (L/d > 2) 0.916 0.260 0.927 0.0
Hollow columns (L/d ≤ 2) 0.53 0.422 0.892 −0.092 (cold)

0.82 −0.014 (warm)
Hollow columns (L/d > 2) 0.53 0.263 0.930 −0.377 (cold)

0.82 −0.014 (warm)
Long solid columns 0.916 0.035 0.437 0.0
Solid bullets (L ≤ 0.03 cm) 0.916 0.153 0.786 0.0
Hollow bullets (L > 0.03 cm) 0.77 0.063 0.532 −0.0038
Elementary needles (L < 0.05 cm) 0.916 0.030 0.611 0.0
Aggregates (see table caption)

Source: Based on Matrosov et al. (1996).
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represent the size and shape of ice crystals. The relationship between a given ice
crystal and the diameter of a sphere of equivalent volume is discussed by Evans
and Stephens (1995a).

Hail and graupel are ice hydrometeors that are in general larger than the ice
crystals mentioned previously. Hail and graupel are usually spheroidal or conical
in shape and tend to tumble or wobble when falling and do not generally assume
a preferential orientation. Wang (1982) has proposed a very general function to
describe the shape of hail and graupel and has also provided expressions for cross-
sectional area, volume, and surface area of the particle. Turk and Vivekanandan
(1995) modeled the shape of graupel as a cone with a 45◦ half angle connected
to a half-oblate spheroidal bottom, which is related to an equal volume sphere
according to

D3 = b2

2
h+ a. (23)

In Eq. (23), a and b are the semi-minor and semi-major axes of the spheroidal
bottom, h is the cone height, and D is the diameter of the equal volume sphere.
Matson and Huggins (1980) studied hailstones falling in their natural environment
and found that 84% of the observed hailstones were spherical and the remainder
were roughly conical. However, in one storm, they found roughly half of the hail-
stones to be conical. Overall, they found the mean ratio of minimum to maximum
hailstone dimensions to be about 0.77. The results of Bringi et al. (1986a, b) imply
that the relations for rain given by Eqs. (18)–(20) are reasonable approximations
for hail and graupel.

For mixed-phase particles (e.g., melting particles), Schols et al. (1997) used
the linear relationship

a

b
= f

(
a

b

)
liquid

+ (1 − f )
(
a

b

)
ice
, (24)

where f is the fraction of the particle that is melted and (a/b)liquid and (a/b)ice
are the aspect ratios for liquid and ice phase particles, respectively, for a given
equivalent spherical diameter.

E. ORIENTATION DISTRIBUTION

The orientation distribution (see Section X of Chapter 1) used in the major-
ity of studies of nonspherical hydrometeor scattering for passive microwave pre-
cipitation retrieval has been such that the particles are either randomly oriented
[Eq. (54) of Chapter 1] or perfectly aligned along an axis of symmetry [Eq. (55)
of Chapter 1] (with the exception of the work by Kutuza et al., 1998). As men-
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tioned in Section D, observational evidence indicates that raindrops fall with a
flattened bottom (Pruppacher and Pitter, 1971), ice crystals tend to fall with their
long axis aligned perpendicular to the direction of fall (but because of electri-
fication sometimes orient themselves with their long axis parallel to the fall di-
rection; see Caylor and Chandrasekar, 1996), and graupel and hail tumble and
wobble as they fall (Matson and Huggins, 1980). Examples of nonrandom ori-
entation distributions are the truncated Gaussian distribution used by Aydin and
Tang (1997a)

p(β) = exp[−(β − β)2/2σ 2]∫ π/2
0 exp[−(β − β)2/2σ 2] sin β dβ

, (25)

where β is the mean drop canting angle and σ is the standard deviation, and the
harmonic oscillator distribution of Vivekanandan et al. (1991)

p(β) = 1

πβm

[
1 −

(
β − β
βm

)2]−1/2

, (26)

where βm is the amplitude. Equation (26) must be normalized to unity over
the range β ± βm. Equations (25) and (26) are one-dimensional probability
distributions in β. Other examples of one-dimensional orientation distributions
are given by Mishchenko (1991b) and Karam et al. (1995). Multidimensional
orientation distributions are given by Metcalf (1988), Holt (1984), and Tsang
(1991).

F. COMPLEX REFRACTIVE INDEX

The amplitude matrix (defined in Section IV of Chapter 1) requires specifica-
tion of a particle complex refractive index

m ≡ mr + imi, (27)

where the real part mr is related to how fast light propagates through the species
and the imaginary part mi is related to how much radiation the species absorbs.
For liquid water, Ray (1972) has used an extension of Debye theory to obtain
refractive indices of water ranging from −20 to 50◦C and ice from −20 to 0◦C.
A more recent tabulation of the complex refractive index of ice has been given by
Warren (1984). Both the Ray (1972) and the Warren (1984) studies cover a large
portion of the electromagnetic spectrum, including the microwave. For the refrac-
tive index of ice in the microwave,mr has an approximately constant value of 1.78
for all frequencies and temperatures, whereasmi is weakly frequency and temper-
ature dependent and ranges from about 10−4 to 10−2 (very weak absorption). The
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refractive index for liquid water in the microwave has a stronger frequency and
temperature dependency, with mr ranging from between about 3 and 10 and mi
ranging from approximately 0.5 to 3 (strong absorption) for microwave frequen-
cies and common atmospheric temperatures.

The complex refractive index of mixtures (e.g., porous ice consisting of ice
and air, or spongy ice consisting of ice and water) is treated in detail in Chapter 9.
Bohren and Battan (1982) also cover this topic and compare the Maxwell-Garnett
(treatment of a mixture as a nonsymmetric host and inclusion) versus the Brugge-
man (treatment of the substances as symmetric) theories of the effective dielectric
constant (ε ≡ m2) for a two-component mixture. Smith and Mugnai (1989) prof-
fer the following mixing formula for porous ice:

mmix = [
fairm

2
air + (1 − fair)m

2
ice

]1/2
, (28)

where the fraction of air is defined as

fair = 1 − ρp

ρi
, (29)

with ρp set to the density of porous ice [0.45 gm cm−3 in the Smith and Mugnai
(1989) study] and ρi set to the density of pure ice (0.91 gm cm−3). The refractive
index of moist air is given by Battan (1973) as

mair = 1 + 10−6
[

77.6

T

(
P + 4810

ev

T

)]
, (30)

where P is the air pressure and ev is the partial pressure of water vapor, both in
millibars. An alternate relationship for the complex refractive index of an ice–air
mixture is given by Matrosov et al. (1996) as

m2
mix − 1

m2
mix + 2

= (1 − fair)
m2

ice − 1

m2
ice + 2

. (31)

Finally, a formulation for computing the refractive index of most snow based on
Debye theory is given by Sadiku (1985).

G. HYDROMETEOR TERMINAL VELOCITY

Some of the size distributions described in Section C use the rain rate R as a
parameter. This value of R should be considered a nominal rain rate; the true rain
rate (ignoring vertical air velocities) is given by

R =
∫
v(D)N(D)V (D) dD, (32)
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where v(D) is the terminal velocity of a particle with equivalent spherical diame-
terD and V (D) is the particle volume. Because nonspherical particles could have
significantly more or less drag force exerted on them as they fall, the rain rate
computed using Eq. (32) could differ for an identical volume of spheres versus
nonspheres. Expressions for v(D) for various precipitation particles are given by
Mitchell (1996).

H. MODELING THE ATMOSPHERE

In general, solution of the VRTE requires specification of a model atmo-
sphere, including profiles of density, pressure, temperature, and atmospheric
gases. Ulaby et al. (1981) provide formulas for these quantities for the U.S. stan-
dard atmosphere. Most researchers prescribe an ad hoc atmosphere for perform-
ing simulations, though several studies have used cloud models (e.g., Smith and
Mugnai, 1989; Roberti et al., 1994).

In the microwave region of the spectrum, gaseous absorption and emission are
due to water vapor and oxygen; no other species contribute significantly in this
spectral region. For water vapor, the model by Liebe et al. (1993) with the up-
dates suggested by Rosenkranz (1998) is arguably the best microwave water vapor
model available. A state-of-the-art model for microwave attenuation by gaseous
oxygen is described by Liebe et al. (1992).

I. MODELING THE SURFACE

1. Boundary Conditions

The boundary conditions for the VRTE may be written as

I+(z0) = ψIb(T0)+ (1 − fd)RsI−
m + fd

π

[
RdI−

c +
∫ 2π

0
νRdI− dϕ′

]
, (33)

Io(z1) = Io
ba + Io

c δ(ϑ − ϑ ′) δ(ϕ − ϕ′), (34)

where the superscripts +, −, and o represent radiation moving from the lower
boundary at z = z0 toward the domain, from the domain toward the lower bound-
ary, and from outside the upper boundary at z = z1 toward the domain, re-
spectively. The vectors Iba and Ic denote background and collimated radiation,
respectively, I−

m is the Stokes vector in the direction mirroring that of I+, and
δ( ) is the Dirac delta function. The symbol fd is set to 1 for the case of dif-
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fuse reflection and is set to 0 for the case of specular reflection. The symbol
ψ denotes the emission vector, Ib(T0) is the Planck blackbody radiance for the
surface at temperature T0, and the symbols Rs and Rd are the bidirectional re-
flectance matrices for specular and diffuse reflection, respectively. Finally, ν is
the cosine of the angle between the propagation direction and the normal to the
boundary under consideration. Equation (33) states that the Stokes vector for
radiation leaving the surface at z = z0 is due to emission plus contributions
from specularly and diffusely reflected radiation. Equation (34) states that ra-
diation transmitted from outside the boundary at z = z1 is due to background
and collimated radiation (collimated radiation is generally ignored for microwave
applications).

2. Lambertian (Diffuse) Surfaces

A Lambertian, or diffuse, surface is an idealized surface that is “perfectly”
rough and therefore emits and reflects equally in all directions. For such a surface,
in which the reflected radiation is unpolarized, the bidirectional reflection matrix
is given by

Rd =
⎛⎜⎝
ρ0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎠ , (35)

where ρ0 is the hemispherical reflectance at the boundary. The emission vector
for a Lambertian surface is given by

ψ =
⎛⎜⎝
ψ0
0
0
0

⎞⎟⎠ , (36)

where ψ0 is the unpolarized hemispherical emittance of the boundary. For the
case of a diffusely reflecting boundary, the emission vector given by Eq. (36) is
used in Eq. (33) with fd = 1.

3. Fresnel (Specular) Surfaces

A Fresnel, or specular, surface is an idealized surface that is “perfectly”
smooth. For such a surface, the reflected radiation is polarized and angle depen-
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dent, and the bidirectional reflection matrix is given by (Tsang et al., 1985)4

Rs =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1

2

(|Rv|2 + |Rh|2
) 1

2

(|Rv|2 − |Rh|2
)

0 0

1

2

(|Rv|2 − |Rh|2
) 1

2

(|Rv|2 + |Rh|2
)

0 0

0 0 Re
(
RvR

∗
h

)
Im

(
RvR

∗
h

)
0 0 − Im

(
RvR

∗
h

)
Re

(
RvR

∗
h

)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

(37)
where the vertical and horizontal reflection coefficients are given by the Fresnel
relations

Rv(µ) = m2µ −√
m2 + µ2 − 1

m2µ +√
m2 + µ2 − 1

, (38)

Rh(µ) = µ − √
m2 + µ2 − 1

µ + √
m2 + µ2 − 1

, (39)

where µ = cosϑ . The radiation emitted by a purely specularly reflecting surface
is also polarized and angle dependent, and the emission vector is given by

ψ =

⎛⎜⎜⎜⎜⎜⎝
1 − 1

2

(|Rv|2 + |Rh|2
)

− 1

2

(|Rv|2 − |Rh|2
)

0
0

⎞⎟⎟⎟⎟⎟⎠ . (40)

For the case of a specularly reflecting boundary, the emission vector given by
Eq. (40) is used in Eq. (33) with fd = 0.

4. Rough Surfaces

The boundary conditions stated in the preceding sections assume that the sur-
face is perfectly rough or smooth. However, realistic surfaces require a more com-
plicated surface emission vector and reflection matrix. Tsang et al. (1985, pp. 70,
203) draw upon the classic work of Beckmann and Spizzichino (1963) to develop
upper and lower limits for the reflection matrices for random rough surfaces for all
four Stokes parameters. More recently, Gasiewski and Kunkee (1994) have devel-
oped a tilted-facet geometrical optics model to obtain expressions for the emission
vector and reflection matrix for the first three Stokes parameters, and Yueh (1997)

4The sign of U differs between Chapter 1 and Tsang et al. (1985). Therefore, the sign of the [3, 4]
and [4, 3] elements in the reflection matrix given here also differs from Tsang et al. (1985).
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has presented a two-scale scattering model (Bragg scattering by small-scale waves
plus coherent reflection by large-scale waves) to accurately describe the emission
and reflection for all four Stokes parameters.

IV. EXAMPLES OF MODEL ATMOSPHERE
SIMULATIONS AND RESULTS

In this section, a simple atmospheric model containing nonspherical hydrome-
teors is described and polarized microwave radiative transfer results are presented.
These examples are simple enough so that interested researchers may use the re-
sults as benchmarks.

A. DESCRIPTION OF MODEL ATMOSPHERE

The atmospheric system used for the examples in this section is based on the
microwave example of Evans and Stephens (1991), but is modified to incorporate
spheroidal particles. The system is summarized in Table III. The system consists
of two 4-km-thick layers, where the upper layer contains spheroidal ice particles,
the lower layer contains spheroidal raindrops, and the temperature profile varies
linearly within each layer such that T = 300 K at the surface, T = 273 K at
the ice/rain interface, and T = 245 K at z = 8 km. The atmospheric gaseous
absorption coefficient is set to kgas = 0.01 and kgas = 0.15 km−1 for the lower

Table III

Summary of Parameters Used for Model Atmosphere Radiative Transfer
Simulations. The Temperature Indicated Is for the Layer Interface; within

Each Layer, the Temperature Varies Linearly. The Gaseous Absorption
Coefficient kgas Is Constant within Each Layer. Tback Is the Equivalent

Blackbody Temperature of the Cosmic Background, and m Is the
Complex Refractive Index of the Fresnel Surface

Tback = 2.7 K

z (km) T (K) kgas,19 (km−1) kgas,85 (km−1)

8 245 0.005 0.01
4 273 0.03 0.15
0 300

m = 3.724 + i2.212
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and upper layers, respectively, at 85 GHz and kgas = 0.005 and kgas = 0.03 km−1

for these layers at 19 GHz.
The two-layer atmosphere is placed above a specularly reflecting surface with

an index of refraction of m = 3.724 + i2.212, representing a smooth ocean sur-
face at a temperature of 300 K. Unpolarized, diffuse, background radiation at a
blackbody equivalent temperature of 2.7 K, representative of cosmic background
radiation, is incident from above the atmosphere. These boundary conditions are
stated as

I+(z = 0 km) = ψIb(300 K)+ RsI−
m, (41)

Io(z = 8 km) = Ib(2.7 K)× (1, 0, 0, 0)T, (42)

where the various terms are defined following Eqs. (33) and (34) in Section III.I.

B. SINGLE-SCATTERING PROPERTIES OF HYDROMETEORS

For the numerical examples described in the subsequent section, frozen hy-
drometeors are placed in the upper atmospheric layer and liquid hydrometeors in
the lower layer. The radiative properties for a Marshall–Palmer distribution (Sec-
tion III.C) of randomly oriented axisymmetric particles are computed using the
T -matrix method (Chapter 6). The Marshall–Palmer distribution is transformed
into a power law distribution so that the integrations required for averaging over
size distribution may be done analytically (see Appendix C). The radiative prop-
erties for preferentially oriented axisymmetric particles are computed using the
DDA (Chapter 5), and the integration over the Marshall–Palmer distribution is
performed using Eq. (16). For all of the cases presented, equivalent-volume sphere
diameters are used in the Marshall–Palmer distribution to describe the polydis-
persion. The complex refractive index of ice is computed according to Warren
(1984) and of liquid water according to Ray (1972). All frozen hydrometeors are
taken as pure ice with a density of 0.91 g cm−3. For all species the lower and
upper limits of integration are taken as rmin = 0.054 mm and rmax = 6 mm,
respectively.

The rain rate R in the Marshall–Palmer distribution is hereafter referred to as
the nominal rain rate, because it is a proxy parameter used to specify the drop
size distribution and is not necessarily the actual rain rate that would result from
Eq. (32). Some results for the radiative properties of randomly oriented liquid wa-
ter drops at 19 GHz are shown as a function of the nominal rain rate R in Fig. 5.
Because the particles are randomly oriented and axisymmetric, the radiative prop-
erties for the VRTE reduce to scalars. The results in Fig. 5 consider axis ratios of
0.5, 1, and 2 and show that, for a given volume of liquid water, all of the proper-
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Figure 5 Radiative properties of a Marshall–Palmer distribution of randomly oriented axisymmetric
water drops at a frequency of 19 GHz.

ties (extinction, scattering, and absorption coefficient) are largest for the prolate
(a/b = 0.5) particles, are slightly smaller for the oblate (a/b = 2) particles, and
are the smallest for the spherical (a/b = 1) particles. The trends are the same for
liquid water at 85 GHz, though the differences are most extreme for the 19-GHz
case.

For ice, the scattering properties of ensembles of randomly oriented axisym-
metric particles are not significantly different from those of an equivalent volume
of spherical particles (results not shown). On the other hand, the scattering ma-
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Figure 6 Scattering matrix elements for a Marshall–Palmer distribution of randomly oriented ax-
isymmetric ice particles at a frequency of 85 GHz.

trix elements (Section XI of Chapter 1) can differ significantly. For example, the
scattering matrix components shown in Fig. 6 for spheres versus oblate spheroids
with a/b = 5 demonstrate that there are large differences at certain scattering
angles for elements other than the F11 element.

For preferentially oriented nonspherical particles, very large differences in the
single-scattering properties can occur for equivalent volumes of different parti-
cle shapes. For additional details, the reader should refer to Evans and Stephens
(1995a).
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C. RADIATIVE TRANSFER RESULTS AND DISCUSSION

For the results that follow, a Marshall–Palmer distribution of hydrometeors
(using equivalent-volume sphere diameters) is placed into each layer as described,
and the adding–doubling method (Evans and Stephens, 1991, 1995b) is used to
solve the VRTE. The resulting Stokes parameters are transformed into equiva-
lent blackbody temperatures, and results are presented for an upwelling viewing
direction of 53◦ and frequencies of 19 and 85 GHz.

1. Randomly Oriented Axisymmetric Particles

The first example considers randomly oriented axisymmetric ice and liquid
hydrometeors. A Marshall–Palmer distribution of ice described by the nominal
rain rate R is placed into the upper layer, and the same distribution of liquid
hydrometeors is placed into the lower layer. The shapes considered are prolate
(a/b = 0.5), spherical (a/b = 1), and oblate (a/b = 2), with all particles within
the distribution assuming the same shape (i.e., no distribution of shapes is consid-
ered). According to the formulas presented in Section III.D, raindrop axial ratios
are typically between 0.5 and 1, so giving the entire distribution an axial ratio of
0.5 can be considered an extreme case. Ice particles can take on larger aspect ra-
tios, so for this example, ice axial ratios of a/b = 0.25 and 4 are also considered.

In addition to the “base case” that considers rain and ice, cases with rain only
and ice only are also considered. Several quantities are defined here for discussion
purposes:

Tv,� = Tv,sphere − Tv,spheroid, (43)

Th,� = Th,sphere − Th,spheroid, (44)

TQ,� = TQ,sphere − TQ,spheroid, (45)

where the subscripts v, h, and Q indicate brightness temperatures for verti-
cal, horizontal, and vertical minus horizontal polarizations, and the subscripts
“sphere” and “spheroid” indicate the particle shape used in the model atmosphere.
In general, at 85 GHz, |Tv,�| and |Th,�| are less than 2 K for all cases considered
except for the extreme case that considers ice spheroids with axial ratios of 0.25
and 4. In this case, |Tv,�| and |Th,�| range from about 5 to 10 K, but |TQ,�| is
always less than 2 K.

The most significant departure from spheres is for 19 GHz considering rain
only or rain and ice, where |Tv,�| and |Th,�| can reach values in excess of 5 K.
Figure 7 shows plots of T19h and T19v,� as a function ofR. The plot of T19h shows
that the brightness temperature increases more rapidly with rain rate for spheroids
than for spheres. This is because the radiative characteristics for this case (Fig. 5)
are larger for the spheroidal particles and, thus, the emission at a fixed low rain
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Figure 7 Upwelling 19-GHz brightness temperatures at a viewing angle of 53◦ for a raining atmo-
sphere with randomly oriented axisymmetric ice and water particles. The atmosphere is described in
the text and in Table III. T19h is the upwelling horizontal brightness temperature, and T19h,� is the dif-
ference between spheres and an equivalent volume of spheroids for the 19-GHz horizontally polarized
brightness temperature.

rate is stronger for the spheroidal particles (T19h,� < 0). At larger rain rates,
the opacity and scattering is greater for spheroidal particles, which leads to a
larger depression than for spherical particles (T19h,� > 0). The results for vertical
polarization are similar. Figure 8 shows TQ for this case, and it also shows the
difference TQ,�, which exceeds 2 K (to a maximum of nearly 6 K) for rain rates
between about 1 and 10 mm/h. Because the raindrop axial ratios considered are
extreme, the results should be interpreted as limiting cases.

A final set of cases were run using the previous set of atmospheres as input to
the scalar RTE. For randomly oriented axisymmetric particles, the extinction, ab-
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Figure 8 As in Fig. 7, but the polarization difference TQ (=Tv − Th) is shown. Thus, T19Q,� is
the difference of polarization signatures between spheres and an equivalent volume of spheroids for a
frequency of 19 GHz.

sorption, and scattering coefficients are scalar quantities. For input to the RTE, the
phase function (the [1, 1] element of the scattering matrix) is used, and the ver-
tical or horizontal reflection coefficients (as appropriate) are used at the bottom
boundary in order to compute Tv and Th, respectively. For all of the cases con-
sidered, the results from the RTE were always within 2 K of the more rigorous
VRTE results as long as the appropriate spheroidal particle properties were used.

It should be noted that this example only considered randomly oriented par-
ticles at two frequencies and over a Fresnel surface. It appears that randomly
oriented spheroidal particles do not significantly impact radiative transfer results
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in comparison to results obtained using spherical particles. However, it would be
worthwhile to perform similar numerical experiments using other surface types,
additional microwave frequencies, and mixed-phase particles.

2. Preferentially Oriented Axisymmetric Particles

The second example considers ice particles oriented with their long dimension
aligned parallel to the ocean surface in the layer from 4 to 8 km. The rain layer
from 0 to 4 km is filled with spherical water drops with a constant nominal rain
rate of R = 2 mm/h. Results are compared as a function of ice nominal rain rate
for spherical ice versus solid ice columns. The aspect ratio for the columns is that
from Eq. (21) and Table II, namely, d = 0.260L0.927, though the density is fixed
at 0.91 gm cm−3 for both particle shapes.

Results of the VRTE solution are depicted in Fig. 9. For a given ice nominal
rain rate, a given percentage of spherical ice is converted to oriented columnar
ice for particles with an equivalent spherical diameter of 1 mm or less [see also
Evans and Vivekanandan (1990) and Roberti and Kummerow (1999) for similar
modeling experiments]. The top panel of Fig. 9 shows how T85h decreases for a
fixed rain rate as the fraction of oriented ice columns is increased. The results
for T85v (not shown) are largely unaffected by converting spheres to columns.
Presumably, this is due to the columns being oriented with their long dimension
aligned with the horizontal plane, and thus, the relatively larger scattering and
extinction properties along the line of sight (see Evans and Stephens, 1995a) lead
to a more depressed horizontally polarized brightness temperature.

Because T85h decreases as the fraction of columns is increased and T85v re-
mains approximately fixed, the polarization difference T85Q (bottom panel of
Fig. 9) increases with the fraction of columns. For the case of all spheres, the
polarization difference is about 2 K or less for all values of R. However, this
value increases by converting spheres to columns and reaches a value of nearly
25 K for a rain rate of about 1.7 mm/h with 100% of the spheres converted to
columns.

V. CONCLUSIONS AND RECOMMENDATIONS

This chapter has considered scattering by nonspherical hydrometeors in the
problem of passive microwave remote sensing, with particular emphasis placed on
modeling microwave radiation propagating through layers of precipitation. Sev-
eral studies dealing with this topic were reviewed in Section II. In general, most
of the previous work has considered spheroidal ice and water particles oriented
along an axis of symmetry. Some of the studies considered the effects of coni-
cal shaped hail and a few of the others considered dendritic ice crystals of various
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Figure 9 As in Fig. 7, but for oriented ice particles at a frequency of 85 GHz. The lower layer con-
tains spherical water drops at a fixed rain rate of 2 mm/h. The percentage “Spheres to Columns” indi-
cates the percentage of ice spheres at the given nominal ice rain rate that are converted to equivalent-
volume horizontally oriented ice columns. The upper panel shows the upwelling horizontal brightness
temperature T85h, and the lower panel shows the upwelling polarization signature T85Q.

shapes such as columns, plates, and needles. All of the studies found that, theoret-
ically, the oriented nonspherical particles give rise to brightness temperatures that
can differ considerably from models that use spherical hydrometeors only. How-
ever, the magnitude and sign of the difference between spherical and nonspherical
model results depends heavily on frequency, viewing angle, and properties of the
underlying surface. A seemingly important practical finding of these studies is
that oriented ice and water particles can produce larger polarization signatures
(the difference between the vertical and horizontal brightness temperature) than
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can be obtained from spherical particles. Observations of polarization signatures
up to 13 K from the 85-GHz channel of the SSM/I within stratiform precipitation
regions have been reported previously and there are accounts of 37-GHz polar-
ization signatures up to 7 K from airborne radiometers observing tornadic storms
over land. If these signatures are truly due to hydrometeors, the studies reviewed
here indicate that modeling of such signatures requires the use of oriented non-
spherical particles.

Section III provided the necessary mathematical framework for interested re-
searchers to develop their own models of microwave radiative transfer through
atmospheres containing nonspherical hydrometeors. The topics covered included
the vector radiative transfer equation (incorporating thermal emission and mul-
tiple scattering); details regarding single-scattering properties; definition of size,
shape, and orientation distributions; and information on the complex refractive
indices of water and ice, modeling the surface, and modeling the atmosphere. De-
tails on the numerical methods for solving the equation of transfer are not covered,
but references are supplied. The computation of the particle radiative properties
are covered in some of the other chapters in this book.

Finally, Section IV presented two examples of microwave radiative transfer
through atmospheres containing nonspherical particles. The first example con-
sidered an atmosphere with randomly oriented axisymmetric ice and water. The
results for this example indicated that, for 19 and 85 GHz over an ocean sur-
face, nonsphericity has a small impact on the radiative transfer results and that
there is not much difference between using the scalar and vector radiative trans-
fer theory as long as the appropriate radiative properties are used. The second
example considered an atmosphere containing horizontally oriented ice columns
and spherical ice over a raining layer. The results for this example showed that
the upwelling horizontally polarized 85-GHz brightness temperatures are up to
nearly 20 K lower for a case with mixed spheres and columns versus a case with
spheres alone. In addition, residual polarization signatures of 5–20 K were found.
The results from this second example indicate that polarization signatures that
are sometimes observed in precipitation events are very likely due to oriented hy-
drometeors. Furthermore, to correctly model this type of situation, one must use
the rigorous vector radiative transfer theory.

Though several researchers have investigated the topic of nonsphericity in mi-
crowave radiative transfer in scattering precipitating atmospheres, there are still
several important outstanding issues that require investigation. Foremost among
these is the question “What impact does nonsphericity actually have on mi-
crowave precipitation algorithms?” The answer to this question, however, depends
largely on the ability to correctly model nonspherical particles within microwave
radiative transfer models.

One of the important modeling issues that still needs to be developed fur-
ther is the incorporation of nonspherical particles into three-dimensional, time-
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dependent, cloud microphysical structures. In addition, it would be interesting
to examine cases that include vertically aligned ice particles, which occur in
lightning-producing thunderstorms. Another modeling issue worthy of consider-
ation is the determination of whether detailed particle shape is important in mi-
crowave radiative transfer modeling [as an example, it might be possible to model
dendritic ice columns with an “equivalent” spheroid—Schneider and Stephens
(1995) have touched upon this issue for active remote-sensing applications]. Fi-
nally, it is extremely important to continue to gather microwave observations and
coincident observations from an independent source to confirm model results. In
this way, a better interpretation of microwave signals and an improved accuracy
of geophysical retrievals will be attained.

VI. APPENDIX A. PARTICLE SIZE
DISTRIBUTION: N(r) VERSUS N(D)

To relate the independent variables r andD of a given distribution of particles,
note that the total number of particles described by each distribution must be
identical, that is, ∫

N(r) dr =
∫
N(D) d(D), (A1)

which implies that N(r) dr = N(D) dD. But, because dD = 2dr , we must have

N(r) = 2N(D). (A2)

As an example, consider the Marshall–Palmer distribution given by N(D) =
N0 exp[−($D)] with N0 = 8000 m−3 mm−1, $ = 4.1R−0.21 mm−1, and R
is the rain rate in millimeters per hour. Application of Eq. (A2) yields N(r) =
N0,r exp[−($rr)] withN0,r = 1.6×104 m−3 mm−1 and$r = 8.2R−0.21 mm−1.

VII. APPENDIX B. PARTICLE SIZE
DISTRIBUTION: EQUIVALENT SPHERES

In this chapter, a particle is defined as being equivalent to a sphere if it has the
same volume as a given sphere. However, other definitions of equivalent spheres
appear in the literature, for example, definitions based on a sphere and spheroid
having equal average projected areas. Let the quantity Nc(rc) be defined as the
particle size distribution for an ensemble of spheroids, where rc is the radius of
a sphere that has a cross-sectional area equal to the average projected area of
randomly oriented spheroids, and let N(rv) describe the same size distribution,
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but in terms of rv, the radius of a sphere that has a volume equal to that of a
given spheroid. The purpose of this appendix is to relate Nc(rc) to N(rv). First,
the radius of a sphere that has a volume equal to that of a given spheroid is written
as

rv = (
a2b

)1/3
, (B1)

where a and b are the lengths of the particle nonrotational and rotational (sym-
metry) semi-axes. For prolate spheroids, the radius of a sphere that has a cross-
sectional area equal to the average projected area of randomly oriented spheroids
is given by (Mishchenko and Travis, 1994c)

rc = 1

2

[
2a2 + 2ab

e
arcsin e

]
, (B2)

and for oblate spheroids by

rc = 1

2

[
2a2 + b2

e
ln

1 + e
1 − e

]
, (B3)

where the particle eccentricity is defined as

e = (ξ2 − 1)1/2

ξ
, (B4)

and the particle axial ratio ξ is defined as ξ = b/a for prolate spheroids and
ξ = a/b for oblate spheroids. The ratio of the equal-surface-area sphere radius to
the equal-volume sphere radius for prolate spheroids is thus given by

rc

rv
=
[

1

2

(
ξ−2/3 + ξ1/3

e
arcsin e

)]1/2

, (B5)

and for oblate spheroids by

rc

rv
=
[

1

4

(
2ξ2/3 + ξ−4/3

e
ln

1 + e
1 − e

)]1/2

. (B6)

To compute an expression involving N(rv) when given Nc(rc), rc may be com-
puted using Eq. (B5) or (B6) and then substituted into the expression involving
N(rv). For example, the ice water content (IWC) is computed using

IWC = ρi
4

3

∫ rv,max

rv,min

πr3
vN(rv) drv, (B7)

where ρi is the density of ice. Observing that

drv = rv

rc
drc, (B8)
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the expression for ice water content may be rewritten in terms of Nc(rc) as

IWC = ρi
rv

rc

4

3

∫ rc,max

rc,min

πr3
cNc(rc) drc. (B9)

VIII. APPENDIX C. USE OF POWER LAW
DISTRIBUTION IN T -MATRIX METHOD

Mishchenko and Travis (1994c) suggested that the scattering properties of an
ensemble of randomly oriented spheroids are nearly independent of the shape of
the size distribution, but instead depend primarily on the effective radius and ef-
fective variance (reff and veff) of the distribution. Because the T -matrix method
admits an efficient solution for integration over a power law size distribution, the
resulting scattering computations for the power law distributions of spheroidal
particles can be obtained much more rapidly than for other size distributions. For
this paper, numerical experiments were performed to confirm whether this result
also applies for microwave frequencies. This was done by specifying a gamma
drop size distribution of spheroidal particles and then numerically integrating the
scattering properties over the distribution to obtain the scattering properties of the
ensemble. Simultaneously, reff and veff were computed and used as parameters
of a power law distribution (as described by Mishchenko and Travis, 1994c), and
the ensemble scattering properties were computed and compared with those ob-
tained using the gamma distribution. It was found that, because the power law
size distributions used in this paper had finite size limits, all radiative cross sec-
tions obtained using the two methods agreed well so long as those obtained us-
ing the power law distribution were multiplied by the ratio of average geometric
cross-sectional areas computed using finite power law distribution versus infinite
gamma distribution limits.
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I. INTRODUCTION

This chapter discusses polarized light scattering in the marine environment
with emphasis on scattering from nonspherical particles. The marine environment
is extensive; the oceans cover approximately 70% of Earth’s surface. The marine
environment encompasses not only the world’s oceans, but the atmosphere above
it as well as floating sea ice. Light propagating through the marine environment

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
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is scattered and absorbed by a variety of inhomogeneous components, including
aerosols; suspended particles and bubbles in water; and occlusions, bubbles, and
grain boundaries in sea ice. Many of these components are nonspherical in na-
ture and their scattering deviates significantly from that predicted for spheres. An
important key to understanding the presence and properties of nonspherical parti-
cles is to study the way they transform the polarization of light during scattering.
This chapter contains a discussion of the methodology, measurement, and inter-
pretation of polarized light scattering from nonspherical particles in the marine
environment.

Aerosols in the marine atmosphere affect visibility, cloud formation, radia-
tive transfer, and the heating and cooling of the earth. Aerosols alter the inten-
sity and polarization of light reaching the sea and propagating over its surface.
The effect aerosols have on light intensity and polarization depends on the shape,
size, and refractive index of the aerosols and the angle between the incident light
and the observer of the scattered light. Both the intensity and the polarization of
light must be included for accurate radiative transfer calculations at the surface
of and within the ocean (Plass et al., 1981; Kattawar and Adams, 1989; Adams
and Kattawar, 1993), calculations that are important in assessing the global heat
budget. Kouzoubov et al. (1998) report that the polarization properties of light
scattered from nonspherical particles significantly affect data interpretation for
remote-sensing applications that rely on laser backscattering.

The angle and wavelength dependence of the radiant distribution of sunlight
within the ocean is determined primarily by particulate scatterers. Ambient light
in the ocean is significantly polarized with a strong dependence on the direction of
observation (Waterman, 1954, 1988). The degree of polarization is generally the
largest when viewed in the horizontal plane. It arises from the interaction of down-
welling sunlight with biological, mineral, and anthropogenic scatterers. A major
component of the scatterers are nonspherical, optically active, or exhibit some de-
gree of nonrandom group orientation. This component includes marine organisms
and their detritus as well as inorganic materials, such as sediments contributed by
runoff and dust that has settled from the atmosphere. Polarization induced by scat-
terers not spherically symmetric also affects the propagation of synthetic coherent
and incoherent light propagating in the ocean. For instance, populations of aligned
asymmetric particles can reduce the intensity of linearly polarized light or induce
phase delays in the propagation of coherent laser light. The difference between
the polarization properties of suspended particles and viewed objects can be used
to improve visibility and target discrimination by the use of linear or circular po-
larizers (Mertens, 1970). In addition to polarization effects, the scattering phase
function for nonspherical particles can vary considerably from that predicted by
spherical scatterers and lead to the misinterpretation of scattering and visibility
data.
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The propagation and scattering of sunlight in sea ice is critically important for
a variety of life forms that live in the ice, on the ice, and under the ice. The va-
riety and thickness of sea ice and the effects of snow, melt ponds, leads (open,
linear cracks in sea ice), pressure ridges, and polynyas (open and freezing wa-
ter areas surrounded by ice pack) have a considerable effect on the amount of
sunlight reaching the water. Algae growing on the sea–ice interface contain a sig-
nificant fraction of the biomass that forms the bottom of the food chain for all the
organisms living in frozen seas. Sea ice itself is a complex material that varies
tremendously depending on its formation, origin, and history. The scatterers in
sea ice consist of brine pockets, air bubbles, and crystal boundaries, mostly non-
spherical in nature. Much sea ice is in the form of large single crystals that are
highly birefringent and can exhibit long-range ordering. Light-scattering studies
of this complex medium are difficult and complicated by problems of sample
preparation, sample preservation, and logistics.

In all three media, ensembles of nonspherical particles can exhibit nonrandom
group orientation as a result of gravitational settling, fluid dynamic flows, photo-
taxis, turbulence, thermal or chemical gradients, freezing, biological interactions
such as swarming behavior, and other orienting phenomena.

Nonspherical scatterers play important roles in the nature of light interaction
and will be discussed in greater detail in Sections IV, V, and VI. Before discussing
the measurements, Sections II and III discuss the formalisms most often used to
describe polarized light scattering in the marine environment and the instruments
used to measure it.

II. ANALYTICAL DESCRIPTION OF
LIGHT SCATTERING

The effect of scattering on a beam of light propagating in a medium (in this
case one of the marine environments) can be represented as a Mueller scattering
matrix, hereafter “scattering matrix.” This matrix is the primary tool used in this
chapter to describe and analyze polarized light scattering in the marine environ-
ment.

A. SCATTERING MATRIX FORMALISM

Consider the scattering of polarized light from a suspension of particles. The
intensity and polarization properties of any beam of light incident on or scattered
by the suspension may be described by a four-element Stokes vector (Stokes,
1852) defined in terms of the complex electric fields El and Er parallel and per-
pendicular to the scattering plane (van de Hulst, 1957; Kerker, 1969; Bohren and
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Huffman, 1983):

I = 〈
ElE∗

l + ErE∗
r

〉
total intensity of light,

Q = 〈
ElE∗

l − ErE∗
r

〉 ±90◦ polarization,

U = 〈
ElE∗

r + ErE∗
l

〉 ±45◦polarization,

V = 〈
i
(
ElE∗

r − ErE∗
l

)〉
circular polarization.

The angular brackets indicate time averages and the asterisks denote complex
conjugates. This definition is equivalent to that found in Chapter 1. However, it is
not unique; other definitions are used (see, e.g., Jensen et al., 1986). The effect of
scattering by a suspension of particles on the Stokes vector may be represented
by a 16-element scattering matrix that transforms the incoming light to scattered
light. For example, the conventional scattering matrix for scattering by an ensem-
ble of randomly oriented, nonoptically active particles is represented as [Eq. (61)
of Chapter 1] ⎡⎢⎣

F11 F12 0 0
F21 F22 0 0
0 0 F33 F34
0 0 F43 F44

⎤⎥⎦ , (1)

where F21 = F12 and F43 = −F34.
When there is no preferred orientation of the scatterers, each element of the

scattering matrix is a function of the scattering angle, although not the orientation
of the scattering plane. For the case of spherical particles the matrix element F22
equalsF11 and F33 equals F44. If the particles are very small or weakly scattering,
F34 equals 0.

When the particles exhibit preferred orientation, the scattering matrix contains
more independent terms. Each element of the scattering matrix may be a func-
tion of the orientation of the scattering plane as well as the scattering angle. With
particle asphericity, F22 no longer equals F11. Nonrandom orientation can result
in nonzero off-diagonal block elements. The complex optical properties (birefrin-
gence, circular dichroism, optical rotary dispersion, etc.) of the scatterer also re-
sult in deviation of the off-diagonal block matrix elements from zero. In the most
general case, all elements of the scattering matrix are nonzero. For example, the
angle-dependent scattering from a single nonspherical object such as a dinoflagel-
late is extremely complex with 16 different matrix elements (Lofftus et al., 1992).

The angle dependence of various elements of the scattering matrix either pro-
vide a direct measure of or are indicative of the physical properties of the scatter-
ing medium as is indicated by the following list:

F11 transformation of total intensity of incident light; element is
proportional to the phase function; gives general size information;
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F12 depolarization of linearly polarized light parallel and perpendicular
to the scattering plane (F21 the converse); dependent on size, shape,
and complex refractive index of the scatterers;

F13 depolarization of light linearly polarized ±45◦ to the scattering
plane (F31 the converse); orientation effects can cause nonzero
elements;

F14 depolarization of circularly polarized light (F41 the converse);
nonzero element indicates the presence of optical activity, helical
structures; circular intensity differential scattering (CIDS) measures
(−F14/F11); generally zero for nonoriented ensembles of particles;

F22 transformation of linearly polarized incident light (±90◦) to linearly
polarized scattered light (±90◦); deviation from F11 is an important
indication of the presence of nonspherical particles;

F33, F44 transformation of linearly polarized incident light (±45◦)
(circularly) to linearly polarized scattered light (±45◦) (circularly);
deviation of F44 from F33 is indicative of nonspherical symmetry;

F34, F43 transformation of circularly polarized incident light to linearly
polarized scattered light (±45◦) (F43 is the converse); element is
strongly dependent on size and complex refractive index of the
scatterers.

The measurement and analysis of the form and details of the scattering matrix
will comprise an important part of the remainder of this chapter.

B. MODELS

The most often used approach for predicting the intensity of light scattering
and the scattering matrix elements is the Lorenz–Mie (hereafter Mie) calculation
based on the solution to Maxwell’s equations for a plane electromagnetic wave
diffracted by a homogeneous sphere (Bohren and Huffman, 1983). Mie calcula-
tions are often used if the particles are sufficiently large and spherical to justify
its use and sometimes even if they are not. Particles are considered to be non-
spherical when F22/F11 deviates significantly from unity at some angles and/or
when the matrix elements that are identically zero for spheres deviate significantly
from zero. Quinby-Hunt et al. (1994, 1997) found that if F22/F11 is less than 0.9,
agreement between the observation and the Mie calculation is poor.

The T -matrix method developed by Waterman (1965) and the coupled dipole
method (otherwise known as the discrete dipole approximation; Chapter 5) devel-
oped by Purcell and Pennypacker (1973) have been used extensively for calculat-
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ing the intensity and polarization of light scattering by nonspherical particles for
many applications including the marine environment. The T -matrix method was
used by Mishchenko and Travis (1994c) to calculate the scattering by a collec-
tion of spheroids. They concluded that even moderate asphericity leads to signif-
icant deviation from the results of Mie calculations. Because the deviations are
more pronounced for larger scattering angles, Mie calculations are not appropri-
ate in the analysis of remote-sensing data in which nonspherical particles play
an important role. Kouzoubov et al. (1998) reviewed both the T -matrix and the
coupled dipole methods, along with several others, for calculating the scattering
matrix in laser remote sensing of ocean water. They, too, concluded that spheres
are an inappropriate model for light scattering from ocean water because they
are unable to mimic the behavior of the elements F22, F33, and F44. They point
out that the behavior of these elements for ocean water is consistent with asym-
metric particle shapes, giving rise to depolarization of the scattered light. Varia-
tions on the coupled dipole approximation have been used by McClain and Ghoul
(1986), Singham and Salzman (1986), Draine (1988), Singham (1988), Singham
and Bohren (1988), Dungey (1990), Dungey and Bohren (1991), Hull et al. (1991,
1994), Shapiro et al. (1992, 1994b, c), and Draine and Flatau (1994). These
and other mathematical models are discussed elsewhere in this volume (Chap-
ters 4–7). Several approximations have been used for nonspherical scatterers in-
cluding those used in the large-particle or geometric optics case (Chapter 2). How-
ever, although these approaches can predict diffraction intensities, they do not
predict well the complex angle-dependent polarization transformation properties
of large objects and are not considered here. It is worth mentioning that some
limitations on the size of the particle to be modeled are relaxed if the particles
are immersed in water because of the reduced relative index of refraction. For ex-
ample, ocean microorganisms without carbonate or siliceous tests (skeletal debris
of microorganisms) often have relative real indices of refraction that range from
1.02 to 1.15.

Methods for using the various models to analyze experimental data have been
explored. Some earlier research on light scattering in the marine environment
studied only the scattering and extinction efficiencies; other investigators fitted
only the scattering phase function. In more rigorous approaches, the results of
analytical models are compared with the data, by iterating model inputs (e.g.,
size, complex refractive index, shape) until the angular dependence of several
elements of the scattering matrix are matched simultaneously. Techniques for si-
multaneously fitting the angle dependence of several curves are being developed
using neural networks and other techniques based on the Levenburg–Marquant
optimization (Press et al., 1989; Hull and Quinby-Hunt, 1997; Hunt et al., 1998;
Ulanowski et al., 1998).
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C. OPTIMIZING DATA FOR MIE CALCULATIONS

If measurements indicate that the scatterers do not deviate severely from
sphericity (i.e., if F22 ≈ F11) it is possible to quantify the effect of the non-
spherical contributions on F11 and F12 and use this information to provide better
fits to the measurements (Quinby-Hunt et al., 1986). This can be seen by noting
that the scattering matrix elements,F11, F22, and F12 are defined as real functions
of the complex coefficients that transform the electric fields during scattering. (All
the matrix elements are real functions, but not as simply defined.) The equations
describing the transformation of light polarized parallel, El, and perpendicular,
Er, to the scattering plane are given as (van de Hulst, 1957; cf. Section 4 of Chap-
ter 1)

E′
l ∝ A2El +A3Er, (2)

E′
r ∝ A4El +A1Er. (3)

The complex coefficients Ai are related to the Mueller matrix by the real quanti-
ties mi = |Ai |2. The three scattering matrix elements of interest for this calcula-
tion can be written as

F11 = 1

2
(m1 +m2 +m3 +m4), (4)

F12 = 1

2
(m2 −m3 +m4 −m1), (5)

F22 = 1

2
(m2 −m3 −m4 +m1). (6)

For particles with spherical symmetry, m3 = m4 = 0; therefore F11 = F22 =
1
2 (m1 + m2) and F12 = 1

2 (m2 − m1). For an ensemble with no preferred orien-
tation, m3 = m4. However, it is possible to adjust the measured matrix elements
from slightly nonspherical particles to make them consistent with spherical scat-
terers. With this assumption, Eqs. (4)–(6) are solved form1, m2, andm3 in terms
of the experimental values of F11, F12, and F22. The new data sets are consistent
with Mie scattering calculations; F22 is unity for all angles. This same proce-
dure is difficult to apply for the other scattering matrix elements because they are
derived from combinations of products of complex quantities that cannot be de-
termined from the experimental data for ensembles of particles. This is illustrated
in the development of inequality relationships between the matrix elements (Fry
and Kattawar, 1981; Kattawar and Fry, 1982; Chapter 3). In addition to facilitating
comparison of experimental data to the results of Mie calculations, this procedure
can be used to assess the feasibility and propriety of attempting modeling with
Mie calculations.
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D. PHYSICAL INTERPRETATION OF CONSTRAINTS ON
SCATTERING MATRICES

A physically realizable Stokes vector must satisfy the condition I2 ≥ (Q2 +
U2 + V 2) (Born and Wolf, 1970). This inequality can be expressed as

P =
√
Q2 + U2 + V 2

I
≤ 1, (7)

where P is the degree of polarization of the resulting light (Bohren and Huffman,
1983). When P equals 1, the light is entirely polarized. A scattering matrix is un-
physical if it can produce an unphysical Stokes vector by operating on a physically
realizable Stokes vector. Kostinski et al. (1993) developed a set of necessary con-
ditions to test whether a scattering matrix is physically realizable. Hovenier and
van der Mee (1996) provide an extensive investigation of scattering matrices. Fry
and Kattawar (1981) and Kattawar and Fry (1982) derived a set of seven inequali-
ties that can also be used for testing a given scattering matrix. Miller et al. (1997)
also developed a set of three inequalities similar to those of Fry and Kattawar and
used them to check whether the scattering matrices determined in their studies
are physically realizable. However, although the inequalities of Miller et al. can
be used for testing whether scattering matrix elements are physically real, they
are chosen primarily to provide physical insight into the nature of the observed
scattering.

The Stokes vector resulting from the interaction of linearly polarized light,
(1,±1, 0, 0)T, with an arbitrary scattering matrix Fij must satisfy (F11 ±F12)

2 ≥
(F21 ±F22)

2 + (F31 ±F32)
2 + (F41 ±F42)

2 according to Eq. (7). (Hereafter T de-
notes the matrix transpose.) Fry and Kattawar explicitly derive these two inequal-
ities by mathematically considering the consequences of ensemble averaging the
scattering matrix of an individual scatterer. Four more inequalities can be gener-
ated by considering the interaction between light linearly polarized at ±45◦ to the
scattering plane, (1, 0,±1, 0)T, and circularly polarized light, (1, 0, 0,±1)T, with
an arbitrary scattering matrix. We can express all these relationships as

Plin =
√
F 2

21 + F 2
22 + F 2

31 + F 2
32 + F 2

41 + F 2
42

F 2
11 + F 2

12

≤ 1, (8)

Pellip =
√
F 2

21 + F 2
23 + F 2

31 + F 2
33 + F 2

41 + F 2
43

F 2
11 + F 2

13

≤ 1, (9)

Pcirc =
√
F 2

21 + F 2
24 + F 2

31 + F 2
34 + F 2

41 + F 2
44

F 2
11 + F 2

14

≤ 1. (10)
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These three inequalities provide necessary but not sufficient conditions as to
whether a given scattering matrix is physically realizable. Violation of any or
all of the inequalities implies a nonphysical scattering matrix.

These inequalities can also be interpreted physically because of the degree of
polarization of the scattered light resulting from the interaction of fully polarized
incident light with the scattering system. ThereforePlin, Pellip, andPcirc, which we
refer to as the polarizance functions Pi , can be interpreted as the degree to which
a given scattering system will depolarize linearly polarized light at 0◦, linearly
polarized light at 45◦, and circularly polarized light, respectively. The function
being equal to zero. . . (unity) indicates completely unpolarized (polarized) light.
This technique is particularly useful when interpreting the scattering behavior of
sea ice.

III. EXPERIMENTAL MEASUREMENT
TECHNIQUES

There has been scientific interest in quantifying light scattering in the marine
environment for centuries. The earliest reported measurements of the clarity of
seawater relied on the determination of the maximum depth a standardized disk
could be observed from the surface of the sea. The method was first used exten-
sively by Secchi in the 1860s and is still occasionally used as a rough measure of
sea clarity. The technique that now carries Secchi’s name was purportedly origi-
nated by one Captain Bérnard. When sailing from Wallis Island to the Mulgraves,
he observed a dish caught in a net at a depth of approximately 40 m (Cialdi, 1866;
Tyler, 1968). More recently, a wide variety of extinction and angle-dependent
scattering measurements have been performed by a number of investigators. Most
measured only the phase function (total intensity or F11) or fixed polarization as a
function of angle. The reports are far too numerous to recount here. However, in-
terest in the marine environment prompted some of the earliest and most sustained
efforts to characterize the entire scattering matrix.

The angle dependence of the elements of the scattering matrix in seawater
was measured first by subtraction methods (Beardsley, 1968; Carder et al., 1971;
Pak et al., 1971; Kadyshevich et al., 1971, 1976; Kadyshevich and Lyubovtseva,
1973). These early methods relied on pairs of intensities recorded with different
polarizing elements; the results were subtracted to obtain the matrix elements.
This technique lacks sensitivity because of the need to determine small differ-
ences between two large signals. It is also difficult to determine the absolute
phase of the signal and hence the sign of the polarization. Hunt and Huffman
first developed the technique of polarization modulation based on an acoustoop-
tic modulator combined with intensity normalization in 1973. This technique is
much more sensitive than subtraction methods and has been used by a number of
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researchers (Perry et al., 1978; Thompson et al., 1978, 1980; Bottiger et al., 1980;
Voss and Fry, 1984; Fry and Voss, 1985; Hunt and Huffman, 1973, 1975; Quinby-
Hunt et al., 1986, 1989, 1997; Quinby-Hunt and Hunt, 1988; Lofftus et al., 1988,
1992; Hunt et al., 1990; Miller et al., 1994, 1996, 1997). Variations of this tech-
nique were also used for studying scattering from captured and cultured organ-
isms in the sea (Maestre et al., 1982) and two-dimensional representations of the
scattering matrix being developed for cancer studies (Hielscher et al., 1997).

The angle-scanning polarization-modulated nephelometer (Hunt and Huffman
1973, 1975; Hunt 1974) is described here because the description applies to many
of the later instruments as they rely on similar principles. This instrument per-
mits measurement of all 16 elements of the scattering matrix from near forward
(∼3◦) to near backward (∼172◦) scattering. The nephelometer (Fig. 1a) uses a
continuous-wave (CW) laser beam that passes through a linear polarizer and a
polarization modulator and then to the sample region. The photoelastic modulator
varies the polarization phase of the incoming light at a rate of 50 kHz. The scat-
tered light is collected by a rotating arm containing selectable phase retarders and
linear polarizers and passes into a photomultiplier tube. The alternating-current
(ac) signals resulting from the modulator are detected by synchronous amplifiers
tuned to the first and second harmonics of the modulator frequency. By varying
the orientation of the modulator and its harmonic and the choice of filters and
retarders, measurements of all 16 elements of the scattering matrix are made as a
function of angle. Some elements are detected directly and others as linear com-
binations of measurements.

In this instrument, all the matrix elements except F11 are normalized by F11

by the electronics at the angle of measurement so as to range from +1 to −1,
corresponding to the maximum value of the polarization transformation (the nor-
malized elements are designated by italicized bold type as Fxy). Unnormalized
scattering signals typically range over many orders of magnitude because of the
variation in the scattering phase function and scattering volume, making the varia-
tion in the signal due to polarization difficult to distinguish from the total intensity.
After normalization, the value of F22 for spherical particles is +1 and drops well
below this value for nonspherical particles.

Synchronous detection is important when the polarization signals are small. In
cases where the off-diagonal block elements are nonzero because of optical activ-
ity, partial alignment of nonspherical particles, or particle birefringence, typical
normalized signals for scattering from an ensemble are less than 5% and are very
difficult to observe by subtraction methods because the signals often vary over
many orders of magnitude. The ability of the instrument to measure the signal
directly, instead of as a difference between two large signals, provides enhanced
sensitivity. Synchronous detection also provides phase information (the sign of
the signal) that is lost when using subtraction methods. This phase information



Chapter 18 Polarized Light Scattering in the Marine Environment 535

Figure 1 Experimental apparatus. (a) The scanning polarization-modulated nephelometer as de-
signed by Hunt and Huffman (1973; Hunt, 1974; adapted from Hunt and Huffman, 1973).
(b) Schematic and cross-sectional views of the bistatic nephelometer as configured for the study of
sea ice (adapted from Miller et al., 1996).
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gives the sign of the change in polarization and is therefore very important in
interpreting scattering data.

To probe at a distance, for example, into sea ice in situ or at a distance over
the ocean, it is necessary to reconfigure the nephelometer. To do this, a “bistatic”
nephelometer was designed and fabricated. This instrument (Fig. 1b), developed
at the E. O. Lawrence Berkeley National Laboratory (LBNL), has been described
in detail elsewhere (Miller et al., 1994, 1996, 1997). Collimated laser light passes
through a linear polarizer and photoelastic modulator that modulates the polar-
ization state of the laser beam. Biprism optics moved by computer-controlled
stepper motors direct the beam at varying angles into the medium where it is
scattered. The light is collected by a second set of computer-controlled biprism
optics and analyzing filters by a photomultiplier. The source and detector optics
of the nephelometer may be separated to appropriate distances to permit a range
of path lengths and scattering angles. Research at LBNL has shown that, with ap-
propriate volume corrections, results using the bistatic nephelometer are in good
agreement with those using the monostatic nephelometer although the changing
nature of the scattering volume complicates interpretation of the phase function.
The normalization procedure eliminates this difficulty with all other scattering
matrix elements.

The bistatic nephelometer is designed for flexible sampling strategies because
both the laser and the detector angles can be varied. The simplest case is to scan
either the laser or the detector angle while leaving the other fixed. Another scan-
ning strategy is to adjust the laser and detector mirror angles so that the optical
path length traversed by the light is kept constant. The locus of scattering vol-
umes then follows a pseudo-elliptical trajectory. An advantage of this scanning
strategy is that the total optical path length is independent of scattering angle.
Another scanning strategy permits the sampling point of the beam to traverse a
line parallel to the instrument axis. Several of these strategies can be combined
to scan over a horizontal plane of arbitrary height in the atmosphere to provide
visibility/aerosol maps.

IV. POLARIZED LIGHT SCATTERING IN THE
MARINE ATMOSPHERE

Holland and Gagne (1970) and Koepke and Hess (1988) have stated that non-
spherical particles have an important contribution to polarized scattering behav-
ior in the atmosphere, suggesting that this sort of behavior should be considered
in a description of atmospheric scattering. Polarized light scattering in the ma-
rine atmosphere arises from aerosols that are largely spherical because of the
prevalence of seawater-based particles; however, significant components of
the aerosols can be nonspherical. Aerosols in the marine atmosphere result from
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the physical, chemical, and biological conditions of the underlying ocean; meteo-
rological conditions (temperature, humidity, wind, and cloud cover); tropospheric
settling; anthropogenic sources; and terrestrial (both natural and anthropogenic)
inputs. Marine sources include condensed water vapor and condensed gases from
biological ocean sources and aqueous salt aerosols from the wind–sea interface.

Several complex components make up the aerosols in the marine atmosphere.
The distribution of particles is most often described mathematically as sums of
log-normal distributions of the various components making up the marine aerosol
(Shettle and Fenn, 1979; Hoppel et al., 1990; Gathman and Davidson, 1993). The
sea-salt component is believed to comprise the coarser fraction (rmode generally
>0.3 µm) of marine aerosols (Fitzgerald, 1991; Woolf et al., 1988), whereas non-
sea-salt sulfates, continental aerosols, and organic matter contribute to the smaller
fractions (rmode ∼ 0.03 µm) (Mészáros and Vissy, 1974; Shettle and Fenn, 1979;
Andreae, 1986; Charlson et al., 1987). (rmode is the radius of the particles whose
number density is greatest in a log-normal distribution.) Under normal condi-
tions, the main constituents of aerosols over the ocean include water, sea salt,
non-sea-salt sulfate, mineral dust, a small fraction of nitrates, and organic matter
(Hoppel et al., 1990; Fitzgerald, 1991; Junge et al., 1969; Junge, 1972; Toon and
Pollack, 1976; Gras and Ayers, 1983; Koepke and Hess, 1988; Bates et al., 1992;
Novakov and Penner, 1992).

Of these, the most obviously nonspherical are mineral dust, anthropogenic par-
ticles and particles settling from the troposphere; however, under the right cir-
cumstances even the sea-salt component may become nonspherical. The sea-salt-
containing (SSC) component of marine aerosols is produced primarily by bubble
bursting and wave sheering (Duce and Woodcock, 1971; Wang and Street, 1978).
Bubble bursting forms mostly spherical droplets only a few millimeters from the
surface, but they are often advected up to 2 km above the surface (Junge, 1972;
Woolf et al., 1988). Humidity affects the size, shape, and homogeneity of these
particles (Shettle and Fenn, 1979; Hänel, 1976; Kapustin and Covert, 1980). If
the humidity becomes low enough, nonspherical particles may precipitate from
the aqueous aerosols.

A. LIGHT SCATTERING FROM
SEA-SALT-CONTAINING AEROSOLS

Few studies have investigated the polarization properties of light scattered by
marine aerosols and even fewer used the fullest description of the polarization
as embodied by the Mueller scattering matrix formalism (Deirmendjian, 1969;
Perry et al., 1978; Quinby-Hunt et al., 1994, 1997). Because of the difficulty in
calculating scattering from nonspherical particles, many researchers make the as-
sumption that the particles making up the scattering medium are spherical. Deir-



Figure 2 Angular distribution of the scattering matrix elements F11, F12, F33, and F34 measured for seawater aerosols compared
with calculations using an adaptation of the Mie model in Bohren and Huffman (1983) (adapted from Quinby-Hunt et al., 1997).
The size distribution was modeled as a log normal with rmode = 0.7 µm, σ = 0.75, and m = 1.34. The seawater was collected off
northern California and had a salinity of 32.5 parts per thousand.
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Figure 3 Comparison of experimental scattering matrix element F22 for water-containing aerosols
of NaCl at 105◦C, (NH4)2SO4 at 180◦C, and seawater at 140◦C. The gas-aerosol temperature was
elevated until scattering behavior indicated significant deviation from sphericity.

mendjian’s (1969) compendium predicted scattering behavior from the assumed
characteristics of hazes and fogs. In the marine environment under many con-
ditions, this is reasonable. Figure 2 shows typical angular distributions of four
scattering matrix elements for an SSC aerosol measured in the laboratory. The
experimental results for F11, F12, F33, and F34 (shown) are well described by
an ensemble of log-normal distributions of spheres with rmode = 0.7 µm (the
standard deviation σ was 0.75), and the relative refractive index m of the aerosol
particles was 1.34+0i. F22 was greater than 0.95 for all scattering angles less than
150◦ and greater than 0.90 over the entire measurement range. The off-diagonal
block elements were zero. Such scattering would be typical for this component in
the marine atmosphere under most marine conditions.

Under the right conditions, the SSC component of aerosols can be nonspher-
ical (Perry et al., 1978). In laboratory studies and field observations with SSC
component aerosols, Mészáros and Vissy (1974) found particles whose morphol-
ogy indicated that they were mixtures of various seawater components that, as
they dried, crystallized into different shapes. Laboratory studies of marine SSC
aerosols demonstrated that decreasing humidity could strongly affect polarized
light scattering. Quinby-Hunt et al. (1997) measured the polarized light scatter-
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ing by aerosols of pure water, several salt solutions, and seawater. Figure 3 shows
the extreme deviation of F22 from 1 observed when conditions simulating lower
humidity are reached, causing formation of nonspherical particles.

B. NATURAL AND ANTHROPOGENIC
TERRESTRIAL AEROSOLS

Natural and anthropogenic terrestrial aerosols contribute a large fraction of
the nonspherical particles to the marine atmosphere. The limited research on the
polarization properties of scattering by atmospheric aerosols has focused on ter-
restrial aerosols and most of the past measurements of the polarization properties
of atmospheric aerosols involved lidar measurements that only consider backscat-
ter and are not treated here (see Chapter 14). Hansen and Evans (1980) measured
the angle dependence of four elements of the scattering matrix of urban aerosols.
The aerosols were drawn into a laboratory nephelometer and presented without
normalization or phase information. The authors did not discuss the data in detail,
but reported that they generally agreed with that presented by Holland and Gagne
(1970) and Perry et al. (1978). Veretennikov et al. (1979) reported the angle-
dependent intensities and degree of linear polarization from wood smoke with
varying humidity but did not address the issue of sphericity nor did they discuss
the complete scattering matrix. Koepke and Hess (1988) and Mishchenko et al.
(1997a) discussed and demonstrated the importance of shape when considering
aerosol phase functions (proportional to the angular dependence of F11), con-
cluding that the shape of the scatterer is too often ignored.

Even less research has been conducted on the contributions of natural terres-
trial or anthropogenic aerosols to polarized light scattering in the marine envi-
ronment. That terrestrial aerosols must be considered as important contributors to
light scattering in the marine atmosphere is demonstrated by studies that found
such particles in the marine atmosphere, such as Sahara dust and volcanic ash,
at great distances from the source (Koepke and Hess, 1988; Hoppel et al., 1990;
Fitzgerald, 1991; Novakov and Penner, 1992). Parungo et al. (1992) collected soot
particles from Kuwaiti oil fires in 1991 at distances more than 500 km from the
source.

In coastal areas and near shipping lanes, soot can be an important component
of marine aerosols. Carbonaceous soot is one of the most prevalent contributors of
particulates in the atmosphere and much of it is believed to derive from diesel en-
gine combustion. Diesel contributions can be expected in the marine atmosphere
as well because of the widespread use of diesel power by shipping, midsized
pleasure and fishing craft, marine diesel generators, and compressors. This com-
ponent may have an important effect on polarized light scattering in the atmo-
sphere because the real and imaginary parts of the refractive index are large. To
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further complicate matters, the measured values for the refractive indices of soot
vary considerably with the source of data, which probably indicates real variation
among soots depending on the source. The real refractive indices of soots may
vary from 1.33 to more than 2; the imaginary refractive indices can range from
0.12 to 0.9 (Hodkinson, 1964; Dalzell and Sarofim, 1969; Arakawa et al., 1977;
Pluchino et al., 1980; Batten, 1985). This variation is probably due to determina-
tions based on measurements of soots that are non-fully dense agglomerations of
primary carbon particles or the presence of homogeneous low- to nonabsorptive
products in the aerosol.

To explore the effect of this widely occurring and highly absorptive component
in the marine atmosphere, we have calculated scattering from carbon soot using
coupled dipole computer codes (Fig. 4). Each “soot” particle was represented
by a cluster of smaller primary particles. The codes summed the contributions of
50 soot clusters, each cluster being composed of 200 randomly connected primary
particles. Each of the 50 clusters differed from the others. The radius of gyration
of the soot clusters was roughly 0.1–0.2 µm and the calculations were for a wave-
length of 532 nm. At this wavelength, based on measurements of graphitic carbon,
the refractive index of the primary particles that make up each particle of soot was
estimated to be 1.8 + 0.7i.

The calculations were compared to measurements made from the exhaust from
a modern, one-cylinder, direct-injection diesel generator set (genset) under full
load (3 kW maximum continuous power). Such a genset is typical of those used
on small or midsized marine vessels. To determine rmode and m, the data were
simultaneously fit using the programs based on the Levenburg–Marquant opti-
mization discussed previously (Hunt et al., 1998) with computer codes that use
ensembles of log-normal distributions of Mie spheres (such a computation is at
present too computer intensive to use with the coupled dipole codes, although
such a procedure is under development). These scattering data were fit with a log-
normal distribution of spheres with rmode = 0.05 µm and an m of 1.34 + 0.2i
(Hunt et al., 1998). The engine has a clean exhaust stream with no particles read-
ily apparent. Probably because of the small size parameter, the particles generated
by the modern direct-injection engine could be treated as if they originated from
nearly spherical scatterers (electron micrographs show them to be extremely small
agglomerations of even smaller primary particles forming a somewhat nonspher-
ical cluster). In fact, Mie calculations predict F12 and F34 better than the coupled
dipole calculations do. This apparent discrepancy can be attributed to the prelim-
inary nature of the coupled dipole computations to date. Nonetheless, the data
show that the soot clusters are not strictly spheres. F22 deviates from 1 (Fig. 4).
This result is predicted by the coupled dipole calculation. Both the measurements
and the coupled dipole calculations show that F33 differs from F44, and neither is
−1 at 180◦, which are further indications of asphericity.



Figure 4 Angular distribution of the scattering matrix elements F11, F12, F22, and F34 for soot aerosols. Solid and dashed lines:
calculated scattering from a coupled dipole approximation of randomly generated particles. The scattering from 50 soot clusters
composed of 200 primary particles was summed. The average radius of gyration for the particles was 0.1–0.2 µm. The wavelength
was 532 nm and the complex refractive indices were 1.8 + 0.7i (solid line) and 1.8 + 0.9i (dashed line). Kuwaiti oil-fire soot
was modeled as a log-normal distribution with a modal radius of 0.2 µm, standard deviation of 1.35, and m = 1.75 + 0.45i (size
distribution based on Parungo et al., 1992; refractive index based on Shettle and Fenn, 1979). Experimental data from diesel engine
exhaust measured in the laboratory are also shown.
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With older diesels under less favorable conditions, incomplete combustion
might be expected, resulting in larger, more nonspherical soots, such as those
reported by Lipkea et al. (1979) and Veretennikov et al. (1979) or the Kuwaiti
soots. Therefore, polarized scattering was calculated using as input the distribu-
tion of particles measured downwind from the oil fires in Kuwait with the Mie
codes (Quinby-Hunt et al., 1997). Although a summation using the coupled dipole
codes would be more appropriate, the computation was too computer intensive at
the time. The results of the Mie calculations can provide useful insight into the
expected effects of these large absorbing particles on polarized light scattering
in the marine atmosphere with the caveat that perturbations resulting from their
asphericity may be important. Parungo et al. (1992) reported a broad distribution
of carbon particle sizes, which were approximated here as a broad log-normal
distribution adjusted to roughly fit the number distribution reported, which was at
3.7 km altitude and 160 km from Kuwait. In this case, the modal radius for the log-
normal distribution was 0.2 µm, σ = 1.35, and the refractive index 1.75 + 0.45i.
With the broad size distribution from the Kuwaiti fires and the significant contri-
bution from large particles, the forward scattering component of the total inten-
sity is significantly greater (Fig. 4). The peak linear polarization as seen in F12 is
somewhat reduced and the maximum linear polarization occurs at 60◦ rather than
at 90◦ as is seen in the diesel exhaust and the coupled dipole computation. Over
most of the angular scan, F34 for the Kuwaiti soot is primarily negative, whereas
both the coupled dipole calculations and the diesel exhaust are primarily positive.

V. POLARIZED LIGHT SCATTERING IN THE
SUBMARINE ENVIRONMENT

In the underwater world, polarized light plays a complex and important role.
A high density of particles (compared to the atmosphere) causes absorption, scat-
tering, and other effects to produce an environment that contains an abundance
of polarized light. The complex interaction between light and particles (living or-
ganisms, detritus, and inorganic matter) in the ocean has significant consequences
for marine inhabitants and for underwater visibility and imagining.

An understanding of the effect of polarized light in the ocean on the behavior
of marine organisms is an integral part of unraveling questions in marine biology.
Some marine organisms are known to have vision that is sensitive to polarized
light (Waterman, 1954). Crustaceans and cephaloids have built-in dichroic chan-
nels in their retinas that allow them to detect the linear polarization of light in
the ocean and use it for orientation (Waterman, 1954, 1988; Stachnik, 1988). Wa-
terman (1988) has shown that herring larvae and the shrimplike neomysis are
also sensitive to light polarization. There is strong evidence that even marine
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productivity is affected by the presence of circularly polarized light. Right cir-
cularly polarized light increases net photosynthesis and chlorophyll a production,
whereas left circularly polarized light has the opposite effect in Dunaliella eu-
chlora (MacLeod, 1957). This effect may arise from inherent circular dichroism
in the pigments of the algae studied. Circular dichroism in chlorophyll-containing
organisms could increase circularly polarized light in the ocean.

Observation of various organisms illuminated by polarized light combined
with knowledge of their polarization-sensitive vision suggests that nature has de-
veloped some interesting survival strategies to take advantage of the polarized
light environment. Certain varieties of crustaceans including some shrimp and
mysids have nearly transparent bodies that cause them to have lower visibility to
their predators. These same organisms have a much greater visible contrast with
the background when viewed between crossed polarizers (the authors, unpub-
lished results, with Diane Carney, Moss Landing Marine Laboratory, San Jose
State University, CA). Thus, such organisms illuminated with naturally polarized
light and viewed with polarized eyesight may be much more visible to each other
than they are to their predators. This could have important ramifications to the
mating and swarming behavior of these organisms.

Polarized light scattering has been used to improve contrast in imaging, map-
ping, and underwater viewing systems (Briggs and Hatchett, 1965; Solomon,
1981; Hallock and Hallajian, 1983; Cariou et al., 1990). Contrast is improved
when the polarization states of light scattered from an object differ from those of
the light scattered from the surrounding medium (Hallock and Hallajian, 1983).
The use of linearly polarized light improved visibility by 20% in muddy waters
(Briggs and Hatchett, 1965). Circularly polarized incident light sources improve
underwater contrast further (Gilbert and Pernicka, 1966; Mertens, 1970). Polar-
ization effects must be accounted for accurately in radiance calculations (Adams
and Kattawar, 1993; Kattawar and Adams, 1989, 1990).

To understand the origin of polarized light in the ocean, we must first exam-
ine the scattering matrix for seawater. On-station measurements of all 16 ele-
ments of the scattering matrix were reported by Fry, Voss, and others (Voss and
Fry, 1984; Fry and Voss, 1985; Thompson et al., 1978) using an elaborate ver-
sion of polarization-modulated nephelometry (some of their data are presented
in Fig. 5). They suggest that the scattering properties of seawater resemble those
of Rayleigh–Debye scattering (sometimes alternatively called Rayleigh–Gans or
Rayleigh–Debye–Gans scattering); that is, they are characteristic of weakly inter-
acting particles. In the scattering matrix this means that the normalized elements
resemble those of Rayleigh scattering but with a much more forward scattering
phase function than in the Rayleigh case. This leads to the significant polarization
of light scattered from downwelling sunlight.

However, the differences between the observations and Rayleigh–Debye calcu-
lations reveal much about the nature of the particles in the ocean (refer to Fig. 5).
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Figure 5 Experimental measurements of the scattering matrix of seawater averaged from the sam-
ples collected in the Atlantic and Pacific oceans (data from Voss and Fry, 1984). The off-diagonal
block elements (not shown) were equal to zero within the sensitivity of the instrument.

The peak linear polarization is much less than 100%. F22 is not 1; in fact, it ap-
proaches 0.6, which is an indication that significant components of oceanic scat-
terers are not spherical. Deviation from sphericity is also indicated by F33 and F44
not reaching −1 in the backscatter direction. These measured differences can be
used in models (Mie, coupled dipole, or other) to provide much more information
about the particles responsible for the scattering.

A. BIOLOGICAL SCATTERERS: LIGHT SCATTERING FROM
MARINE ORGANISMS

In the marine realm, large numbers of biological scatterers are nonspherical,
but unlike scatterers often found in the atmosphere, large groups of microorgan-
isms are self-similar. Marine organisms have many shapes; some are roughly
spherical (e.g., Chlorella). Figure 6 shows the polarized light scattering of this
ubiquitous (Malone, 1971a, b) organism (Quinby-Hunt et al., 1989; Hunt et al.,
1990). Some organisms are ellipsoidal (many bacteria, picoplankton); others are
helical (some bacteria, parts of dinoflagellates, octopus sperm heads); still others



Figure 6 Measured angular distribution of scattering matrix elements of Chlorella (data from Quinby-Hunt et al., 1989). Boxes:
data. Solid curves: calculations for ensembles of coated spheres. The radius of the sphere was 1.75 µm with a 60-nm shell (hence the
inner radius was 1.69 µm); the inner relative refractive index was 1.08 + 0.05i; the outer relative refractive index was 1.13 + 0.04i.
Measurements were at a wavelength of 457 nm.
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Figure 7 Angular distribution of F22 for P. micans and a foraminiferal ooze containing a large
abundance of liths from coccolithophorids.

can have cylindrical character (Ceratium extensum, spines from Globgerina, and
some species of cyanobacteria).

When a particle is nonspherical, the redundancy in the elements of the scatter-
ing matrix is reduced, and the F22 matrix element shows less spherical character.
Such deviation is observed only to a small degree in Chlorella (Fig. 6; Quinby-
Hunt et al., 1989) and Porphyridium cruentum (red algae, size ∼15 µm) (Fry
and Voss, 1985), but to a much greater degree in the scattering from two clones
of Syncehococcus sp., a cyanobacterium (Fry and Voss, 1985). Interestingly, the
angular distribution of F22 for ensembles of the dinoflagellate Prorocentrum mi-
cans remains generally above 0.8 (Fig. 7), which is surprisingly high, given the
asymmetry of the organism (the authors, unpublished data). On the other hand,
in similar measurements of F22 for liths from coccolithophorids, a primary com-
ponent of foraminiferal ooze, the value approaches 0.5 at angles greater than 90◦
(Fig. 7). The cup-shaped liths contain regions of single-crystal calcite, which is
linearly birefringent. They dominate marine scattering during specific episodes
(Balch et al., 1991).

As noted previously, marine organisms are known to orient to various stimuli
including gravity, direction of sunlight, and linear polarization of light; organisms
and other particles orient to flow gradients from turbulence, electric and magnetic
fields, and chemical gradients. Nonspherical, oriented particles can further polar-
ize the underwater light field. Oriented ensembles may exhibit nonzero scattering
matrix elements that for random orientations are identically zero.

Large deviations from the apparently simple scattering observed in seawater
are observed when single organisms with complex symmetry are examined, as
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evidenced in the scattering from certain dinoflagellates such as P. micans and
Crypthecodinium cohnii (Lofftus et al., 1988, 1992; Shapiro et al., 1990, 1991).
Laboratory measurements on heads of the octopus sperm Eledone cirrhosa, a
helical structure, showed significant nonzero F14 indicating circular-polarization
effects (Wells et al., 1986; Shapiro et al., 1994a).

Dinoflagellates occur extensively in the ocean, are known to bloom periodi-
cally, and reside primarily in the photic zone. The unusual scattering observed
from P. micans and C. cohnii (Lofftus et al., 1992) has been postulated to be due
to its helically organized chromosomes. The exact structure of the chromosomes
of P. micans has yet to be agreed upon, but almost all proposed models involve
some kind of helical structure (Bouligand et al., 1968; Livolant and Bouligand,
1978; Gautier et al., 1986; Dodge and Greuet, 1987). Because of the chiral orga-
nization of the DNA, the chromosome scatters right and left circularly polarized
light differently resulting in a large circular dichroism (CD) and circular inten-
sity differential scattering (CIDS, equivalent to −F14) at 265–390 nm (Livolant
and Bouligand, 1978, 1980; Livolant and Maestre, 1988; Rizzo, 1987; Soyer and
Haapala, 1974).

The F14 signal is usually too small to be detected in randomly oriented ensem-
bles; however, F14 signals measured at LBNL for small numbers of live P. micans
were significant. The magnitude of the signal varied diurnally and reproducibly
(Shapiro et al., 1990, 1991); see Fig. 8. The signal increases strongly during a
time that may correspond to a period in the cell cycle of the dinoflagellate when
changes in its chromosome structure occur. Thus, a dinoflagellate bloom might
induce unusual background circular polarization scattering properties in seawater
depending on the time of day or organism cell cycle.

B. MINERALOGICAL SCATTERERS

Although mineralogical scatterers make up a significant component of particles
in the ocean, little research has been done to investigate their contribution to the
polarization of scattered light in the submarine environment. To investigate what
the contribution of minerals might be, scattering was measured from a variety
of minerals and inorganic particles: muscovite (mica, monoclinic, plate-like mor-
phology); kyanite (an orthosilicate, triclinic, elongated morphology); galena (lead
sulfide, cubic, dimensions roughly equal); and synthetic spherical alumina shells
for comparison. The scattering observed for all measured matrix elements dif-
fered significantly from sample to sample. Figure 9 demonstrates wide variation
in scattering results for F12 (the degree of depolarization for linearly polarized
light) and F22. Even though the samples were roughly similar in size distribu-
tion (∼1–6 µm), the linear polarization curves (F12) differed dramatically in their
magnitude and position of the peak. The F22 curves for the minerals deviate sig-
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Figure 8 Measurements of F14 at 90◦ from suspensions of live P. micans taken at noon and mid-
night. Measurements of 0.497-µm-diameter latex spheres are shown to demonstrate the scattering that
would be expected for spherical particles. Scattering for latex spheres did not vary with time. Adapted
from Shapiro et al. (1991).
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Figure 9 Angular distribution of F12 and F22 for three minerals. Results are compared to those for
spherical alumina shells.
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nificantly from 1, illustrating a definite nonspherical character, whereas the results
for the alumina shell are close to 1. The data indicate the presence of certain non-
spherical inorganic particles (e.g., particularly near sources of continental runoff)
that could significantly modify the component of linearly polarized light in the
sea and dramatically affect polarized backscatter measurements.

VI. POLARIZED LIGHT SCATTERING IN SEA ICE

Sea ice is a complex, heterogeneous material whose optical properties in the
visible are dominated by scattering (Grenfell, 1983; Perovich and Grenfell, 1981).
Scattering in sea ice is caused by geometrical inhomogeneities resulting from the
presence of crystal boundaries, brine pockets, bubbles, and other inclusions and
depends strongly on the initial growth conditions and age. Sea ice begins to freeze
from liquid brine at T = 1.8◦C, at which temperature, platelets of pure water ice
form within the brine, increasing the salinity of the remaining brine (Weeks and
Ackley, 1986). The platelets of pure water ice that form are birefringent (Onaka
and Kawamura, 1983) and show varying degrees of orientation depending on the
growth conditions. The shape and number density of the brine inclusions in sea
ice are also strongly influenced by the initial growth conditions. Draining brine
and trapped air bubbles originating in freezing seawater cause air-filled voids in
the sea ice. Typically brine is trapped between vertical platelets of pure ice. The
spacing between platelets and the initial ice salinity are primarily functions of the
growth rate. As the temperature of the ice decreases, salts in the brine begin to
precipitate (Nelson and Thompson, 1954).

Under certain growth conditions the platelets show considerable alignment.
For example, as seawater begins to freeze, the ice platelets generally show no
particular orientation, especially in the presence of moderate wave action (Onaka
and Kawamura, 1983). As the ice sheet becomes thicker the increasing salinity
of trapped brine pockets and anisotropic heat transfer favor platelet growth with
the c axis parallel to the surface, causing trapped vertical brine pockets. (The c
or optic axis corresponds to a direction about which the molecules are arranged
symmetrically.) In this growth phase, which can occur at depths greater than ap-
proximately 15 cm, currents generated in the freezing seawater tend to align the
platelets, with the c axis normal to the current flow (Weeks and Gow, 1978; Weeks
and Ackley, 1986).

The angle- and polarization-dependent scattering properties of sea ice are be-
lieved to be an important component of realistic radiative transfer models. Most
radiance calculations in an atmosphere–ocean system have been performed using
a scalar theory approach where polarization effects are neglected. This approach
is incomplete and, in the presence of significant polarization-dependent scatter-
ing, will be in error (Kattawar and Adams, 1990; Adams and Kattawar, 1993).
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Radiance calculations are used to evaluate the effect of sunlight propagation in
ice for issues such as climate change and biological processes under the ice pack.
It is important to determine whether the polarization in sea ice is maintained or if
multiple-scattering effects destroy the polarization so that a scalar theory is ade-
quate for radiance calculations. Other reasons for studying marine ice scattering
are to establish a connection between the light-scattering properties of sea ice and
its morphology and to establish the usefulness of polarimetry in remote sensing.

To examine the scattering properties of ice with various morphologies, angle-
and polarization-dependent light scattering was measured from samples of ori-
ented first-year and multiyear sea ice from the Chukchi Sea near Pt. Barrow,
Alaska, and from saline ice grown in an outdoor facility at the U.S. Army Cold
Regions Research and Engineering Laboratory (CRREL) in Hanover, New Hamp-
shire. Measurements of the full scattering matrix were made on samples prepared
from ice cores from all three sources (Miller et al., 1997). The properties of first-
year sea ice were also measured in situ with the bistatic nephelometer at Pt. Bar-
row in 1994 (Miller et al., 1994, 1996).

In situ measurements were made of only the first row of the scattering matrix
because of the complex interaction of scattered light with the windows required
to interface with the sea ice at Pt. Barrow. The in situ measurements revealed that
linear polarization of light was partially preserved for path lengths up to 60 cm,
whereas circular polarization effects were lost much more rapidly as a result of
the birefringence of the ice crystals. Interpretation of the field measurements was
complicated by multiple scattering.

More extensive measurements of light scattering in sea ice samples from
Pt. Barrow as well as multiyear and saline ice could be performed in the labo-
ratory (Miller et al., 1997). Various geometries for the scattering samples were
used. Significant sample-to-sample variation was encountered, but several gen-
eral conclusions can be drawn from the data. The scattering intensity from thin
slabs of all the ice samples showed large forward scattering and backscattering
components that could be described qualitatively by scattering from pockets of
brine with a diameter of about 30 µm in a medium of pure water ice. The phase
functions for cylindrical samples are generally featureless implying the presence
of multiple scattering. The orientation effects are manifested weakly in thin-slab
c-axis-oriented samples and are primarily in the matrix elements F23 and F32.
This is consistent with a simple model that combines the effects of scattering
from spherical inhomogeneities and the intrinsic birefringence of pure water ice.

The large observed values of the polarizance function Plin (defined previously
in Section II.D) for thin-slab samples illustrate the degree of preservation of
linearly polarized light in the forward scattering and backscattering directions
(Fig. 10). The figure also demonstrates that circular and elliptical polarization are
not well preserved in any of the sea ice samples. Polarization is not well preserved
in cylindrical samples because of multiple scattering (Miller et al., 1997). Thus
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Figure 10 Polarizance functions for samples of first-year ice. Measurements were made in the lab-
oratory. In all three cases the c axis of the ice was in the scattering plane. Solid line: thin-slab sample,
c axis parallel to the laser, average of three samples. Dashed line: thin-slab sample, c axis perpendic-
ular to the scattering plane, average of three samples. Dotted line: cylindrical sample, average of six
samples. Data presented in Miller et al. (1997).

it may be concluded that only linear polarization will be preserved and only for
relatively short distances (≤60 cm).

The sea ice phase functions measured in the laboratory were difficult to deter-
mine because of multiple scattering and large sample-to-sample variation. How-
ever, the results compared generally with those of Grenfell and Hedrick (1983)
for NaCl and glacier ice except for showing larger forward scattering than they
had reported.

VII. CONCLUSIONS

Light propagating through the marine environment is scattered and absorbed
by a variety of inhomogeneous components, many nonspherical in nature. Ana-
lytical models for describing the scattering by nonspherical particles have shown
that even moderate asphericity leads to significant deviation of the scattering ma-
trix elements from the results of Mie calculations. In particular, spheres are an
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inappropriate model for light scattering from ocean water because they are unable
to mimic the behavior of the elements F22, F33, and F44. Experimental light-
scattering measurements of the scattering matrix for seawater, marine organisms,
minerals, and marine aerosols have confirmed such deviations (in some cases very
large) from that predicted for spheres.

The angle dependence of various elements of the scattering matrix either pro-
vides a direct measure of or is indicative of the physical properties of the scatter-
ing medium. Particles are considered to be nonspherical when F22/F11 deviates
significantly from unity and/or when the matrix elements that are identically zero
for spheres become measurable. For example, F14 is an indicator of optical activ-
ity (or helical structure), and F13 is an indicator of particle orientation. Because
deviations of the scattering behavior from that predicted for spheres are often
very small (e.g., nonzero off-diagonal block elements), measurement techniques
must have sufficient sensitivity to detect them. One technique, angle-scanning
polarization-modulated nephelometry (described in Section III), has the sensitiv-
ity and precision required to investigate the effects of polarized light scattering
in the marine environment. It has had extensive use in the measurement of the
scattering matrix for marine aerosols, ocean water and microorganisms, and sea
ice. Light intensity and polarization scattering play an important role in the ma-
rine environment. In the marine atmosphere, it affects visibility, cloud formation,
radiative transfer, and the heating and cooling of the earth. In the ocean, it has
significant consequences for marine inhabitants and affects underwater visibility
and imaging. In sea ice, it is critical for a variety of life forms that live in the ice,
on the ice, and under the ice.
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I. INTRODUCTION

Although the number density of interplanetary dust particles (IDPs) at 1 astro-
nomical unit (AU) is only a few particles per cubic kilometer (Leinert and Grün,
1990) the IDPs are still capable of producing a beautiful phenomenon at lower ge-
ographic latitudes. This so-called zodiacal light, known since the days of Cassini,
is best seen either 1 hour before sunrise or 1 hour after sunset. The zodiacal cloud
of IDPs permeates the solar system beyond the orbit of the planet Jupiter and

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
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comprises a mass of a major comet or about 1017 kg. Because this mass is dis-
tributed in a such huge volume, the resulting optical thickness at 1 AU is only
about 10−7–10−6. In practical terms this means that all the light we see is only
singly scattered by the IDPs.

There seems to be a consensus that the size range of the IDPs is from 1 µm
to about 100 µm. The lower limit can basically be determined by the Poynting–
Robertson effect, which effectively reduces the orbit of an IDP. Then in 104–105

years the particles reach distances where the solar heat evaporates them (Leinert
and Grün, 1990). The upper limit of 100 µm is only poorly established but at least
the particle detectors on board various spacecraft show a sharp decline in numbers
beyond that limit.

The interplanetary dust cloud has an obvious three-dimensional (3D) distri-
bution in the solar system. In the radial direction from the Sun a popular power
law distribution of particle number density is normally found adequate; see, for
example, Leinert and Grün (1990). The power law exponent γ deduced from ob-
servations is −1.3. It is not immediately clear which part of the exponent is due
to the actual radial distribution of the number density and which part is due to
the albedo of a typical IDP. Based on the Helios 1 and Helios 2 spacecraft data
(Leinert et al., 1981), Lumme and Bowell (1985) were able to decompose γ such
that about −0.5 is due to the increase in albedo with decreasing heliocentric dis-
tance and about −0.8 is due to the number density variation. These numbers were
based on the clear decrease in linear polarization of about 30% from 1 to 0.3 AU
as observed by Helios spacecraft.

Observations of zodiacal light clearly show that the surface brightness steadily
decreases out of the ecliptic plane. Various authors have tried to model the bright-
ness decrease by adopting different empirical functions for the ecliptic latitude
dependence. These were summarized in detail by Giese et al. (1986). Exactly
the same problem as in the case of radial distribution is involved in latitude de-
pendence: which part of that dependence is caused by the change in albedo and
which part is due to the real change in number density. It is not unrealistic to as-
sume that particles with higher orbital inclinations are systematically smaller than
those concentrated in the ecliptic; see, for example, Grün et al. (1997).

In the ecliptic, two pronounced maxima are observed for the surface brightness
of zodiacal light. The first one is close to the Sun and is referred to as the F corona.
This can best be observed during a solar eclipse from the ground or from space
because the steady increase starts at only a few degrees away from the Sun. The
brightness of the F corona has often been interpreted as resulting from Fraunhofer
diffraction. This would, in principle, seem to provide a method for estimating the
particle size of a typical IDP. Unfortunately, however, there are two main obstacles
for doing this reliably. First, what is observed along the line of sight (LOS) at a
fixed elongation results from all scattering angles�, the main contribution being
from those particles close to the Sun at � ≈ 90◦. Second, if the particle sizes are
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a few micrometers, then diffraction is not very strong beyond a scattering angle
of a few degrees.

The second pronounced maximum of zodiacal light is seen in the antisolar di-
rection and is called the gegenschein. Inversion of the LOS observations in this
region is much more reliable because there is only a narrow range of scattering
angles close to 180◦ being involved. The gegenschein is a typical example of the
so-called opposition effect of atmosphereless bodies in the solar system. Most of
them show a pronounced nonlinear increase in brightness toward the planetary
opposition geometry (� = 180◦). Since the days of Seeliger (1887) the opposi-
tion effect has been interpreted as resulting from mutual shadowing in an aggre-
gate cloud of particles except very close to � = 180◦. However, the gegenschein
shows unequivocally that single particles can also produce the effect without any
shadowing mechanism.

Because the lifetime of IDPs is greatly limited by the Poynting–Robertson ef-
fect, there should be an efficient supply of new particles into the cloud. Prior to the
IRAS mission it was widely believed that short-period comets provided the main
supply. However, Lumme and Bowell (1985) strongly favored the C-asteroidal
origin. This suggestion arose from the similarities in single-scattering albedo,
color indices, polarization, and the distribution of dust as a function of ecliptic
latitude between the C asteroids and the interplanetary dust cloud. Shortly after
that suggestion the IRAS findings largely supported the idea. Nevertheless, the
short-period comets certainly have their important, if not dominating role in the
supply of new IDPs.

For a number of years stratospheric flights at altitudes greater than 20 km and
balloons have been used to collect small, so-called “Brownlee particles.” On the
basis of chemical composition, a majority of particles less than 10 µm in diam-
eter are deemed to be of terrestrial origin, whereas the bigger ones mostly come
from space. There has been extensive analysis on the grain size, morphology,
and chemistry of these particles (e.g., Brownlee, 1985; Gibson, 1992). Generally
speaking, these can be subdivided into chondritic and nonchondritic particles. Ac-
cording to a series of cosmic dust catalogs (e.g., Warren et al., 1994), the particle
morphology can be crudely divided into porous aggregates and more solid, rough
particles, both of which show quite random shapes.

As mentioned previously, IDPs almost certainly come from both asteroidal and
cometary dust particles. It would therefore be quite natural that at least some ob-
served properties of these objects (zodiacal light, comets, and asteroids) would
be the same. Indeed, two ubiquitous phenomena have been observed. First, all of
these objects sharply brighten toward the exact backscattering direction, that is,
show the opposition effect. Second, an even more telltale feature is seen in their
linear polarization. The reversal, a change from negative to positive polarization,
takes place at about � = 160◦ and the whole polarization curve is very similar,
only being modulated by albedo. There is certainly no a priori reason why all
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randomly chosen particles would behave this way. In Section II we review the
observing geometry of zodiacal light and study the inversion in detail. We will
study the complementary nature of the three objects in Section III. All these ob-
jects require different inversion techniques to yield physical information on the
constituent particles and in this respect they complement each other. Obviously,
all light-scattering methods need an explicit expression for the particle geometry
and as can be seen later, this will cause quite different scattering patterns for the
particles. Particle shapes will be studied in Section IV.

An extensive review of the existing light-scattering methods is given in Chap-
ter 2. Therefore, we will not present any details of those in this chapter. We do,
however, provide the essentials of those methods pertinent to light scattering by
cosmic dust particles. We also explain in some detail our favorite method, the in-
tegral equation algorithm, which we are using in our work on light scattering. All
this will be done in Section V.

II. OBSERVATIONS OF ZODIACAL LIGHT AND
THEIR INTERPRETATION

The main optical data on the brightness and polarization of zodiacal light come
from ground-based and spacecraft observations. The ground-based data have been
summarized and compiled by Leinert (1975) and Leinert et al. (1998). The bright-
ness is traditionally given in somewhat awkward units of S10, which corresponds
to the brightness of one tenth magnitude star per square degree. The star is meant
to be of solar type. The unit S10 translates into 6.61×10−12 (Leinert et al., 1998)
of the solar irradiance per steradian.

The ground-based data give the brightness and linear polarization as a function
of the elongation ε (see Fig. 1) and the ecliptic latitude β. The reliable data range
starts at an ε of a few degrees and extends all the way to the gegenschein region,
ε > 170◦. There is almost complete coverage of the brightness in the ecliptic
latitude β.

Linear polarization has been measured by at least 10 authors. The main results
of these measurements are given in Leinert’s (1975) compiled table. The mea-
sured maximum polarization of about 20% is seen at ε = 60◦. The well-known
reversal of polarization takes place at about ε = 160◦. Unfortunately, there are
not too many data points in the gegenschein region. Outside the ecliptic linear po-
larization is nearly constant at a constant ε. The wavelength dependence of linear
polarization is not very well known. However, the few existing data sets suggest
that this dependence is weak at most.

Valuable data on the brightness and linear polarization of zodiacal light were
provided by two spacecraft, Helios 1 and Helios 2, flown in the 1970s (Lein-
ert et al., 1981, 1982). Three independent photometer systems were mounted on
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Figure 1 Basic observing geometries for the zodiacal light (top), a cometary coma (middle), and
a planetary regolith (bottom).
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these spacecraft to observe at a fixed β of 16◦, 31◦, and 90◦. Each photometer
recorded brightness and polarization in the U, B, and V spectral bands. Owing
to the eccentric orbits of the Helios spacecraft, data were obtained at 0.3 and
1 AU. This spread in heliocentric distance provided a direct estimate for the dust
number density, or more precisely, the product of that and the single-scattering
albedo.

In the first approximation, the Helios 1 and Helios 2 observations were quite
consistent with the ground-based data. The most prominent difference was found
in the degree of linear polarization. At 0.3 AU, linear polarization was reduced to
about two thirds of that at 1 AU (Leinert et al., 1981, 1982). Also the brightness
showed a small increase shortward of about ε = 60◦. In particular, the change in
polarization strongly suggests that not only does the number density n0 change
with the radial distance from the Sun, but the particle properties, especially the
single-scattering albedo, also change. We will model this later.

Next we will consider both the brightness and the polarization observations
in the ecliptic. We will do this by following and modifying the work of Lumme
and Bowell (1985). We first derive the brightness integral or the intensity along
the LOS making an angle ε with the Sun–observer direction. A volume ele-
ment dV along the LOS receives the amount of πFn0 dV/r

2 of the incident
solar flux πF where n0 = n0(r) is the particle number density. The amount of
πFn0CscaF11(�) dV/(4πs2r2) is scattered in the direction of the observer with
the scattering angle of �. Here F11 is the single-scattering phase function (Sec-
tion XI of Chapter 1) and Csca is the scattering cross section. The total amount of
light (per steradian) received by the observer is therefore

I (ε) = 1

4
F

∫ ∞

0

n0(r)

r2 Csca(r)F11(�) ds. (1)

From Fig. 1 we have

r = R0
sin ε

sin�
, s = R0

sin(�− ε)
sin�

. (2)

Changing the variable s in Eq. (1) into the scattering angle � with the help of
Eq. (2), we obtain

I (ε,R0) = F

4R0

1

sin ε

∫ π

ε

n0

(
R0

sin ε

sin�

)
Csca

(
R0

sin ε

sin�

)
F11(�) d�, (3)

which is a Volterra integral equation of the first kind. The obvious approximation
we have made previously is that F11 is assumed to be independent of the heliocen-
tric distance r . Fortunately, however, even if the single-scattering albedo changes
the general form of F11 need not change widely. It is evident from Eq. (3) that an
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independent solution for n0 and Csca is not possible. We can, therefore, set

n0

(
R0

sin ε

sin�

)
Csca

(
R0

sin ε

sin�

)
= K

(
R0

sin ε

sin�

)
, (4)

which is the kernel of the integral equation (3). There is no known analytical
solution for Eq. (3) with this kernel.

In what follows, we try the direct method for the solution of Eq. (3). This
requires that we assume some reasonable analytical forms for F11 andK . Our ex-
tensive computations of light scattering by nonspherical particles (Lumme et al.,
1997; Lumme and Rahola, 1998), have indicated that a good approximation for
F11 would be

F11(�) = p0 exp
(
a1�+ a2�

2), (5)

where the normalization coefficient p0 assumes the form

p0 = 8i
√
a2/π exp(q2

1 )

erfi(q1)− erfi(q1 − √
a2π)+ exp

(
ia1
a2

)[erfi(q2)− erfi(q2 + √
a2π)]

,

q1 = − i + a1

2
√
a2
, (6)

q2 = −i + a1

2
√
a2
,

where i = √−1 and erfi is the complex error function defined as erfi(z) =
erf(iz)/i in terms of the standard error function erf. Some fits of Eq. (5) to our
light-scattering computations of stochastically rough spheres are shown in Fig. 2.
As can be seen, the fits are very good.

We now concentrate on the functional form of the kernel function K . The
classical approximation (see, e.g., Leinert and Grün, 1990) is a power law r−ν
distribution. The observations, particularly those by the Helios spacecraft (Lein-
ert et al., 1998), yield ν = 1.3 ± 0.1. The problem with the power law is that
it predicts that the functional form of the intensity I (ε,R) remains independent
ofR; that is, I (ε,R1)/I (ε,R2) is constant. This is in conflict with the Helios data,
which show that the intensity increase when ε < 60◦ is more rapid at r = 0.3 AU
than at r = 1 AU. We will now assume

K(R) = k0

[
R0

R
+ b1

(
R0

R

)2]
, (7)

where k0 is a constant and b1 is a parameter to be found. This form has the ex-
tra bonus that the integration in Eq. (3) can be done analytically. Inserting now
Eqs. (5), (6), and (7) into Eq. (3), we obtain after straightforward, though tedious
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Figure 2 Some examples of discrete power law averaged single-scattering phase functions of
stochastically rough spheres as a function of the power law exponent γ (solid curves) as compared to
an analytical approximation, Eq. (5) (dashed curves).

algebra

I (ε,R0) =
√
π

a2

Fk0p0

8i
exp(−q2

1 )
1

sin2 ε

{
2 exp

(
ia1

a2

)
f−1(ε)− 2f1(ε)

+ ib1R0

sin ε

[
exp

(
3(1 + 2ia1)

4a2

)
f−2(ε)+ exp

(
3 − 2ia1

4a2

)
f2(ε)

(8)

− 2 exp

(−1 + 2ia1

4a2

)
f0(ε)

]}
,

fk(ε) = erfi
(
ki + a1 + 2a2ε

2
√
a2

)
− erfi

(
ki + a1 + 2a2π

2
√
a2

)
,



Chapter 19 Scattering Properties of Interplanetary Dust Particles 563

where the intensity comes out real despite the appearance of the imaginary unit in
the expression.

We are now left with three unknowns a1, a2, and b1. To solve for these, we
apply Eq. (8), in a nonlinear sense, to the data in the ecliptic (Leinert, 1975). The
dependence of the color on the elongation ε is given by Leinert et al. (1982). Al-
though the data extend from the exact backward direction, ε = 180◦, down to
about ε = 1◦, the parameters a1, a2, and b1 become very insensitive to the data
at elongations below about ε = 30◦. This is a standard situation with the Volterra
integral equation of the first kind. Accordingly, we cannot derive reliable infor-
mation about the single-scattering phase function F11 in the forward (diffraction)
direction. This is, of course, unfortunate because diffraction would be a direct size
indicator for IDPs.

Our nonlinear least-squares algorithm provides the best-fit parameters a1, a2,
and b1. Those are given in Table I in the UBV bands with their 1 σ errors. The
resulting F11 domains in these colors are shown in Fig. 3. The parameter b1 =
0.2 translates into the parameter ν = 1.27 between heliocentric distances 0.3 and
1 AU. As mentioned before, the region ε ≤ 30◦ cannot be very reliable. The best-
fit parameters produce now the predicted intensity in different spectral bands and
heliocentric distances. These are also shown in Fig. 3. The fits are very good. As
was mentioned previously, our kernel function, Eq. (7), also predicts a difference
in the functional form of I (ε,R) with varying distance R. This is illustrated by
the differences between the solid and the dashed curves for intensity in Fig. 3 and
is verified with the Helios data.

We now turn to the observations of linear polarization of zodiacal light. Leinert
(1975) has summarized the ground-based data of various authors. These data in
the ecliptic are fairly consistent, showing a maximum polarization of about 20%
at ε = 70◦. Unfortunately, there are only a few data points close to the backscat-
tering (gegenschein) direction and the reversal of polarization is still fairly poorly
observed. Most researchers, however, agree that the reversal is actually taking

Table I

Coefficients for the Exponential Phase Function F11
Approximation Together with Their Errors in the U, B, and V

Spectral Bands

a1 a2 b1

V −1.35 ± 0.20 0.37 ± 0.04 0.20 ± 0.05
B −1.25 ± 0.20 0.37 ± 0.05 0.20 ± 0.05
U −1.20 ± 0.30 0.37 ± 0.05 0.20 ± 0.05
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Figure 3 Derived single-scattering phase functions for an IDP together with their 1 σ uncertainty
domains (left column) as compared to the resulting theoretical distribution of zodiacal light brightness
and data (right column). Notice the predicted small brightness increase with the heliocentric distance,
where solid curves correspond to 1 AU and dashed curves correspond to 0.3 AU.

place at about ε = 160◦. Measurements below ε = 25◦ are rather uncertain be-
cause the effect of interplanetary plasma must be removed.

The Helios spacecraft provided a large amount of polarization data of zodiacal
light. Unfortunately, however, they did not make any measurements in the eclip-
tic but instead at the latitudes 16◦ and 31◦. These data have been summarized by
Leinert et al. (1982). Perhaps the most interesting finding was the clear reduc-
tion in the degree of polarization with decreasing heliocentric distance from 1 AU
down to 0.3 AU. This reduction was about one third. Lumme and Bowell (1985)
attributed this effect to the change of average properties of IDPs with heliocentric
distance. More specifically, they thought that the single-scattering albedo of the
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particles increases with decreasing heliocentric distance. This idea is further sup-
ported by Levasseur-Regourd (1991), who found the same distance dependence
from observations at thermal infrared wavelengths. The degree of linear polariza-
tion P is given by

P = −Q
I
, (9)

whereQ is the second Stokes parameter and when the coordinate system is chosen
so that U vanishes (Section V of Chapter 1). Almost all atmosphereless bodies in
the solar system show amazingly similar polarization behavior, that is, P being
negative at scattering angles greater than 160◦ and reaching a maximum at about
� = 90◦. Therefore, it is not surprising that all the observed data, for about
100 objects, can be described by a simple function, as shown by Lumme and
Muinonen (1993),

P(�) = (sin�)c1
(

sin
1

2
�

)c2
sin(�1 −�)

= p2(sin�)c1 cos�

(
sin

1

2
�

)c2
+ p1(sin�)1+c1

(
sin

1

2
�

)c2
,

(10)

p1 = −p0 cos�1,

p2 = p0 sin�1.

For the approximately 40 asteroids analyzed, the best values for the parameters
were c1 = 0.7 and c2 = 0.35, whereas for the other solar system objects c1 = 0.5
and c2 = 0.35. Once the parameters ci are known, all the fits can be done linearly
to get the inversion angle�1 and the scale factor p0.

Combining Eqs. (9) and (10) and in accordance with Eqs. (3) and (7), we can
write for the second Stokes parameter

Q(ε,R0) = F

R0 sin ε

∫ π

ε

K2

(
R0

sin ε

sin�

)
P(�)F11(�) d�,

(11)

K2(R) = k0

[
R0

R
+ b2

(
R0

R

)2]
,

where we have changed the kernel function K , Eq. (7), into a new one, K2. We
have done this because there is no reason to anticipate that the albedo, or Csca,
dependence would be the same for the intensity and the second Stokes parameter.
Now the integral in Eq. (11) cannot be calculated analytically, as was the case
for the intensity I . The observed degree of polarization now reads as Pobs(ε) =
Q(ε,R0)/I (ε,R0). In the V band we use the compiled table of Leinert (1975) to
solve for the parameters p1, p2, and b2. There are no ground-based data on the
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Table II

Best-Fit Parameters of the Empirical Polarization Function
Together with the Inversion Angle in the U, B, and V Spectral

Bands

p1 p2 b2 �1(
◦)

V 0.350 0.087 0.020 166.1
B 0.427 0.105 0.020 166.1
U 0.464 0.114 0.020 166.2

color dependence of polarization. We, therefore, assume that the color information
of the Helios data, in spite of the nonecliptic observations, can be used. From
Leinert et al. (1982) we obtain〈

Pobs(B)

Pobs(V)

〉
= 1.21,

〈
Pobs(U)

Pobs(V)

〉
= 1.30. (12)

The color, at least to the first approximation, does not seem to depend on the
elongation. The best-fit parameters p1, p2, and b2 together with the inversion
angle �1 are given in Table II. The fits, which turn out very well, are shown in
Fig. 4. It can be seen that the change of polarization with heliocentric distance
comes out automatically, shown by the dashed curves, and approximately what
the Helios spacecraft observed. In deriving the three parameters we did not use
the Helios data at 0.3 AU.

Next we consider polarization by a single IDP as a function of the heliocentric
distance. This can easily be done by replacing the upper limit π of the integration
in Eqs. (3) and (11) by ε+dε, which has the effect that there is no LOS integration.
We then obtain

PIDP(�) = K2(R0)

K1(R0)
P (�) = 1 + b2

R0
R

1 + b1
R0
R

P(�). (13)

We showPIDP at distancesR = R0 andR = 0.3R0 in Fig. 5. Quite understand-
ably P(�) and PIDP(�) are clearly different. It is interesting to compare PIDP(�)

for some other objects for which polarization has been observed in a sufficiently
broad range of scattering angles. We now compare PIDP with the cometary data.
Most of the observed comets seem to fall into two categories in terms of lin-
ear polarization as shown by Levasseur-Regourd et al. (1996). Among those that
have a higher degree of polarization we have chosen three well-observed comets,
namely, P/Halley (Kikuchi et al., 1987), P/Bradfield (Kikuchi et al., 1989), and
P/West (Michalsky, 1981). These data together with PIDP are shown in Fig. 5.
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Figure 4 Polarization data of zodiacal light (dots) as compared to the theoretical predictions at 1 AU
(solid curves). The dashed curves show computed linear polarization at 0.3 AU and are close to those
observed by the Helios spacecraft at 0.3 AU.

Figure 5 Local polarization of a typical IDP at 1 AU (solid curves) as compared to local polarization
at 0.3 AU (dashed curves). For comparison we also show polarization in the V band for three comets.
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The agreement is fairly good. The question of the color dependence of the polar-
ization of comets is somewhat conflicting. There seems to be a slight tendency
of the degree of polarization to increase with the wavelength. If true, this would
be in direct conflict with the data on polarization of zodiacal light as found by
Leinert et al. (1982).

Unfortunately, we cannot yet reliably calibrate the correlation between the de-
gree of linear polarization and the single-scattering albedo. Most of the cometary
data suggest that the albedo of the particles is low. Obviously, the data on zodiacal
light seem to suggest the same.

III. DUST IN THE SOLAR SYSTEM:
COMPLEMENTARY VIEW

The data obtained with the two basic methods in solar system research, pho-
tometry and polarimetry, clearly suggest that some properties of the small cosmic
dust particles, generally speaking, must be similar. The ubiquitous opposition ef-
fect and the reversal of linear polarization are too similar to be completely acci-
dental. There seems to be, however, a clear difference between the high-albedo icy
satellites on one side and the regoliths on darker satellites and asteroids, comets,
and zodiacal light on the other side. For the icy satellites the classical opposition
increase in brightness starts only below phase angle α = 180◦ − � = 2◦ con-
trary to α = 7◦ for the other objects. Also, this opposition surge is even more
pronounced than the opposition effect. Polarization is quantitatively different in
the sense that for the icy satellites the angle of polarization reversal often takes
place at about α = 10◦, whereas for the other objects this angle is about 20◦.

Because of the similarities between the darker solar system objects, we will
study in this section how complementary information can, at least in principle, be
obtained. The common factor in the different environments is the question of the
data inversion technique.

A. COMETS

When approaching the Sun, a comet normally becomes active and develops a
coma around its nucleus. There are numerous measurements of both the intensity
and the polarization of the coma as a function of the distance to the Sun. These
measurements can, in principle, yield information about both the number density
of coma particles and their light-scattering properties. Judging from the surface
brightness of the coma, the number density n0 in the inner coma seems to be fairly
spherically symmetric, whereas at larger distances from the nucleus departures
from this start to develop. These departures are caused by the radiation pressure
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on the small micrometer-sized particles. The slant optical thickness of the coma
is normally small so that the observed surface brightness I at a given scattering
angle� = 180◦ − α and at a distance r from the nucleus can be written as

I (ρ,�) = πF

∫ ∞

−∞
n0

(√
ρ2 + s2

)
Z11

(√
ρ2 + s2,�

)
ds,

(14)

F11 = 4π

Csca
Z11,

where the definition for Z11 is given by Eq. (57) of Chapter 1 and where πF =
πF0(R0/R)

2 is the scaled incident solar flux at a distance R and R0 = 1 AU,
Z11 is the first element of the phase matrix Z (Chapter 1). The basic geometry is
shown in Fig. 1. We cannot solve for both the one-dimensional number density n0

and the two-dimensional scattering functionZ11 from the two-dimensional data I .
We now assume that Z11 can be separated into the scattering cross section Csca

and the normalized angular dependence F11(�) as

Z11

(√
ρ2 + s2,�

)
= Csca(

√
ρ2 + s2 )

4π
F11(�) (15)

and write Eq. (14) in the form

I (ρ,�) = I1(�)K(ρ),

I1(�) = 1

4
FF11(�), (16)

K(ρ) =
∫ ∞

−∞
ks

(√
ρ2 + s2

)
ds,

where the scattering coefficient ks = n0Csca. We can still note that the approxi-
mation (15) would be exact if the coma particles would not evolve while coasting
away from the nucleus. In a detailed analysis Baum et al. (1992) have shown that
this is in fact not the case and that the albedo and/or scattering cross section must
decrease while the cometary grains are flowing outward.

We next show how the integral equation (16) can be solved in the real inversion
sense for ks at any fixed configuration, that is, phase angle α. Taking the one-
dimensional Fourier transform F of both sides of Eq. (16), we obtain

F(K)(ω) = 1

2π

∫ ∞

−∞
ds

∫ ∞

−∞
ks
(√
t2 + s2

)
eiωt dt. (17)

We then change the variables s and t into u and φ as

s = u sinφ, t = u cosφ. (18)
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Then Eq. (17) assumes the form

F(K)(ω) = 1

2π

∫ ∞

−∞
du ks(u)u

∫ 2π

0
exp(iωu cosφ) dφ (19)

and further

F(K)(ω) =
∫ ∞

−∞
J0(ωu)ks(u)u du, (20)

where J0 is the zeroth-order Bessel function. By definition Eq. (20) is the zero-
order Hankel transform H0 of the function ks(r). This can now be inverted to
yield

ks(r) = H−1
0 [F(K)](r), (21)

where the inverse transform H−1
0 has exactly the form of Eq. (20) except for the

different variables in the integrand. The integral equations of the type of Eq. (16)
are most often solved by transforming them into an Abel integral equation. Our
method is, however, numerically more stable than the solution of the Abel integral
equation because we do not have to take derivatives of the data.

Unfortunately, we cannot separate the number density and the scattering cross
section from each other with the surface brightness data alone. However, a pho-
tometric measurement of any diminution of the starlight in traversing the coma
would provide a remedy for this. Such measurements can be difficult but cer-
tainly not impossible. Assume now, as shown in Fig. 1, that a star with bright-
ness I0 is occulted by the coma and the brightness of the star varies as I∗(ρ).
Then

I∗(ρ) = I0 exp[−K∗(ρ)],

K∗(ρ) =
∫ ∞

−∞
ke

(√
ρ2 + s2

)
ds, (22)

ke = n0Cext,

where Cext is the extinction cross section and ke is the extinction coefficient. Be-
cause K∗ is a small quantity we obtain

K∗(ρ) � 1 − I∗(r)
I0

=
∫ ∞

−∞
ke

√
ρ2 + s2 ds. (23)

The solution of ke in Eq. (23) can proceed in exactly the same way as that for
ks given previously. Taking now the ratio K(ρ)/K∗(ρ), we obtain
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I (ρ,�)

1 − I∗(ρ)
I0

= n0(ρ)Csca(ρ)

n0(ρ)Cext(ρ)

1

4
FF11(�)

= 1

4
�(ρ)F11(�)F, (24)

which is a directly observable quantity provided that we have a star occultation
available. In Eq. (24), � is the single-scattering albedo. A word of caution is in
order: Both the numerator and the denominator of Eq. (24) are small quantities
and, therefore, the error can easily be fairly large. We can still note that if the data
extend close to the backscattering direction, � = 180◦, the derivable quantity
�(ρ)F11(180◦)/4 is exactly the geometric albedo, in the ray optics sense, for a
single particle.

B. PLANETARY REGOLITHS

It is commonly believed that at least most atmosphereless bodies in the solar
system are covered with a loose, optically thick dust or ice layer, called the re-
golith. As mentioned previously, the atmosphereless bodies exhibit just the same
two ubiquitous phenomena as do the observations of zodiacal light and comets:
the opposition effect and the reversal of linear polarization at about α = 20◦. We
now briefly study how information about regolith dust particles can be retrieved
from observations.

There are only a few solid bodies in the solar system that can be observed
disk resolved; that is, the distribution of the surface brightness I (α, i, e) can be
mapped as a function of the solar phase angle α and the local angles of incidence i
and emergence e. Of course, by far the best object for detailed surface photometry
is our Moon. Unfortunately, however, the best extensive photometric observations
of the Moon have not been properly analyzed. Only quite recently Buratti et al.
(1996) analyzed observations made during the Clementine mission and deduced
a detailed picture of the well-known opposition effect.

There have been two main streams in interpretations of the available photomet-
ric data for atmosphereless bodies. Bowell et al. (1989) have summarized the ap-
proaches by Hapke and Lumme and Bowell. The basic difference between these
two treatments is that it is the shadow hiding (or mutual shadowing) that, ac-
cording to Hapke, causes the opposition effect and that the regolith particles are
strongly backscattering and have low albedos. Lumme and Bowell maintain that,
in principle, the shadow hiding and single-particle phase function, both functions
of the phase angle, cannot be separated from the disk-integrated data alone. Bu-
ratti et al. (1996) assume that multiple scattering in the lunar regolith plays no
role because the Moon does not show any clear limb darkening close to opposi-
tion. This conclusion, however, is based on an incorrect interpretation of the role
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of multiple scattering. Although these authors use the Henyey–Greenstein phase
function for single scattering, they assume, according to Hapke’s model, that mul-
tiple scattering can be assumed to be isotropic. This can easily be checked with
strongly forward scattering phase functions with moderate single-scattering albe-
dos in the range 0.5 ≤ � ≤ 0.7. Indeed, limb darkening with these parameters
would be small. This effect would be further reduced if we compute limb darken-
ing with the inclusion of surface roughness in terms of the generalized radiative
transfer method (Lumme et al., 1990).

Three main factors determine the distribution of surface brightness of a re-
golith: the average single-particle properties,� and F11(�); the mutual shadow-
ing  S at small (α ≤ 10◦) phase angles; and the surface roughness of the re-
golith R. Without going any deeper into the subject, we write the basic equation
in the form

I (α, i, e)

F cos i
= R1 + RM,

R1 = 1

4

�

cos i + cos e
F11(α) S(α;D) R(α, i, e; ρ), (25)

RM = RM(α, i, e;�,F11),

where the reflection coefficients R1 and RM represent the contributions by single
and multiple scattering, respectively, and the shadowing and roughness contribu-
tions  S and  R are normalized to unity at α = 0◦. The dominating parameters
are explicitly shown in Eq. (25), whereD denotes the packing density of the parti-
cles and ρ is the root mean square (rms) slope of a multivariate Gaussian surface.

To learn something about the cosmic dust particles in a regolith, we should
somehow be able to separate � and F11 from the effect of the other parameters.
For a complete 3D data set I (α, i, e) this might be possible, provided that local
texture variations are not too pronounced, but for disk-integrated data the task is
just impossible.

We finally summarize, in Table III, the pros and cons of using the data on
the three different sources (zodiacal light, comets, and regoliths) in order to learn
some common properties of the cosmic dust particles. From this table it is obvious
that all different sources have their merits and drawbacks, but if a synthesis could
be made, a much more reliable picture of IDPs would arise.

IV. SHAPE MODELS FOR DUST PARTICLES

Before light scattering by small particles can seriously be studied, a method
for conceptualizing their shapes must be formulated. In nature and in industrial
applications, irregularly shaped small particles play such an important role that
research on their properties is widely spread. One of the first questions is how
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Table III

Pros and Cons in Deriving Information on Cosmic Dust under Various
Circumstances

Source Pros Cons

Zodiacal light No mutual scattering effects Integration along LOS causes
between IDPs numerical instabilities in inversion

Any time variations very Separation of number density and
slow IDPs not straightforward

Plenty of 3D data available All parameters functions of
heliocentric distance

Comets Isolated scattering angles Temporal and spatial variations
If star occultation available make interpretation unstable

separation of number density Star occultations rare, separation
from properties is of number density from properties
possible for IDPs only rarely

No mutual effects between Scattering angle and time
cometary particles variations coupled

Regoliths Isolated scattering angles Separation of particle properties
No time variations from other variables very
Easy-to-gain data difficult and unreliable

Limited scattering (phase) angle
coverage

Mutual effects (multiple scattering
between particles) considerable

to classify particle shapes into a few basic categories. In a fairly broad sense,
small particles could be divided into solid and aggregated or clustered particles.
Lumme et al. (1997) classified particles into the following categories: polyhedral
solids, stochastically rough (smooth) particles, and stochastic aggregates. The par-
ticles could also be divided into different sets in a mathematical sense. Then obvi-
ous classification categories would be solid and aggregated particles. Further, the
solids could be subdivided into convex, star-shaped, and non-star-shaped forms,
where the last two classes belong to concave shapes. A schematic picture of this
classification is shown in Fig. 6.

A. CONVEX PARTICLES

By far the most common approach for describing convex shapes is to assume
that they can be approximated by triaxial ellipsoids. It naturally depends on the
particular application whether this approximation is sufficient. As far as light scat-
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Figure 6 Schematic subdivision of irregular particles in different classes.

tering by small particles is concerned, general convex shapes can yield quite dif-
ferent results from equal-volume, best-fit ellipsoids. This can be judged from our
recent exercise with spheres, equal-volume spheroids, and equal-volume stochas-
tically rough spheres (Lumme and Rahola, 1998). In particular, linear polarization
seems to be a good discriminator of particle shape.

The standard procedure for describing convex shapes is to use the support func-
tion formalism, (see, e.g., Stoyan and Stoyan, 1994). Geometrically, the support
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function is the distance from the origin of a tangent plane to an arbitrary point on
a convex surface. Thus, the support function ρ(ϑ, ϕ) is a two-dimensional (2D)
scalar function uniquely associated with the radius vector R(ϑ, ϕ) to that arbitrary
point on a convex surface, where ϑ and ϕ are polar coordinates of the normal to
the tangent plane. Why the support function formalism is superior to the standard
radius vector approach becomes obvious in studies of particle shapes from their
projections. There are many laboratory measurements with transmission electron
microscope and scanning electron microscope instruments of profiles of both nat-
ural and industrial particles. With the support function formalism, the projection
of any convex particle is given by ρ(90◦, ϕ), whereas in the radius vector concept
there is no such simple way to describe the projection.

The basic properties of convex particles can be summarized in a few equa-
tions. First, the relation between the radius vector R and the support vector ρ (the
support function with the notion of direction) is given by

R(ϑ, ϕ) = M · ρ(ϑ, ϕ),
(26)

M =
⎛⎝ cosϑ cosϕ − sinϕ sinϑ cosϕ

cosϑ sin ϕ cosϕ sinϑ sinϕ
− sinϑ 0 cosϑ

⎞⎠ .

An important quantity related to ρ is the Gaussian surface density G(ϑ, ϕ),
defined as

G(ϑ, ϕ) = AC − B2,

A = ρϑϑ + ρ,
(27)

B = 1

sinϑ
ρϑϕ − cosϑ

sin2 ϑ
ρϕ,

C = 1

sin2 ϑ
ρϑϑ + cosϑ

sinϑ
ρϑ + ρ,

where the subscripts denote standard partial derivatives. A necessary and suffi-
cient condition for an object to be convex is that G(ϑ, ϕ) ≥ 0 for all ϑ, ϕ.

The support function representation has an extra important property related to
the choice of the origin. Assume, for instance, that ρ is expanded in spherical har-
monics. If we change the originO1 to O2 the expansion remains the same except
the coefficients of the three terms of order 1. The radius vector representation does
not have this property. In inversions of the shapes from projections, this special
property in very important.
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B. CONCAVE PARTICLES

Concave particles can be subdivided into two categories: star-shaped and non-
star-shaped forms. Examples of these are depicted in Fig. 6. In mathematical set
theory, a star-shaped form is defined as a geometry in which at least one point
inside a particle can be found from which any boundary point is uniquely reached
so that the radius vector intersects the boundary only once. In some sense star-
shaped particles are mildly concave. To our knowledge, no universally accepted
method exists of how to describe a non-star-shaped form. We will, accordingly,
concentrate only on star-shaped surfaces.

A natural choice for the representation of star-shaped forms is the use of the
radius vector R description. The convex hull (CH) of any concave shape repre-
sents, in a sense, the best approximation for concave figures and can be easily
found numerically from

CH(�,ψ) = ρ(�,ψ) = max
(
R(ϑ, ϕ) · n(�,ψ)

)
, (28)

where max denotes the maximum in the whole (ϑ, ϕ) set when (�,ψ) are kept
fixed and where n is a unit vector and where we explicitly show that CH coincides
with the support function ρ. In Fig. 7 we show some CHs for star-shaped figures.

Figure 7 Three star-shaped figures (first row) and their convex hulls (second row).
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The most versatile method for describing the shapes of naturally occurring ran-
dom particles is to use the concept of stochastically rough spheres (SRSs). The
method is explained in detail in Chapter 11. The basic concepts of this method
have been known for a long time and have been applied to various problems. By
far the most serious problem with the SRS technique is that the actual projections
are almost impossible to obtain so that one must work with the planar intersec-
tions. In this respect the support function formalism is superior.

Our recent contribution to the SRS technique is the introduction of a new and
flexible autocorrelation function C(γ ) between two radii (Lumme and Rahola,
1998). We suggested a function

C(γ ) = q sin(p sin 1
2γ )

p sin 1
2γ

+ (1 − q)P2(cos γ ), (29)

where γ is the angular distance between two radii, p is an arbitrary positive con-
stant, 0 ≤ q ≤ 1, and P2 is the second-degree Legendre polynomial. C has a
Legendre expansion with positive coefficients, as required (Lumme and Rahola,
1998). In the next section we will show some examples of light scattering by SRSs
having the autocorrelation function of Eq. (29).

C. AGGREGATES

It is fairly straightforward to model the shape of a homogeneous, stochastically
irregular particle. To model a cluster of closely packed particles is much more
demanding and requires many more free parameters. First the properties, size
distribution, and shapes of the constituent particles must be specified. Next the
growing process of the cluster must be modeled.

Random close packing of particles is a classically unsolved problem. Even for
equal-sized spheres only results based on computer simulations are available. The
particle aggregates collected during stratospheric flights and shown in cosmic dust
catalogs seem to indicate that the clusters are dense. A dense cluster is defined
as a collection of touching particles where the packing density (filling factor)
exceeds 0.05.

Lumme et al. (1997) analyzed light scattering by two nearly extreme geome-
tries of clusters. In their first case the model consisted of several hundred cubic
elements arranged in a regular pseudospherical geometry. This collection of con-
stituent volume elements was then thinned by randonly removing elements but re-
quiring that every remaining element continue to have at least one touching neigh-
bor. In this model the filling factor remains constant as a function of the distance
from the center of the cluster. The other extreme case studied by Lumme et al.
(1997) was a fractal geometry, more specifically the so-called diffusion-limited
aggregation (DLA) process. In this process the filling factor drops off very quickly
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with the distance from the center. Computer simulations have shown that the frac-
tal dimension of the DLA is about 2.5.

V. LIGHT SCATTERING BY COSMIC DUST
PARTICLES

Cosmic dust particles permeating the solar system are certainly not spherical in
shape. Therefore, as explicitly shown by Lumme and Rahola (1998), the Lorenz–
Mie theory is completely inadequate in explaining most of the light-scattering
properties of these particles. A few exact theories and a large number of vari-
ous approximate models exist, as summarized in Chapter 2, to account for light
scattering by nonspherical particles. Some of the exact theories were applied to
three different shapes by Hovenier et al. (1996) in order to test the compatibil-
ity of various methods. All the methods examined agreed within a reasonable
accuracy.

Laboratory measurements of the light-scattering properties of irregular parti-
cles and particle clusters are very important. These measurements can be done
at least in two ways. First, single noninteracting particles can be measured using
some of the existing techniques such as electrostatic levitation, particles in flows,
or microwave analog. Although there are plenty of published measurements of
small particles, a detailed accompanying description of their shapes, sizes, and
refractive indices is missing in most cases. The measurements should always pro-
vide maximal information to minimize the number of free adjustable parameters.
Second, after the single-scattering properties are well known, the same particles
could be measured in thick layers to mimic planetary regoliths. Then the effects
of multiple scattering, close packing, and surface roughness could be separated
from those of individual particles. In this regard perhaps the most promising set
of laboratory measurements were acquired by Zerull et al. (1993), who used the
microwave analog technique for clusters of up to 500 interacting spheres. Un-
fortunately, some crucial information was missing, although some of that could
conceivably be recovered. Quite too often laboratory measurements concentrate
only on the scattered intensity of light. This yields just one element of the whole
4 × 4 scattering matrix, whereas almost certainly all 16 elements are sensitive to
different physical parameters of the sample.

A. INTEGRAL EQUATION TECHNIQUE FOR COSMIC DUST
PARTICLES

We cannot know for sure the typical geometry of IDPs. Therefore, we need a
flexible method that could be used to study light scattering by some basic classes
of shapes as described in the previous section. For this we have chosen the integral



Chapter 19 Scattering Properties of Interplanetary Dust Particles 579

equation (IE) formalism (Lumme and Rahola, 1998). We now summarize, very
briefly, the key points of this technique.

The volume integral equation of electromagnetic scattering is discretized by
assuming that the electric field is constant inside small cubic cells. By re-
quiring that the integral equation be satisfied at the centers of the N cubes
(point-matching or collation technique) and using a simple one-point inte-
gration, we obtain the basic set of coupled linear equations, which can be
found in Lumme and Rahola (1998). In the present form our IE is math-
ematically and computationally very similar to the discrete dipole approx-
imation (DDA; see Chapter 5). One of the great advantages of IE over
DDA is that no effective medium theories (Chapter 9), such as Maxwell-
Garnett or Bruggeman, are needed and thus no unnecessary free parameters are
introduced.

IE requires the solution of a large system of linear equations where the coeffi-
cient matrix is not Hermitian but is complex symmetric. State-of-the-art meth-
ods for solving the equations most effectively have been studied by Rahola
(1996). The quasi-minimal residual method (QMR) was shown to be the best
one. QMR turned out to be three to four times faster than the classical con-
jugate gradient algorithm basically because the computationally expensive ex-
tra matrix–vector product is not needed. In our computations we systematically
use the 3D convolution scheme to speed up the calculation of the matrix–vector
product.

B. STOCHASTICALLY ROUGH SPHERES

We next apply our IE formalism to two basic classes of particles: SRSs de-
scribed in detail in Chapter 11 and stochastic aggregates.

Although our code for the IE method is believed to be one of the fastest in
the field, we are still, for computational reasons, restricted to volume-equivalent
size parameters less than about 10. To a large extent this is a consequence of the
large number of random orientations of a particle needed to obtain convergent
results.

We assume two classes of SRSs defined in terms of the free parameters in the
autocorrelation function of Eq. (29) and the standard deviation of the mean radius
of an SRS. These classes are:

Class 1: p = 5, q = 0.5, σ = 0.4,

Class 2: p = 10, q = 0.9, σ = 0.2.

For the volume-equivalent size parameters we adopt values 1, 2, 4, and 6.
Because we do not aim at any particular substance, we assume the refractive
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index m = 1.5 + 0.005i, which should not be too far from that of a typical IDP.
Fortunately, the scattering matrix elements are not very sensitive tom in the range
1.5 ± 0.2 + (0.005 ± 0.005)i.

Because IDPs must be distributed over a size distribution, we assume a discrete
power law distribution with the exponent γ . We combine the light-scattering and
linear polarization computations for average size parameters of 1, 2, 4, and 6 by
this distribution. We show results for two values of γ = 2 and 3 in Fig. 8 for the
intensity and in Fig. 9 for the degree of linear polarization. From these figures
we can judge that the two ubiquitous phenomena, the opposition effect and the
reversal of linear polarization, appear quite naturally. We emphasize that we have
not tried to fit any observational data.

To see the effect of particle roughness on the intensity and linear polarization,
we fit biaxial ellipsoids to our model SRSs using Mishchenko’s T -matrix code
(Chapter 6). The results are also given in Figs. 8 and 9, using dashed curves.

Figure 8 F11 element for power law averaged SRSs (upper panels) for two values of the power law
exponent. The dashed curves show scattering by best-fit spheroids. In the lower panels we show F11
for two kinds of fluffy aggregates (defined in text).
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Figure 9 Linear polarization for power law averaged SRSs (upper panels). Note that the best-fit
spheroids (dashed curves) are a much poorer approximation for polarization than for F11. In the lower
panels we show polarization for two kinds of fluffy aggregates (defined in text).

C. FLUFFY AGGREGATES

Lumme et al. (1997) analyzed light scattering by various aggregates. They
computed all 16 elements of the scattering matrix by the DDA technique. There
were two geometries for the aggregates. In the first geometry a sphere with a size
parameter of 15 was subdivided into 100 or 200 cubic cells for the first model
and 20 or 60 cells for the second model. In the process it was required that ev-
ery remaining cell had at least one touching neighbor. In the second geometry we
used the diffusion-limited aggregation process for fluffy aggregates. In this we
created clusters of 100 and 200 constituent elements with a size parameter of 1.2.
We used two refractive indices: 1.29 + 0.008i (ice) and 1.57 + 0.012i (silicate).
In Fig. 8 (lower panels) we show results for F11 in the case of the cluster of 200
constituent elements in our first geometry (random removal) and in the DLA ge-
ometry. Linear polarization for the same geometries is shown in Fig. 9. It is clear
that these models are also capable of producing both backward enhancement and
negative polarization. However, the SRS model seems to be closer to the real data.
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This might indicate that IDPs are predominantly rough particles rather than fluffy
aggregates.

VI. DISCUSSION

In this chapter we have emphasized the importance of complementary obser-
vations and models of the different aspects of how cosmic dust is seen in the solar
system. Because the two ubiquitous phenomena (opposition effect and reversal
of linear polarization) are so similar for different objects even quantitatively, it is
hard to believe that there would be more than just one physical reason for their
existence. What this reason is remains unknown.

There are two mechanisms suggested to account for the opposition effect.
Already in 1887 Seeliger introduced the famous mutual shadowing concept to
explain the strong brightening of Saturn’s rings toward the opposition geom-
etry. This model and the several variants of it do require, however, a thick
layer of interacting particles to work and cannot, therefore, explain the ob-
served effect for cometary particles and IDPs. All these models implicitly as-
sume that the single-particle phase function is basically flat in the backward
direction. Several laboratory experiments and our recent studies in this field
quite indisputably show that single particles can easily have strong opposition
spikes. Another wave optical explanation for the opposition effect is the coher-
ent backscatter mechanism (CBM). In this phenomenon waves propagating in
opposite directions interfere constructively in the exact backscattering direction,
which causes the strong increase in intensity. The CBM concept has the extra
bonus that it could also explain the reversal of linear polarization as shown by
Muinonen (1990). Unfortunately, a quantitative treatment of the CBM is still
lacking.

To our knowledge, there are no systematic observations of cosmic dust ex-
tending beyond the first two elements of the whole scattering matrix. Such data
would have the potential to considerably improve our knowledge of the dust. We
realize that several elements of this matrix would be close to zero, but even then
they could yield important upper and lower bounds for the physical properties of
the particles. We continue to emphasize the importance of controlled laboratory
work. Most important, all the relevant physical parameters of the measured sam-
ples should be reported and not be left for modeling only. Controlled measure-
ments would mean, among other things, that the parameters should be changed
one at a time to allow for the possible effects of the change.

Existing computer codes for light scattering by nonspherical particles seem
to be in good order. In particular, the T -matrix algorithm (Chapter 6) is capable
of handling size parameters exceeding 120 for rotationally symmetric particles
and the integral equation formalism by Lumme and Rahola (1998) can compute
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light scattering by very complicated shapes up to equivalent size parameters of
about 20. Because the computer capabilities constantly improve, the maximum
size parameter increases accordingly.
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I. INTRODUCTION

The use of light scattering from single, nonspherical particles in biomedical
and biophysical applications is most often concerned with scattering from single
biological cells and thus deals with single scattering but not multiple scattering.
Because the objective of such light-scattering measurements is the retrieval of
specific characteristics of biological cells, we first address the nature of cells and
how this may be expected to affect the scattering of light by them.

Light Scattering by Nonspherical Particles: Theory, Measurements, and Applications
Copyright © 2000 by Academic Press. All rights of reproduction in any form reserved. 585
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Biological cells have in general a very complicated structure, both in shape and
in composition (Dyson, 1974). Shapes can range from nearly spherical to highly
irregular dendritic structures. Cells can be procaryotic (without a nucleus; these
are the bacteria and blue–green algae) or eucaryotic (with a nucleus). Nuclei may
be nearly spherical or exhibit a complex shape. Cells can contain all kinds of or-
ganelles, which also may differ in size and shape. Furthermore, cells of a specific
type often have a range in size, shape, and composition, resulting in a large bio-
logical variability. To complicate things even more, the relevant parameters may
depend strongly on the age of the cells.

Of course, cells are living entities; they divide and actively respond to external
stimuli. In many cases such cellular activity results in changes in cellular mor-
phology and average or effective refractive index. Cells may enter pathological
stages and, for example, become malignant cancer cells. Such changes usually
show up as a change in cellular morphology.

In previous chapters of this book, it has been demonstrated that light scattering
from single particles is very sensitive to their morphology and optical proper-
ties. We are therefore led to expect that light scattering can be a sensitive tool for
discriminating between cell types or between healthy and malignant cells or for
probing changes in cells resulting from stimuli. Indeed, physiological and mor-
phological information on living cells can be retrieved using light scattering. Dif-
ferences between cell populations, which are difficult to observe using micro-
scopic methods, can be determined with light scattering. Furthermore, in contrast
to microscopy, light-scattering techniques support rapid and noninvasive measure-
ments of bulk quantities of cells. It is in such applications that single-scattering
techniques have found widespread use in biomedicine and biophysics.

Let us consider a number of typical examples. The effect of penicillin on bac-
teria is seen within minutes in the scattered light (Berkman et al., 1970). Bacteria
can be identified (Wyatt, 1968, 1969), changes in heat-treated bacteria can be ob-
served (Berkman and Wyatt, 1970), and the size of rod-shaped bacteria can be
measured (Bronk et al., 1995; van de Merwe et al., 1997). Human white blood
cells can be identified (Salzman et al., 1975) and changes in the shape of platelets
can be assessed (Michal and Born, 1971). Forward and sideward scattered light
can be used to determine nuclear and cellular morphology (Benson et al., 1984) or
cell activation may be probed (Kraus and Niederman, 1990). If cells undergo pro-
grammed cell death by a mechanism called apoptosis, they show morphological
changes in cell size and granularity owing to loss of water. By measuring for-
ward and sideward scattered light in a flowcytometer (see Section III.B), cells
undergoing apoptosis can be discriminated from normal cells (Gorman et al.,
1997; Ormerod et al., 1995). Many more fascinating examples of the use of
light scattering to probe cellular properties can be found throughout the litera-
ture (e.g., Latimer, 1982), and we examine, in some detail, several more examples
later.
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Such an enormous amount of empirical data of light scattering from biological
cells calls for theoretical tools to interpret measurements in terms of cell charac-
teristics and changes (Latimer et al., 1968). Furthermore, such theoretical tools
are needed to help guide the experimenter in issues such as the choice of the opti-
mal solid angle to be subtended by the light-scattering detector so that particular
cell parameters may be best retrieved (Brunsting, 1974). A good interpretation
of the light-scattering experiments or the development of new light-scattering ex-
periments to probe relevant cellular properties by, for example, exploiting all the
information that is present in the scattering matrix requires a suitable theoretical
framework.

Today, with the availability of many light-scattering theories, we should in
principle be able to find appropriate models for light scattering from biological
cells. Furthermore, the availability of increasingly powerful computers also en-
ables us to simulate models that require large-scale calculations. Without going
into excessive detail, we will sketch the contours of a well-established theoretical
framework for achieving all this and will present some recent case studies.

A number of experimental techniques that apply light scattering are in routine
use in biomedical and clinical environments. Two of them, ektacytometry and
flowcytometry, rely on measurements of single scattering and will be discussed
here.

Cells aggregate to form tissues. Propagation of light through tissues is highly
relevant for biomedical applications. However, these processes now involve mul-
tiple light scattering and radiative transfer, which is beyond the scope of this chap-
ter. For more information we refer the reader to Welch and van Gemert (1992),
Motamedi (1993), Das et al. (1997), and Tuchin (1998).

II. THEORETICAL FRAMEWORK

A. BIOLOGICAL CELLS AS NEAR INDEX MATCHING
PARTICLES

In assessing which theories or approximations may be appropriate for calcu-
lating single scattering from biological cells, we must consider the key cell char-
acteristics, namely, the range of sizes, refractive indices, and cell morphology.
The size of biological cells may vary from only a few tenths of a micrometer for
the smallest bacteria, up to dimensions of centimeters for certain marine algae
(Dyson, 1974). Bacteria usually have a size of a few micrometers. Human red
blood cells have a diameter of 6–8 µm, human white blood cells are in the range
of 5–10 µm in diameter (see, e.g., Latimer et al., 1968), and most other human
cells are in the range of 5–20 µm in diameter. Taking λ = 500 nm as a typical
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wavelength, we find that for human cells the size parameter x = 2πr/λ (where r
is the cell radius) is in the range 30 < x < 130.

In scattering experiments, the cells are usually suspended in a medium with
a refractive index very close to that of water. The refractive index of the cells,
or cell compartments, has a very limited range. For those wavelengths (usually
in the visible region), where absorption by cellular molecules is absent or very
small the refractive index is very close to the refractive index of the suspending
medium. This means that the relative refractive indexm is very close to 1. This is
an important general rule and in the rest of this chapter we will assume that it is
valid.

Many examples that support this rule can be found in the literature. For in-
stance, Brunsting and Mullaney (1974) measured the refractive index of the
cytoplasm and the nucleus of Chinese hamster ovary (CHO) cells and found
mcytoplasm = 1.37 andmnucleus = 1.39. The relative refractive indexm (relative to
water,mwater = 1.333) is 1.03 and 1.04, respectively. The relative refractive index
of human white blood cells is in the range 1.01 < m < 1.08 (Keohane and Met-
calf, 1959). More recently, Tuminello et al. (1997) measured the refractive index
of Bacillus subtilis spores and over a large wavelength range the real part of the re-
fractive index was between 1.5 and 1.6 (i.e., 1.13 < m < 1.2), whereas the imag-
inary part was smaller than 0.01. Schmitt and Kumar (1996), who measured vari-
ations of refractive index in biological tissue, report a refractive index of 1.4–1.45
for structural fibers and nuclei (m ∼ 1.09) and approximately 1.36 (m ∼ 1.02) for
the cytoplasm of cells of several types of tissue. Using phase contrast microscopy,
Beuthan et al. (1996) measured the spatial variation of the refractive index in a
single biological cell (L929 fibroblast). They found that only the nucleus and the
cell membrane have a clearly different refractive index as compared to the mean
value of the cell. This mean value is approximately 1.42 (m ∼ 1.07), whereas
the cell membrane has a refractive index of about 1.48 (m ∼ 1.11) and the cy-
toplasm, about 1.38 (m ∼ 1.04). More information on the refractive index of
biological cells can be found in Bolin et al. (1989) and Duck (1990).

In general, we will assume that most biological cells are near index matching
particles; that is, the relative refractive indexm is very close to 1. We are therefore
excluding any cases with large absorption at relevant visible wavelengths as well
as situations in which the cells are not suspended in a medium with a refractive in-
dex close to that of water. Exact values ofm are not well known and, in particular,
information on the refractive index of the cell constituents is meager. However,
remember that the biological variability of cellular morphology of a certain cell
type introduces a significant spread in the differential scattering cross sections and
as a consequence removes all detailed interference structure from the scattering
matrix. Therefore, it is currently not clear to what accuracy the refractive index
should be known in order to perform relevant calculations of single scattering
from biological cells.
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Figure 1 van de Hulst (x,m) plane in the limit of near index matching particles. R is Rayleigh
scattering, RGD is Rayleigh–Gans–Debye scattering, AD is anomalous diffraction, and PO is physical
optics.

In his renowned treatise on light scattering, van de Hulst (1957) shows a dia-
gram of the (x,m) plane in which all light-scattering theories that apply to various
regions of the plane are drawn. In Fig. 1 we show a part of van de Hulst’s (x,m)
plane diagram, adapted to our region of interest. For index matching particles, the
possible scattering theories are limited to (excluding variational and numerical
techniques to solve Maxwell’s equations, which are considered in Section II.D)
the following:

1. Approximate theories for which m must be close to 1 (see van de Hulst,
1957, Section 10.1; Chapter 2), that is, Rayleigh–Gans–Debye (RGD)
scattering and anomalous diffraction (AD) scattering, and possible
improvements of these theories, such as the Wentzel–Kramers–Brillouin
(WKB) approach (see, e.g., Klett and Sutherland, 1992), modified RGD
(Shimizu, 1983; Sloot and Figdor, 1986), or higher order RGD (Acquista,
1976)

2. Approximate theories for which m is not restricted, such as the physical
optics (PO, ray tracing plus diffraction) method (see, e.g., Bohren and
Huffman, 1983, Chapter 7; Muinonen, 1989; Peltoniemi et al., 1989) or
Rayleigh scattering (see van de Hulst, 1957, Section 6.4)

3. Exact analytical solutions of Maxwell’s equations, such as Lorenz–Mie
scattering by single homogeneous or concentric spheres (Bohren and
Huffman, 1983), by stratified spheres (Kai and Massoli, 1994) or spheres
with a radially varying refractive index (Perelman, 1996), by compounded
spheres (see Chapter 8), or by a sphere with arbitrarily located spherical
inclusions (Borghese et al., 1994) or irregular inclusions (Videen et al.,
1995b)

Rayleigh scattering theory is valid only if the particle is smaller than the wave-
length by at least a factor of order 10. If we restrict ourselves to consideration
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of scattering in the visible and near infrared wavelengths, we may conclude that
even for the smallest bacteria, Rayleigh scattering theory is not valid. The size
and refractive index ranges of cells therefore limit the theories for describing light
scattering of these cells to RGD scattering, AD theory, PO theory (and their im-
provements), and exact theories.

All these theories have been used with varying success. For instance, Mullaney
and Dean (1970) modeled cells as homogeneous spheres with m = 1.05 and
investigated the near forward scattering using Lorenz–Mie theory. They showed
that in this model, the logarithm of the� = 0.5◦ scattered intensity is proportional
to the volume of the cell, for the size parameter range 10 < x < 100, where� is
the scattering angle. However, they emphasized that the structure of actual cells
is sufficiently complex that the concept of a mean or effective refractive index for
all cells in a population may be an oversimplification.

The next logical step is to model cells as two concentric spheres, where the
inner sphere models the nucleus and the coating models the cytoplasm. Brunst-
ing and Mullaney (1972) proposed this model and investigated scattering by a
concentric sphere in the (x,m) range of biological cells. They found that the prin-
cipal influence of the cell nucleus occurs at angles outside the main scattering
lobe in the forward direction. In an experimental study on the scattering of CHO
cells in the M and G1 phase, which can be modeled by homogeneous and con-
centric spheres, respectively, these theoretical conclusions were confirmed (Brun-
sting and Mullaney, 1974). However, Meyer and Brunsting (1975) studied the
concentric sphere model in somewhat more detail, and they noted that the small
angle scattering is highly dependent on the nucleus to cell diameter ratio. Further-
more, they found that the scattering patterns of nucleated cells exhibit a fine lobe
(high frequency) structure dependent on the whole cell size, whereas the envelope
lobe (low frequency) structure appears to be dependent on the relative size of the
nucleus.

We applied a modified version of RGD scattering (Sloot and Figdor, 1986) to
explain the anomalous forward scattering of human lymphocytes that undergo
volume changes as a result of a change in the osmolarity of the suspending
medium (Sloot et al., 1988a). Contrary to common belief, the forward scatter-
ing of these osmotically shocked lymphocytes is inversely proportional to their
volume. Using the modified RGD, we could explain this effect by including the
change in the refractive index of the cell, caused by the swelling or shrinking. Ac-
tually, our light-scattering calculations led us to predict a nuclear volume change
in the osmotically stressed lymphocytes, an effect that was absolutely not ex-
pected. Later, we showed that the nucleus of the lymphocyte does indeed change
its volume as a result of a change in the osmolarity of the suspending medium
(Hoekstra et al., 1991). Although we proposed an explanation for this effect,
namely, a mechanical link between the cell membrane and the nuclear envelope
through the cytoskeleton, it still remains an open issue. The effect of osmolarity
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on scattering from bacterial cells, yeast, and chloroplasts was studied by Latimer
and co-authors (see Latimer, 1982, and references therein).

Soini et al. (1997) measured scattering from single, oriented red blood cells
and using WKB theory were able to reproduce these experimental results for scat-
tering angles in the range of 15◦–35◦.

Examples of the use of AD theory in the context of biological cells are provided
by Stramski et al. (1988), who studied elastic light scattering from phytoplank-
tonic cells. Streekstra et al. (1993, 1994) examined forward scattering from red
blood cells deformed into an ellipsoidal shape in an ektacytometer (see also Sec-
tion III.C) using AD theory. Mazeron et al. (1997a, b) studied the same system
using the PO approximation.

Recently Videen and Ngo (1998) showed the impact of new developments in
exact scattering theory for calculating scattering from biological cells. They mod-
eled a cell as a spherical cytoplasm, containing a nonconcentric spherical nucleus
and surrounded by a concentric membrane, and derived exact formulations for this
model particle, with organelles modeled using effective medium approximations
for the refractive index of the cytoplasm.

B. WHICH THEORY TO CHOOSE?

For cells modeled as near index matching particles, we can apply Rayleigh–
Gans–Debye scattering, anomalous diffraction, or the physical optics approach,
improvements of these theories, or exact theories. RGD scattering applies when
(m−1)� 1, and the phase shift in the particle ρ = 2x(m−1)� 1 (van de Hulst,
1957; Bohren and Huffman, 1983). This means that if m is very close to 1, RGD
can be applied to large values of x as long as ρ remains small. Anomalous diffrac-
tion applies for particles with large x, but is restricted to small scattering angles;
the value of ρ is not of importance. Finally, if both x and ρ are large, the domain
of physical optics is entered.

In practical applications one wants to know the location of the ranges of appli-
cability of the different theories or, more specifically, the magnitude of the errors
that are induced by using a certain approximation as a function of the position
in the (x,m) plane. In general, such a question is difficult to answer, as the error
depends on the shape and composition of the particles and also on the scattering
matrix element and range in scattering angles that is of interest. We can proceed
in two ways.

First, one may create a number of benchmark particles that are typical for cer-
tain classes of biological cells and compare the RGD, AD, or PO calculations with
rigorous numerical methods, such as the discrete dipole approximation (DDA)
method (see Chapter 5 of this book and Section II.D). Here we must assume that
the results for the small number of benchmark particles are representative of the
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full class. Second, one can compare, as a function of x andm, exact scattering the-
ories, for example, spheres or ellipsoids, with the RGD, AD, or PO calculations.
The resulting error maps are relatively easy to generate. We have, for example,
compared RGD scattering from a homogeneous sphere with exact Lorenz–Mie
theory (unpublished results; see, however, http://www.wins.uva.nl/∼alfons/rdg-
vs-mie/rdg.html). We find that the RGD theory is able to cover a large range of
the (x,m) plane relevant to biological cells if we accept average errors up to 10%
in the F11 scattering matrix (see Chapter 1) element. The modified RGD theory
(Shimizu, 1983) reduces the average error for F11, but does not improve on the
relatively larger errors found for the other scattering matrix elements. We encour-
age readers to generate their own error maps and, as we have done, make the
results available on the World Wide Web.

It is apparent that the question posed by the title of this section has no single
answer. The selection of an appropriate approximation theory will always depend
on the precise characteristics of the index matching particles and the magnitude of
the errors that can be tolerated. Additional studies that systematically investigate
the usefulness of the index matching theories for the full (x,m) range of biological
particles are certainly warranted.

C. POLARIZATION

Although successful in many circumstances, the approximation theories con-
sidered previously all have their limitations, which are most obvious if one wishes
to take the polarization properties of the incident and scattered fields into account.
It is well known, as illustrated by the examples discussed later, that the polariza-
tion state of the scattered light carries an enormous amount of relevant biomedical
and biophysical information, which is difficult to obtain by considering only the
total scattered intensity. Therefore, there has been substantial interest in measur-
ing the complete scattering matrix for biological cells.

As an example, consider an experiment with cross-polarized elements; that
is, the incident light is polarized perpendicular to the scattering plane and the
component of the scattered light parallel to the scattering plane is measured. The
intensity on the detector is proportional to (see Bohren and Huffman, 1983, Ta-
ble 13.1) (F11 − F12 + F21 − F22)/4, where F is the scattering matrix as defined
in Chapter 1. For both (modified) RGD scattering as well as (concentric) spheres
F11 = F22 and F12 = F21, so under these circumstances we expect a zero in-
tensity. However, de Grooth et al. (1987) measured considerable signals for all
types of human white blood cells, even allowing them to distinguish between two
types of granulocytes. So the polarization of light scattered by biological cells
can reveal properties not evident from measurements of the total scattered in-
tensity alone (see also Section III.B). Deviations of the F22 element from the F11
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element have also been reported for different kinds of pollen (Bickel and Stafford,
1980) and marine organisms (Voss and Fry, 1984; Lofftus et al., 1992). We may
conclude that we cannot model these experimental results with (modified) RGD
scattering or with models that view a cell as a (concentric) sphere with equiv-
alent volume and refractive index. Although AD and PO allow the inclusion of
polarization effects, they are not suited for the smaller biological cells, which also
exhibit strong depolarization signals.

Another scattering matrix element that has received much attention is the F34
element. This scattering matrix element has an extreme sensitivity to small mor-
phological changes. For instance, we showed that a small surface roughness on
a sphere has a pronounced effect on the F34 element (Hoekstra and Sloot, 1993).
Measurements of the F34 element for many biological cells have been reported
(Bronk et al., 1995; van de Merwe et al., 1997; Bickel and Stafford, 1980; Voss
and Fry, 1984; Lofftus et al., 1992). All these results show an extreme sensitivity
of the F34 element to very small morphological changes. The importance of the
F34 element was recently demonstrated by Bronk et al. (1995), who showed that
it allows the diameter of rod-shaped bacteria (Escherichia coli cells) to be ob-
tained. This parameter used to be very difficult to measure with other techniques
such as optical microscopy or electron microscopy. Later, van de Merwe et al.
(1997) used this technique to measure the effect of growth conditions on the di-
ameter of these rod-shaped bacteria. Because the (modified) RGD scattering the-
ory results in F34 = 0, it is obviously not suited to F34 calculations of biological
cells.

Finally we refer to circular intensity differential scattering (CIDS) (Busta-
mante et al., 1980a, b, 1981, 1982, 1984). In a CIDS experiment the difference
between scattered intensities for left and right circularly polarized incident light is
measured. In this way, as can be derived from Table 13.1 in Bohren and Huffman
(1983), the F14 element of the scattering matrix is measured.

RGD scattering for a particle with an isotropic polarizability results in a zero
CIDS signal. Anisotropic polarizabilities are required in RGD theory to produce
CIDS signals. The so-called “form-CIDS” is an anisotropy caused by the helical
structure of a particle such as that demonstrated in the helical sperm head of the
octopus Eledone cirrhosa (Maestre et al., 1982; Shapiro et al., 1994a). CIDS is
also relevant in the study of secondary and ternary structures of macromolecules,
such as the supercoiling of DNA (Zietz et al., 1983). As a final example, CIDS can
be used to study the polymerization of hemoglobin in sickle cells (Gross et al.,
1991).

Approximate theories such as (modified) RGD scattering can be very success-
ful in describing certain scattering properties of biological cells. In particular,
near-forward scattering and total cross sections are often treated adequately by
these theories. However, if the polarization properties of the scattered light are
of interest, more realistic models beyond (modified) RGD, AD, WKB, or PO are
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required. A number of examples have been reported in the literature (e.g., Ac-
quista, 1976), and many possible theories are available (e.g., Karam, 1997). What
is missing is a critical survey of these theories in the range of size parameters
and relative refractive indices of biological cells and a comparison with analyti-
cal results, brute-force numerical simulations, and, most important, experimental
data.

D. NUMERICAL SOLUTIONS OF MAXWELL’S EQUATIONS

Instead of taking simplified particle models such as concentric spheres or us-
ing approximate theories such as RGD or AD, one can choose to rely on more
involved methods. One possibility is the use of formal solutions of the scattering
problem (e.g., the extended boundary condition method), which require numeri-
cal computations to satisfy the boundary conditions. The T -matrix method (see
Chapter 6 of this book) is best known and most widely used. Nilsson et al. (1998)
applied it to calculate scattering from red blood cells. Other formulations exploit-
ing multiple multipoles are now also gaining more interest (Doicu and Wriedt,
1997a, b; Wriedt and Doicu, 1997).

Another possibility is to use methods that numerically solve Maxwell’s equa-
tions, either in the time domain (the finite difference time domain method, FDTD;
see Chapter 7) or in the frequency domain. The discrete dipole approxima-
tion (DDA; see Chapter 5) is an example of a method that numerically solves
Maxwell’s equations in the frequency domain. Many more frequency domain
methods are known; see Shafai (1991) and Chapter 2, for example.

The FDTD technique was applied by Dunn and Richards-Kortum (1996) and
Dunn et al. (1996, 1997) to simulate scattering by a cell model, both in two and
three dimensions. The cell is modeled as a slightly ellipsoidal particle with a
mean diameter of approximately 11 µm. It contains a nucleus with a diameter
of 3 µm and in some cases contains organelles with diameters that are uniformly
distributed between 0.4 and 1 µm. The presence of organelles (8% volume frac-
tion), such as mitochondria or melanin, strongly enhances the scattering beyond
the forward scattering lobe, suggesting that they play an important role in deter-
mining sideward and backward scattering. An interesting question not addressed
by Dunn et al. is how these organelles influence the polarization characteristics of
the scattered light. From this study, Dunn et al. concluded that the presence of the
nucleus affects the scattered intensity only in the forward direction, with a larger
nucleus resulting in a stronger signal. These results for the forward scattering are
in agreement with those based on concentric sphere calculations as reported in
Section II.A. However, the conclusions seem to contradict the earlier results with
respect to larger scattering angles. This issue certainly merits further investigation,
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because the change of size and shape of the nucleus is an important characteristic
of cancer cells.

The experimental results obtained by Bronk et al. (1995) on the scattering from
rod-shaped bacteria were actually interpreted using the DDA method. Bronk et al.
succeeded in calculating F34 from rod-shaped bacteria, and by fitting the DDA
calculations to the experimental results, they were able to deduce the diameter of
the bacteria.

Shapiro et al. (1994a) used the DDA method to interpret their experimental
data on the scattering matrix elements of the octopus sperm Eledone cirrhosa. On
the basis of a comparison between the DDA model calculations and the experi-
mental data, they proposed a model for the packing of DNA fibers in the sperm
head.

Our own interest is in scattering from human red and white blood cells. One
of the goals is to find approximate models, beyond the modified RGD, that allow
for a rapid calculation of the scattering cross sections, including depolarization
effects, of human blood cells. Such models allow tuning of light-scattering exper-
iments to be as sensitive as possible for certain morphological features of the cells.
To validate the models, we will compare them with simulations of scattering from
white blood cells, using a DDA program that was optimized to execute on parallel
computers (Hoekstra and Sloot, 1995; Hoekstra et al., 1998). We have carried out
first DDA simulations of small human white blood cells (lymphocytes) (Hoek-
stra et al., 1998) and red blood cells (unpublished results) and are in the process
of simulating larger types of white blood cells (the granulocytes).

The main disadvantage of many full numerical solutions is that they require an
enormous amount of computational power, far beyond the capabilities of typical
desktop computers. For instance, we estimated that accurate DDA computations
of scattering from human white blood cells require models with up to 10 million
dipoles (Hoekstra et al., 1998). Fortunately, biological cells have small enough
relative refractive indices that allow these very large DDA models to be solved,
although it requires supercomputers and vast amounts of memory (∼1 GB). Fur-
thermore, the numerical solutions usually suffer from the fact that orientation av-
eraging of the particles requires repeating the computations, one for each orienta-
tion. For larger particles such as human cells, this is a huge task and is not really
practical in most applications. However, as we already suggested in Section II.B,
large-scale numerical simulations can be used to test the validity of approximate
methods by performing simulations on a set of benchmark particles. The approxi-
mate methods can then be used for calculating orientation averages and for taking
into account the size, shape, and refractive index ranges that biological cell types
exhibit.
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III. EXPERIMENTAL TECHNIQUES

A. INTRODUCTION

Just as we have many different theories and approximations for light scatter-
ing, many different experimental techniques exist for measuring cross sections or
the complete scattering matrix. Chapters 2, 12, 13, and 18 cover techniques for
measuring scattering matrices of small particles and such techniques have also
been applied extensively to measure scattering matrices from biological cells. We
will not review all possible techniques for measuring light scattering (see, e.g.,
Bohren and Huffman, 1983, for a nice overview), but restrict ourselves to two
experimental techniques that have found routine use in clinical and biomedical
applications, flowcytometry and ektacytometry.

B. FLOWCYTOMETRY

Flowcytometry (van Dilla et al., 1985) is an important technique in the biomed-
ical sciences for identifying and separating various populations of white blood
cells, for example. A flowcytometer (shown schematically in Fig. 2) consists of a
cuvet, in which the cells are forced to flow into a linear sequence using a technique
called hydrofocusing. A laser beam is focused on the cells such that cells enter the
focused beam one by one. Each cell produces a pulse of scattered light, which is

Figure 2 Schematic drawing of a flowcytometer. Cells enter a hydrofocusing cuvet and one by one
pass a laser beam, which is focused by two crossed cylindrical lenses. The scattered light is detected
in the forward and sideward directions.
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usually measured in the two principal directions: the forward scattered (FS; usu-
ally 1◦ < � < 3◦) and the sideward scattered (SS; usually 65◦ < � < 115◦).
The FS and SS signals consist of scattered light integrated over a small solid angle
defined by the aperture of the detectors.

In most flowcytometry experiments, cells are stained with fluorescent probes,
which bind to specific molecules on the cell surface or in the cell, and several
fluorescence signals are measured in combination with light-scattering signals. In
this way N independent signals are measured for every cell in the sample and the
sample is represented as an N-dimensional histogram. After identifying separate
clusters in the histogram, either by visual inspection or by fully automated sta-
tistical techniques (see, e.g., Sloot et al., 1988b), different subsets in the original
cell sample can be assessed. Many more details of this important technique, used
extensively in analytical cytology, can be found in van Dilla et al. (1985).

We have argued that in many research and clinical applications, staining of
cells is undesirable (Sloot et al., 1989). It is thus preferable that a complete char-
acterization of the sample be obtained solely on the basis of light-scattering mea-
surements. Furthermore, even when fluorescence is the required observable, light-
scattering signals are often used as triggers to extract interesting cells from the
background. Here we will concentrate on the possibilities of using only light scat-
tering in a flowcytometer to identify cell types. More specifically, we will restrict
ourselves to the important case of human white blood cells.

In classical flowcytometry two light-scattering signals (FS and SS) are mea-
sured. The incident light is provided by a laser, which usually emits linearly po-
larized light. If we assume perpendicularly polarized incident light, the classical
light-scattering measurements in flowcytometry are of P⊥U type (Bohren and
Huffman, 1983; P⊥ for incident perpendicular polarized light and U for measur-
ing the total intensity of scattered light, with undefined polarization) and therefore
FS, SS = C

∫
detector surface(F11 − F12) dA, with C a constant. Only a very small

portion of the information potentially present in the scattered light is exploited.
Yet, this suffices to identify the three main classes of human white blood cells
(lymphocytes, monocytes, and granulocytes), as was first demonstrated by Salz-
man et al. (1975). This experiment has become very important and today Salz-
man’s result is used as a standard procedure for discriminating between the main
classes of white blood cells in flowcytometry. Figure 3 schematically shows the
FS–SS histogram that was measured by Salzman.

Lymphocytes and monocytes can be differentiated on the basis of their FS
signal, and by measuring the SS signal at the same time, the granulocytes can also
be discriminated. Note that measuring only the FS signal would not be enough, as
the granulocytes would completely overlap the lymphocytes and monocytes. The
clusters in the histogram are Gaussian distributions (see, e.g., Sloot et al., 1988b)
and the width of the histograms is explained by the biological variability of the
cells.
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Figure 3 Schematic drawing of the FS–SS histogram of human white blood cells as measured in a
flowcytometer by Salzman et al. (1975).

A popular, qualitative interpretation of the histogram of Fig. 3 is that FS (small
angle scattering) is sensitive to cell size and that SS (side scattering) is sensi-
tive to cell structure or cellular granularity. These arguments are based on the
early work of Brunsting, Mullany, and Latimer (as discussed in Section II.A)
and are also in agreement with the FDTD simulations of Dunn et al. (see Sec-
tion II.D). Although these arguments help to understand some features of FS–SS
histograms, one should be cautious in using them. Light scattering is much more
subtle and every experiment should be considered in its own right. Nonetheless,
because monocytes are larger than lymphocytes and granulocytes have more in-
ternal structure (granules, polymorphological nucleus) than both lymphocytes and
monocytes, these arguments allow us to appreciate the structure of the typical his-
togram illustrated by Fig. 3.

Detection and data analysis techniques in flowcytometry are becoming more
and more refined, allowing better and more accurate identification of the (sub)
classes of human white blood cells. Furthermore, de Grooth et al. (1987) intro-
duced the crossed polarizer experiment (see Section II.C) into flowcytometry of
human white blood cells. In this way they could separate two subclasses of gran-
ulocytes, the eosinophils and the neutrophils, as illustrated in Fig. 4. This figure
is based on data from de Grooth et al. (1987) and Terstappen et al. (1988a, 1990).
The FS–SS histogram contains a number of extra, slightly overlapping distribu-
tions. A small cluster containing basophils (a third type of granulocyte) was lo-
cated between, or overlapping, the lymphocyte and monocyte clusters. Note that
the large granulocyte cluster in the FS–SS histogram could be separated into neu-
trophil and eosinophil clusters by the crossed polarizer experiment. Therefore, by
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Figure 4 Schematic drawing of the FS–SS histogram and SS–Depol histogram of human white
blood cells, as measured in flowcytometer. This figure is based on data from de Grooth et al. (1987)
and Terstappen et al. (1988a, 1990).

measuring only three light-scattering signals of each cell, a clear distinction be-
tween lymphocytes, monocytes, neutrophils, and eosinophils can be made. Fur-
thermore, a subset of lymphocytes, the natural killer (NK) cells, can be found at
larger FS and SS signals in the lymphocyte fraction, and some NK cells can be
distinguished at low SS signals in the monocyte cluster. A detailed analysis of the
SS signal of the lymphocytes even suggests that lymphocyte subclasses can be
observed. The B lymphocytes and helper/suppressor cells have a low SS, whereas
the cytotoxic cells have a large SS (Terstappen et al., 1986).

The use of light scattering to study pathologies of human white blood cells
is not widespread, but some examples exist. We restrict ourselves to chronic
lymphocyte leukemia (CLL) (Gale and Foon, 1985), the most common form of
leukemia in Europe and the United States. In more than 95% of the cases, CLL
develops from a malignant transformation of B lymphocytes or B-lymphocyte
precursors. Several forms of this leukemia are described with clear morpholog-
ical features of the cells and correlated immunological properties (den Ottolan-
der et al., 1985). Examples are

• True B chronic lymphocytic leukemia (B-CLL): small cells, hardly any
cytoplasm
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• Prolymphocytic leukemia (PLL): larger cells, abundant cytoplasm, nucleus
with very prominent central nucleolus

• Hairy cell leukemia: cells of moderate size, eccentric, oval nuclei, and
“hairy” cytoplasmic projections

Once more, these morphological differences suggest that light scattering can
be used to identify the cells, thus allowing an initial, fast screening of cell sam-
ples. Flowcytometric experiments, which measured the SS histograms of these
cells, only lift a corner of the veil, and many more theoretical and experimental
studies should be devoted to understand the potential of light scattering for such
applications.

van Bockstaele et al. (1986) showed that hairy cells have a three- to fourfold
larger SS than lymphocytes. They were able to count the concentration of hairy
cells and follow the effects of treatment with alpha interferon. Terstappen et al.
(1988b) studied the SS of B-CLL cells. The SS histogram of the lymphocytes of
B-CLL is clearly different from those of other CLL such as leukemic follicular
non-Hodgkin’s lymphoma and a prolymphocytoid transformation of B-CLL (Ter-
stappen et al., 1988c). Finally, the effect of splenic irradiation of a B-CLL patient
could be detected in the SS histogram (Terstappen et al., 1988d).

These examples show that light-scattering measurements in a flowcytometer
allow identification of many subclasses of human white blood cells. Unfortu-
nately, the histogram regions overlap in many cases, and we should therefore look
for alternative light-scattering signals that allow for a better discrimination of the
cell subclasses. This is still a barely explored direction of research. However, it is
very important, especially if more complicated cell mixtures, such as bone mar-
row, should be analyzed.

Several groups have gone beyond the classical FS–SS measurements. The im-
portance of the crossed polarization experiment of de Grooth et al. (1987) has
been mentioned previously. Using their modified RGD theory, Sloot and Figdor
(1986) extensively studied differential cross sections of cells and concluded that
measurement of backscattered (BS; 160◦ < � < 174◦) light, combined with FS
and SS, provides additional and independent morphological information on the
cells. Based on this theoretical work and in the spirit of Brunsting, Sloot et al.
(1989) have included BS measurements into flowcytometry and also showed that
the complete scattering matrix can be measured in a flowcytometer. Many ex-
periments were performed and the data suggest that BS, as well as, for example,
the F34 element, does provide valuable information. However, also in this case
much more experimental data and theoretical support is needed in order to further
improve the usability of flowcytometry.

Recently, Chernyshev et al. (1995) and Soini et al. (1998) introduced a new
type of optical design into flowcytometry, allowing them to measure the scattered
intensity in a range of scattering angles from 5◦ to 120◦. This new setup has
significant potential to further increase the usefulness of flowcytometry.
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C. EKTACYTOMETRY

An important physiological parameter is the deformability of red blood cells
(RBCs). The diameter of an RBC is larger than that of the smallest blood vessels
of microcirculation. This implies that RBCs must be able to deform quite dras-
tically in order to enter the microcirculation and to deliver oxygen. If RBCs are
sheared, their resting shape, a biconcave disk, changes to an ellipsoid (Fischer and
Schmidt-Schönbein, 1977). The ratio of the major to minor axes depends on the
shear rate, and the exact nature of the relationship has important clinical relevance
(see, e.g., Hardeman et al., 1988).

An ektacytometer measures the deformation of RBCs under shear stress using
forward (small angle) light scattering. Figure 5 is a schematic drawing of an ek-
tacytometer in the configuration used by Streekstra et al. (1993). A dilute suspen-
sion of RBCs is sheared in a Couette flow, induced by two concentric cylinders,
with the inner cylinder rotating at a constant rate. A laser beam is sent through
the sheared suspension and the scattered light is measured using a charge-coupled
device (CCD) camera. Usually the system is configured in such a way that the
CCD camera collects the main diffraction lobe and one or two side rings (i.e., the
first few minima in the scattered light pattern are measured).

The measured light is due to single scattering only. The diffraction pattern
that is measured by the CCD camera is ellipsoidal in shape. Because all RBCs
are oriented in the same way in the Couette flow, and assuming that they are all
deformed in the same way, a simple argument based on Fraunhofer diffraction
suffices to explain the shape of the measured ellipsoidal diffraction pattern. The
aspect ratio of the measured diffraction pattern is equal to the aspect ratio of the

Figure 5 Schematic drawing of an ektacytometer.
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deformed RBCs. Therefore, measuring the aspect ratios of the diffraction patterns
as a function of the shear rate is sufficient to measure the deformability of the
RBCs. Actually, light scattering from RBCs cannot be described by Fraunhofer
diffraction. Streekstra et al. (1993, 1994) used anomalous diffraction theory to
describe the light scattering from deformed RBCs. They showed that within the
framework of anomalous diffraction, the basic assumption in ektacytometry, that
the aspect ratio of the measured ellipsoidal diffraction pattern is equal to that
of the deformed red blood cell, remains valid. Moreover, they showed that even
in the presence of a realistic biological variability in the volume of the RBCs,
the resulting diffraction pattern is ellipsoidal and reflects the aspect ratio of the
deformed RBCs.

Later, Mazeron et al. (1997a, b) studied in detail the intensity distributions in
the rings around the main diffraction lobe. For true ellipsoidal particles, the in-
tensity should be constant along the ellipsoids. However, they observe variations
in the intensity. Using physical optics theory, this intensity reinforcement, as they
call it, can be explained by assuming that the deformed RBCs are not exact ellip-
soids, but are thinned at the tips.

IV. CONCLUDING REMARKS

The use of single scattering in biomedical and biophysical applications is
widespread and has proven to be an invaluable tool in both clinical and research
environments. From a theoretical viewpoint, scattering from biological cells can
be seen as the problem of scattering from irregularly shaped near index matching
particles. This concept opens the potential of a number of scattering theories and
many of them have been used with varying success.

We have argued that the state of polarization of the scattered light carries a
significant amount of relevant biophysical and biomedical information, as was
shown in many experiments. Despite many remarkable results, the theoretical
analysis and experimental exploitation of the complete scattering matrix for bi-
ological particles still is rather unexplored and we hope and may expect to see
many exiting new results in the coming few years.
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Cartesian grid mesh, finite difference time do-

main method and, 175
Celestial occurrences, 393
Cells, biological

anomalous diffraction and, 591
finite difference time domain theory and,

594–595
light scattering, 585

ektacytometry and, 601–602
experimental techniques in, 596–602
flowcytometry and, 596–600
theories for calculation of, 587–592

as near index matching particles, 587–591
numerical solutions of Maxwell’s equations

and, 594–595
physical optics and, 591
polarization and, 592–594
Rayleigh–Gans–Debye scattering and, 591
red blood, ektacytometry and, 601–602
refractive index of, 588
structure of, 586

Chebyshev particles
scattering studies for, 323
T-matrix method and, 40, 166, 167, 171

Chinese hamster ovary cells, refractive index of,
588

Circular polarization, Stokes parameters and, 9
Cirrus clouds

ice crystal shapes in, 316, 430
radiance spectra, T-matrix method and, 171
reflected sunlight from, 438–439
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remote sensing, 435
research, 408–411
scattering, absorption and polarization for ice

crystals occurring in, 418
Clebsch–Gordan coefficients, 155
Climate research

remote sensing, 435–447
scattering and radiative transfer in ice crystal

clouds, 417–448
Climatology, 258–262
Cloud absorption, 262
Cloud particles

scattering and absorption properties of, 418
scattering regimes applicable to, 395

Cloud research
bidirectional reflectance and, 435
cirrus, 408
water and mixed-phase, 406–408

Clouds
cirrus, see Cirrus clouds
composition/structure determination, 435

bidirectional reflectance for, 435
ice crystal, see Ice crystals
interplanetary dust, 556
lidar backscatter depolarization technique for

research, 393–416
light interaction with, 393
polar stratospheric, 405
remote sensing and, 435
scattering characteristics of ice crystals and,

465
thermodynamic phase discrimination of, 408

Coherency matrix, pure phase matrix testing and,
79–82

Coherent backscatter mechanism, 5, 582
Color, microwave analog method and, 373–374
Comets, 568–571

observations of, 378
Complex refractive index, 507
Conductor, electromagnetic radiation absorption

by, 281
Conjugate gradient method, 34, 138
Coordinate systems

Cartesian, 6, 91–92
fixed, 8
right-handed vs. left-handed, 3
spheroidal, 91–92

Copper, refractive index measurement and, 369–
370

Coronas, 393
Cosmic magnetic fields, 13

Coupled dipole approximation, see Discrete
dipole approximation

Cross polarization, of radio waves, 13
Cross section

absorption, 13, 18, 249, 423
extinction, 12, 248, 312, 423

orientation-averaged, 154
optical, 12–13
scattering, 12–13, 18, 249, 312

orientation-averaged, 154
Cylinders, finite, scattering by, 168, 170–171
Cylinders, interacting, scattering by, 227
Cytoplasm, refractive index of, 588

D
DDA, see Discrete dipole approximation
DDSCAT scattering code

central processing unit time, 139
in discrete dipole approximation, 133
memory requirements of, 139

Delrin, 369
Depolarization

laser, option frequencies for, 394
lidar, 403
lidar backscatter, see Lidar backscatter depo-

larization technique
ratios, 51, 58, 396, 402

Dichroism
extinction matrix and, 13–14
manifestations of, 13

Dielectric constant
analog materials in, 368
effective, operational definition of, 306–307

Dielectric function, frequency-dependent, 277–
281

complex notation for, 280
electromagnetic radiation absorption by con-

ductor and, 281
electromagnetic radiation absorption by per-

fect insulator and, 279
ideal insulator for, 278–279

Dipole polarizabilities, 136–137
Dipoles, particle partitioning into, 38
Discrete dipole approximation, 37, 38–39, 131–

145
advantages of, 39
disadvantages of, 39
for light scattering by irregular targets, 131–

145
accuracy and validity criteria in, 137
benchmark calculations, 140–143
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Discrete dipole approximation (continued)
central processing unit time, 139
computational requirements, 139
DDSCAT scattering code and, 133
definition of, 132–133
dipole array geometry in, 134
dipole polarizabilities specifications in,

136–137
memory requirements, 139
scattering by tetrahedra and, 140–143
solution methods, 137–139
target generation and, 134–135

Discrete sources method, 43
Discretized Mie formalizm, 43
Double plates, scattering characteristics of, 469
Dust particles

aggregated, optical properties of, 378
interplanetary, see Interplanetary dust parti-

cles

E
Ektacytometry, light scattering techniques and,

601–602
Electric field

amplitude of, 4
scattered, expression in incident electric field,

7
time factor and, 4

Electromagnetic radiation
absorption by conductor, 281
absorption by perfect insulator, 279

Electromagnetic scattering, see also Scattering
by arbitrarily oriented spheroids, 114–130

boundary conditions for, 122–123
numerical results for, 125–130
problem formulation, 116–122
scattering cross sections in, 123–125

by Chebyshev particles, 171
by chiral spheroid, 109–114

boundary conditions for, 112–113
field expansions for, 109–112
scattering cross sections and numerical

results, 113–114
by coated lossy spheroid, 100–109

boundary value problem solution, 104–
105

field expressions for, 100–104
quantitative results, 106–109
scattered far field and, 105–106

by compounded spherical particles, 225–272

aggregates of arbitrarily configured
spheres and, 243–253

applications of, 256–267
astronomy and, 262–263
biosensors/biomedical optics and, 265
climatology and, 258–263
concentrically stratified spheres and, 236–

240
fixed-orientation properties, 247–253
focused beams and, 266
immunoassay and, 258
interacting cylinders and, 227
interacting spheres and, 227
interferometry and, 226
measurements of, 256–267
morphology-dependent resonances in mi-

croparticles and, 263–265
numerical test bed for testing, 266
optics of soot agglomerates and, 256–257
overview of, 226–229
particle characterization, 256–257
photon correlation spectroscopy and, 265
photonics and, 263–265
pulses and, 266
radiometric quantities and, 234–236
remote sensing and, 258–263
rotation functions and, 233–234
spheres with multiple spherical inclusions

and, 246
theories of, 266–267
two-dimensional scattering and, 258
vector addition theorem, 267–271

by eccentric two-sphere systems, 240–243
order-of-scattering solution, 241–243

eigenfunctions and, 31
exact theories and techniques for computa-

tion, 31–45
in far-field zone, 34
by finite circular cylinders, 168, 170, 171
Helmholtz equation and, 31
homogeneous and concentrically stratified

spheres, 229–240
from hydrometeors at microwave and mil-

limeter wave bands, 451–479
Monte Carlo calculations of, 309–322

overview of, 309–310
ray-tracing/Monte Carlo technique and,

310–313
techniques for, 310–313

nonspherical particles, 31
nonsphericity manifestations in, 54–59
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ray-tracing/Monte Carlo technique
analytic approximation of, 320–322
applications for, 313–320
atmospheric ice particles and, 313–317
planetary regolith particles and, 317

by spheroidal particles, separation of vari-
ables for, 89–130

by spheroids, 171
terms and notations usage in literature, 3
T-matrix method for computation, 40–41,

147–172
applications for, 170
computation efficacy of, 159, 160, 170

by two spheres, 171, 228
Electromagnetic waves

monochromatic plane, 7
monochromatic transverse

ellipsometric characteristics of, 24
Stokes parameters of, 9

plane, scattering of, 5
propagation of, 452
scattering of, separation of variables for, 89–

130
spherical, Stokes parameters for, 10

Ellipsoids, random, scattering studies for, 323
EMA, see Approximations, effective medium
Ensemble averages, 15–17

computation of, 15
Eosinophils, light scattering techniques and, 599
Euler angles of rotation, 6

ensemble averages and, 15
T-matrix method and, 152

Ewald–Oseen extinction theorem, see Extended
boundary condition method

Extended boundary condition method, T matrix
computation for single particles, 40, 147,
157

Extinction cross section, 12, 208, 248, 312, 423
orientation-averaged, T-matrix method and,

154
Extinction matrix, 12

dichroism and, 13–14
ensemble-averaged, 15
reciprocity relations for, 14

F
Far field, scattered, transformation from near

field, 204
Far-field zone

scattered electric field in, 113
scattering in, 4

Fast Fourier transform, 37, 134
FDTDM, see Finite difference time domain

method
FEM, see Finite element method
FIEM, see Fredholm integral equation method
Finite difference method, 35
Finite difference time domain method, 35–36,

173–221
absorbing boundary condition and, 194–200

implementation of, 194
accuracy of, 211
advantages, 36
algorithms for, 175
applications for, 36
biological cells and, 594–595
conceptual basis of, 175–178
conventional numerical algorithm basis in,

175
field in frequency domain, 201–203
Fourier transform and, 202
Gaussian pulse and, 201–202
geometric ray tracing method and, 428–429
Liao’s transmitting boundary condition, 197–

198
light scattering by nonspherical and inhomo-

geneous particles, 173–221
Mur’s absorbing boundary condition and, 195
near field equations in, 178–193

Schelkunoff’s electromagnetic equiva-
lence theorem, 191–192

schemes for, 182–193
near field to far field transformation, 204–210
overview of, 174–175
perfectly matched layer absorbing boundary

condition, 198–200
scattering properties of aerosols and ice crys-

tals, 211–220
Finite element method, 34–35

advantages of, 35
computational complexity of, 34
conjugate gradient method, 34
Gaussian elimination and, 34
unimoment method and, 34

Flowcytometry, 596–600
Fluorescence, 4, 597
Fourier decomposition, 21–22
Fourier transform, 202
Fraunhofer diffraction formulation, geometric

ray tracing and, 422
Fredholm integral equation method, 39–40

advantages of, 40
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Fredholm integral equation method (continued)
limitations of, 39
particle size and, 39

Fresnel coefficients, 226, 347
Fresnelian interaction, 419
Fresnel reflection coefficients

geometric ray tracing and, 422
Monte Carlo method for ray tracing and, 427

Fresnel surfaces, modeling of, 510

G
Gaussian cylinder, 329–334
Gaussian elimination, 34
Gaussian particles, scattering by, 335–349

Rayleigh–Gans approximation and, 337–339
Rayleigh-volume approximation and, 335–

337
ray optics approximation and, 345–349
resonance region methods, 340

Gaussian pulse, 201–202
Gaussian sphere, 327–329
Gegenschein, 557
Generalized multipole technique, 36
Generalized spherical functions, 20–21
Geometric optics

absorption effects in, 47, 424–426
circumvention of shortcomings in, 422
light scattering and, 421–424
scattering by ice crystals and, 419–428

Geometric optics approximation, see also Ray
optics approximation and Ray-tracing ap-
proximation, 46–48

Geometric ray tracing
finite difference time domain method and,

428–429
Fraunhofer diffraction formulation and, 347,

422
Fresnelian interaction and, 419
Fresnel reflection coefficients and, 347, 422
Monte Carlo method for, 426–428
scattering by ice crystals and, 419–428

Geometry
dipole array, 134
scattering, 394
stochastic, scattering by stochastically shaped

particles and, 327–335
GOA, see Geometric optics approximation
Graupel particles, scattering characteristics, 460–

465
Green’s function algorithm, 37

H
Hailstones

fall behavior of, 458
orientation of, 458
scattering characteristics of, 460–465

Halo arcs, 393
Hankel functions, 150, 251
Hansen’s functions, 231
Harmonic plane waves, sphere response to, 231
Harmonics, vector spherical, 229–231
Heiligenschein, backscattering and, 394
Helios 1/2, zodiacal light observations, 560
Helmholtz equation

scalar
in prolate spheroidal coordinates, 92
solutions in spheroidal coordinates, 90

vector
scattered electromagnetic field and, 31
time-harmonic field scattering and, 229

Heterogeneous particles
dynamic effective medium approximation

and, 282–290
grain size limitation of, 289–290
nonmagnetic materials and, 284
numerical approach to, 282–284
numerical results for, 286–288
vanishing forward scattering amplitude

and, 285
effective medium approximation and, 273–

308
comparison to other models and measure-

ments, 293–305
frequency-dependent dielectric function

and, 277–281
grain size limitation of, 289–290
overview of, 273–277

extended effective medium approximations,
290–293

Huygens principle, T-matrix method and, 40, 147
Hydrometeors, see also specific type

complex refractive index, 507
composition of, 457
differentiation from aerosols, 395
discrimination with polarimetric radar, 470–

476
fall behavior of, 458
ice phase, 457

fall behavior of, 458
quantitative estimation with polarimetric

radar, 478–479
lidar backscatter depolarization and, 411–414
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microwave radiometry and, review of previ-
ous studies, 484–499

models, 456–459
nonspherical

axial orientation of, 16
centimeter and millimeter wave scattering

from, 451–479
orientation distribution and, 506–507
orientation of, 458
radiative properties and, 500–502
radiative transfer theory and, 499–501
representation of, 456
satellite radiometry and, 483
scattering of

characteristics, 459–469
microwave precipitation retrieval studies,

484–499
review of previous studies, 484–499

shape distribution, 457, 504
single-scattering properties of, 501, 513–515
size distribution of, 458–459, 500
terminal velocity of, 508–509

I
Ice crystals

electromagnetic scattering and, 418
lidar backscattering depolarization and, 438–

441
light scattering and radiative transfer in, 417–

448
light scattering theory by, 418–435
Monte Carlo method for ray tracing and, 426–

428
nonspherical

reflected sunlight from cirrus clouds and,
438–439

temperature sensitivity to, 445–447
polarization pattern measurements, 432
quantitative estimation with polarimetric

radar, 478–479
scattering by

finite difference time domain method and,
428–429

geometric ray tracing and, 419–428
Monte Carlo method for ray tracing and,

426–428
unified theory and measurement compar-

isons, 430–435
scattering characteristics of, 465–469
scattering pattern measurements, 52, 432
scattering properties of, 211–220

shape and size of, 418
shapes of, 457
solar albedo and, 443–445
thermal infrared spectra and, information

content of, 441–443
Ice particles, atmospheric, ray-tracing/Monte

Carlo technique and, 313–317
IDP, see Interplanetary dust particles
Immunoassay, 258
Independent scattering, 4–5
Infinity, radiation condition at, 34, 38
Infrared measurements, 53–54
Insulator

electromagnetic radiation absorption by, 279
frequency-dependent dielectric function and,

278–279
Integral equation method, 37–38

Fredholm, see Fredholm integral equation
method

interplanetary dust particles and, 579
method of moments and, 37
surface, 38
volume, 37

advantages of, 38
method of moments and, 37
radiation condition at infinity and, 38

Interference structure of scattering patterns, 54–
55

Interferometry, 226–227
Interplanetary dust cloud, 556
Interplanetary dust particles

Brownlee particles and, 557
fluffy aggregates and, 581–582
gegenschein and, 557
integral equation technique for, 579
lifetime of, 557
light scattering by, 578–582
number density of, 555
overview of, 555–558
photometry and, 568–572
polarimetry and, 568–572
scattering properties of, 555–583
shape models for, 572–578
stochastically rough spheres and, 579
zodiacal light and, 557

observations of, 558–568
Interstellar polarization, 13

K
Kernel matrix, 43
Kirchhoff approximation, 48, 348
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Kirchhoff boundary condition, 422
Kronecker product, 63

L
Lambertian surfaces, modeling of, 509
Laser

experimental setup for measurement, 360–
361

steering mirrors for directing, 400
LBDT, see Lidar backscatter depolarization tech-

nique
Legendre polynomial, 21–22
Leukemia, light scattering techniques and, 599
Liao’s transmitting boundary condition, 197–198
Lidar

depolarization of, aerosols and, 403
design considerations for, 399–403
differential absorption, 402
high spectral resolution, 402
near-infrared Doppler, 402
polarization, aerosols in stratosphere and, 405

Lidar backscatter depolarization technique
aerosol research and, 403–406
bright-band phenomenon and, 411–412
cirrus cloud research and, 408
cloud and aerosol research, 393–416
dark band and, 412
geometrical optics domain, 395
hydrometeors and, 411
ice crystals and, 438–441
Mie domain and, 395
precipitation and, 411–414
Rayleigh–Mie transition zone and, 395
Rayleigh scattering and, 395
theoretical background for, 395–399
water and mixed-phase cloud research and,

406–408
Light

celestial occurrences and, 393
incident, 8

azimuthal angles of, 19
direction and polarization of, 18
fixed coordinate system for, 8

multiple scattering of, 22–23
polarization, in scattering studies, 61
polarized, in submarine environment, 543–

551
scattered

azimuthal angles of, 19
fixed coordinate system for, 8

time-harmonic quasimonochromatic, 4

zodiacal, see Zodiacal light
Light absorption, homogeneous and concentri-

cally stratified spheres, 229–231
Light scattering, see Scattering
Linear optics, scattering by individual particles

and, 4
Linear polarization, Stokes parameters and, 9
LM coefficients, 232
Lorentz group, pure phase matrix testing and, 79
Lorenz–Mie coefficients, 153, 232
Lorenz–Mie computations, scattering matrix

measurement and, 361
Lorenz–Mie formulas, T-matrix method and, 154
Lorenz–Mie theory, 30

nonspherical particles and, 30
scattering by ice crystals and, 418–435

Lymphocytes, light scattering techniques and,
599

M
Macroscopically isotropic media, scattering ma-

trix and, 17
Magnetic field

cosmic, 13
axial orientation of interstellar dust grains

by, 16
Marine environments

light scattering
analytical description of, 527–533
experimental measurement techniques,

533–536
models for, 529–530
physical interpretation of constraints on

scattering matrix in, 532–533
scattering matrix formalism and, 527–529

polarized light scattering, 525–554, 536–543
overview of, 525–527
in sea ice, 551–553

Marine organisms
biological scatterers, 545
light scattering from, 545–548
mineralogical scatterers, 548–551
polarized light sensitivity and, 543
shapes of, 545

Maxwell–Garnett mixing rule, 276, 307
Maxwell’s curl equations, 178

time-dependent, finite difference time domain
method and, 175–178

Maxwell’s equations, 103
biological cells and, 590
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electromagnetic scattering computation and,
31

linearity of, 7
numerical solutions in biological cells, 594–

595
reciprocity and, 14
scattering by individual particles and, 4

Method of moments, 37
coupled dipole method and, 37
discrete dipole approximation and, 37
Green’s function algorithm and, 37
modifications of, 37
volume integral equation formulation and, 37

Microparticles, morphology-dependent reso-
nances in, 263–265

Microspheres, light scattering by, 263
Microwave analog method, 53–54

angular scattering procedures and accuracies,
375–376

applications of, 378–389
color and, 373–374
forward scattering procedures and accuracies,

376–378
measured and inferred scattering quantities

and, 371–372
measurements for, 378–389

large, low-density aggregates, 384
low-density aggregates, 382
small, low-density aggregates, 382
spheres and, 379–381

particle size distribution and, 373–374
scattered intensities and polarization and, 373
scattering measurements and, 367–390

materials for, 368–370
overview of, 367–368

scattering properties of nonspherical particles
and, 30

separation of wanted scattered radiation from
incident radiation, 370

Microwave measurements, 53–54
Microwave radiometry

atmosphere model simulations and results,
509, 512–522

complex refractive index and, 507–508
mathematical formulations for, 499–512
orientation distribution and, 506–507
overview of, 482–484
radiative properties and, 501
review of previous studies, 484–499
shape distribution and, 504
single-scatter properties and, 501–502

size distribution and, 502–503
surface modeling and, 509
three-dimensional studies in, 498

Mie calculations, light scattering in marine envi-
ronments and, 531

Mineralogical scatterers, 548–551
MOM, see Method of moments
Monochromatic planewave, elementary, Stokes

parameters for, 10
Monocytes, light scattering techniques and, 599
Monte Carlo calculations, scattering by large par-

ticles with multiple internal inclusions,
309–322

overview of, 309–310
ray-tracing/Monte Carlo technique and, 310–

313
techniques for, 310–313

Monte Carlo method for ray tracing, 426–428
Mueller matrices, 63, 346–347

polarization modulation and, 356–360
experimental setup for measurement,

360–361
scattering, sea-salt-containing aerosols and,

537
Mur’s absorbing boundary condition, 195

N
Natural killer cells, light scattering techniques

and, 599
Near field, scattered, transformation to far field,

204
Nephelometer, angle-scanning polarization-

modulated, 534
Neutrophils, light scattering techniques and,

599
Nonmagnetic materials, 284
Null-field method, see Extended boundary condi-

tion method

O
Optical cross sections, 12–13
Optical particle sizing, 226
Optics

biomedical, 265
geometric

absorption effects in, 47–48, 424–426
circumvention of shortcomings in, 422
light scattering and, 421–424
scattering by ice crystals and, 419–428

linear, see Linear optics
physical, biological cells and, 591
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Optics (continued)
of soot agglomerates, 256–257

Order-of-scattering solution, 241–243

P
Particle characterization, 256–257
Particle orientation, 6

axis of symmetry and, 16
distribution of, 16
fixed

amplitude matrix elements in, 71–73
coordinate system for, 8
pure phase matrix internal structure and,

66–71
scattering relationships, 62–73
symmetry and, 71–73

hydrometeors and, 506–507
nonspherical, 13, 16
physical mechanism of, 9
T-matrix method analytical averaging and,

152–157
Particles, see also specific type

absorbing, geometric optics approximation
and, 46–47

aggregated/composite, T matrix computation
for, 160–166

atmospheric ice, ray-tracing/Monte Carlo
technique and, 313–317

Brownlee, 557
Chebyshev, scattering studies for, 166, 171,

323
cloud

scattering and absorption properties of,
418

scattering regimes applicable to, 395
compounded spherical, electromagnetic scat-

tering by, 225–272
contrail, depolarization measurements of,

171, 406
far-field zones of, 4
Gaussian, see Gaussian particles
graupel, scattering characteristics of, 460–

465
heterogeneous, see Heterogeneous particles
inhomogeneous

discrete dipole approximation for scatter-
ing computation, 39

finite element method of computation, 35
interplanetary dust, 555–583, see also Inter-

planetary dust particles

large, with multiple internal inclusions,
Monte Carlo calculations of scattering
by, 309–322

low-density aggregates, microwave analog
measurements for, 382

measuring scattering by, 49–54
nonspherical

electromagnetic scattering by, 31
and inhomogeneous, finite difference

time domain method for light scatter-
ing by, 173–221

light scattering by, 15
Lorenz–Mie theory and, 30
in marine environment, 525–554
methods of computation of scattering

properties of, 30–31
orientation distribution of, 15–17
scattering properties of, 30

oriented oblate ice, 485
partitioning into dipoles, 38
physical characteristics of, 30
planetary regolith, ray-tracing/Monte Carlo

technique and, 317
polydispersions of, 30
precipitation

light interaction with, 393
scattering regimes applicable to, 395

preferentially oriented axisymmetric, 516
randomly oriented axisymmetric, 515
randomly positioned, forward scattering of, 5
scattering patterns of, 54–59
shape distribution of, 15–16, 504
single, T matrix computation for, 157–160
single scattering by collection of, 74–77

symmetry and, 76–77
size distribution, 15–16, 502–503, 522–524

microwave analog method and, 373–374
small, at optical wavelengths, scattering ma-

trix measurements, 355–365
spherically symmetric, scattering matrix for,

19
spheroidal

electromagnetic scattering by, separation
of variables for, 89–130

exact analytical results for, 91
stochastically shaped, light scattering by,

323–352
Penicillin, bacterial effects of, 586
Perturbation approximation, in resonance region,

340
Perturbation theory, 48
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Phase function, 19
Phase functions, Rayleigh–Gans, 339
Phase matrix, 11–12

amplitude matrix and, 11
backscattering, theorem for general property

of, 15
collection of scattering particles, 74–77
elements of, 11
ensemble-averaged, 15

computation of, 15
Fourier components of, 21
macroscopically isotropic and symmetric me-

dia, 19
particle scattering and polarization properties

in, 178
pure

amplitude matrix and, 62–66
inequalities in, 73
internal structure of, 66–71
pictogram of elements, 68

reciprocity relation for, 14
scattering by single particle and, 11
testing of, 77–82
transposition, 15

Photometric optical instruments, 9
Photometry, interplanetary dust particles and,

568–572
Photon correlation spectroscopy, 265
Photonics, 263–265
Photon localization, weak, 5
Point matching method, 36

generalized, 36
Rayleigh hypothesis and, 36

Polarimetric radar
hydrometeors, 456–459

discrimination with, 470–476
parameters of, 452–456
quantitative estimation with, 476–479

Polarimetry, interplanetary dust particles and,
568–572

Polarization
biological cells and, 592–594
cross, of radio waves, 13
different representations of, 10
dipole, 38, 136–137
large, low-density aggregates, 384
light

in scattering studies, 61
Stokes parameters and, 61–62

linear, of zodiacal light, 558
polarimetric radar parameters and, 452–456

reflected sunlight from cirrus clouds and,
438–439

scattered intensity and, 373
of starlight, 13

Polarization diversity, lidar design and, 399–403
Polarization lidar technology, design considera-

tions for, 399–403
Polarization modulation, Mueller matrices and,

356–360
Polarization patterns, ice crystals, 432
Polarization states, fixed coordinate system for, 8
Precipitation particles

light interaction with, 393
microwave radiometry observation of, 482
microwave scattering by, 481–524
phase change and, in lidar applications, 411–

414
physics of, 411–414
quantitative estimation with polarimetric

radar, 478–479
remote-sensing studies of, T-matrix method

in, 171
scattering regimes applicable to, 395

Propagation, fixed coordinate system for, 8
Pulses, 266

R
Radar, polarimetric, see Polarimetric radar
Radiation, incident, separation from scattered ra-

diation, 370
Radiation budget of Earth, 418
Radiative transfer equation, 5

fixed coordinate system and, 8–9
for macroscopically isotropic and symmetric

media, 23
media with thermal emission, 23
multiple scattering and, 22–23
for nonemitting media, 22

Radiative transfer theory
in ice crystal clouds, 417–448
microwave radiometry and, 499–501
results and discussion of, 516–520

Radii, equivalent-sphere, distribution of, 16
Radiometric quantities, electromagnetic scatter-

ing by compounded spherical particles
and, 234–236

Radiometry
microwave, see Microwave radiometry
satellite, 483

Radio waves, cross polarization of, 13
Rainbows, 393
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Raindrops
canting angle for, 458
fall behavior of, 458
orientation of, 458
oscillating, 457
scattering characteristics of, 459–460
shape distribution of, 504
shape of, 457

Rainfall rate, polarimetric radar methods for esti-
mating, 476

Raman scattering, 4, 402
Rayleigh approximation, 45–46

Gaussian particles scattering and, 335–337
Rayleigh–Gans approximation, 45–46

scattering by Gaussian particles and, 337–339
Rayleigh–Gans–Debye approximation, 247
Rayleigh–Gans–Debye scattering, biological

cells and, 591
Rayleigh–Gans–Stevenson approximation, 45
Rayleigh hypothesis, 36

T-matrix method and, 40, 150
Ray optics approximation, see also Geometric

optics approximation and Ray-tracing ap-
proximation, 46–48

scattering by Gaussian particles and, 345–349
Ray tracing

geometric, see Geometric ray tracing
Monte Carlo method for, 310–313, 426–428

Ray-tracing approximation, 46–48
Ray-tracing/Monte Carlo technique, 310–313

analytic approximation of, 320–322
applications of, 313–320
atmospheric ice particles and, 313–317
planetary regolith particles, 317

Reciprocity, 14–15, 73
amplitude matrix, T-matrix method and, 151
extinction matrix, 14
inversion of time and, 14
light scattering by nonspherical particles, 15
Maxwell’s equations and, 14
phase matrix and, 14, 73
violation of, 15

Reference frame
laboratory, 6
laboratory, scattering matrix and, 17
particle, 6
particle orientation, 5–6

Reflectance, bidirectional, 435
Refractive index

analog materials in, 368
biological cells, 588

Chinese hamster ovary cells, 588
complex, 507–508
cytoplasm, 588
measurement at microwave frequencies, 369
measurement principles, 370–378
metals for reproduction of, 369–370
plastic compounds for reproduction of, 369

Regolith particles, planetary, 572
ray-tracing/Monte Carlo technique and, 317

Remote sensing, 258–263
bidirectional reflectance, 435
cirrus clouds and, 435
climate research and, 435–447
microwave radiometry and, 482–484
reflected sunlight from cirrus clouds and,

438–439
thermal infrared spectra and, information

content of, 441–443
Resonance region, scattering by Gaussian parti-

cles and, 340
Ricatti–Bessel functions, 230
Rotational decomposition, vector addition theo-

rem and, 269–270
Rotation functions

electromagnetic scattering by compounded
spherical particles and, 233–234

vector addition theorem and, 270–271
Rotation matrix, 10
Rotation transformation law

Stokes parameters and, 24–27
T matrix and, 152–153

S
Saturn’s satellite, atmosphere surrounding, 378
Scattering

angular procedure and accuracies, microwave
analog method and, 375–376

by anisotropic spheres, 49
approximations for, 45–49

anomalous diffraction approximation,
45–46

geometric optics approximation, 46–48
perturbation theory, 48
Rayleigh approximation, 45–46
Rayleigh–Gans approximation, 45–46

backscattering, see Backscattering
biological, 545
biological cells, 585

ektacytometry and, 601–602
flowcytometry role, 596–600
theories for calculation of, 587–592
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coherent, by small low-density aggregates,
382

comets and, 568–571
computation of, 5

benchmark results, 43–45
computer codes for, 43–45
coupled dipole method, 37
digitized Green’s function algorithm, 37
discrete dipole approximation, 37, 38–39,

131–145
finite difference time domain method, 35–

36, 173–221
finite element method, 34–35
Fredholm integral equation method, 39–

40
integral equation methods, 37–38
method comparisons, 43–45
method of moments, 37
point matching method, 36
separation of variables method, 33, 89–

130
superposition method for compounded

spheres and spheroids, 41–42, 114–
130, 240–253

T-matrix method, 40–41, 147–172
by cosmic dust particles, 578–582
cross section, 12, 18
dichroism and, 13
discrete dipole approximation for, 131–145
dust in solar system, 572–578
ektacytometry and, 601–602
electromagnetic, see Electromagnetic scatter-

ing
by Faraday-active sphere, 48
far field, 204–208
far-field zone and, 4
finite difference time domain simulations in,

201
forward direction, randomly positioned parti-

cles, 5
forward procedures and accuracies, micro-

wave analog method and, 376–378
by Gaussian particles

perturbation approximation in resonance
region and, 340

ray optics approximation and, 345–349
resonance region and, 340

geometric optics and, 421–424
homogeneous and concentrically stratified

spheres, 229–240
vector spherical harmonics and, 229–231

homogeneous or layered spheres, computa-
tion of, 30

by ice crystals, 52, 417–448
finite difference time domain method and,

428–429
geometric ray tracing and, 419–428
Monte Carlo method for ray tracing and,

310–317, 426–428
theories for, 418–435
unified theory and measurement compar-

isons, 430–435
incoherent far-field, 5
independent, see Independent scattering
by individual particles, 4
infrared measurements of, 50–53
intensity of, polarization and, microwave ana-

log method, 373
interplanetary dust particles, shape models

for, 572–578
irregular targets, discrete dipole approxima-

tion for, 131–145
by large particles with multiple internal in-

clusions, Monte Carlo calculations of,
309–322

light polarization in, 61
in marine environments

analytical description of, 527–533
experimental measurement techniques,

533–536
Mie calculations data optimization, 531
models for, 529–530
natural/anthropogenic terrestrial aerosols

and, 540–543
nephelometers in, 534–535
optimizing Mie calculation data, 531
physical interpretation of constraints on

scattering matrix in, 532–533
scattering matrix formalism and, 527–529

from marine organisms, 545–548
matrices describing, 61–85
matrix, 17–22, 57–59
measurements, 49–54

microwave analog to, 367–390
microwave

measurements of, 53–54
overview of, 482–484
by precipitation, 481–524

at microwave wavelengths
laboratory measurements of, 294–298
model calculations of, 298–302

mineralogical, 548–551
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Scattering (continued)
multiple, 22–23

computing, 4
nonspherical particles, 29–60

biophysical/biomedical applications for,
585–602, see also Biophysical/bio-
medical applications

differential equation methods for compu-
tation, 32

statistical approach to, 54–57
one particle in fixed orientation, 62

amplitude matrix and pure phase matrix,
62–66

particle physical characteristics and, 30
penicillin effects on bacteria, 586
phase matrix and, 11
of plane electromagnetic wave, 5
plane-parallel, Fourier decomposition of ra-

diative transfer equation for, 21
planetary regoliths and, 572
polarized

in marine environment, 525–527, 525–
554

in sea ice, 551–553
in submarine environment, 543–551

randomly positioned particles, 4
reflected sunlight from cirrus clouds and,

438–439
from sea-salt-containing aerosols, 537
single

albedo for, 18
by collection of particles, 74–77

small particles at optical wavelengths, matrix
measurement, 355–365

by stochastically shaped particles, 323–352
Gaussian cylinder and, 329–334
Gaussian particles and, 335–349
Gaussian sphere and, 327–329
inverse problem in, 334–335
overview of, 323–327
stochastic geometry and, 327–335

testing matrices describing, 77–82
two-dimensional, 258
vanishing forward amplitude, 285
visible measurements of, 50–53
wave, centimeter and millimeter, from non-

spherical hydrometeors, 451–479
Scattering amplitude, forward, 376–378
Scattering characteristics

of bullet rosettes, 469
of capped columns, 469

Chebyshev particles, 166, 167, 171
of double plates, 469
of finite circular cylinders, 168, 170–171
of Graupel particles, 460–465
of hailstones, 460–465
of hydrometeors, 457, 459–469
of ice crystals, 315–317, 465–469
of planetary regolith particles, 317–320
of raindrops, 459–460

Scattering cross section, 12–13, 18, 249, 312
Scattering cross section, orientation-averaged,

T-matrix method and, 154
Scattering matrix, 17–22

angle dependence in seawater, 533
basic relationships for, 61–85
biological cells and, 593
calculation of, 21, 250
expansion of elements in generalized spheri-

cal functions, 20
formalism, light scattering in marine environ-

ments, 527–529
for macroscopically isotropic and symmetric

media, 18
measurement of, 50–53, 355–365
Mueller, sea-salt-containing aerosols and,

537
physical interpretation of constraints on, 532–

533
spherically symmetric particles and, 19
Stokes parameters and, 17

Scattering patterns, 54–57
ice crystals, 432
interference structure of, 54–56
nonsphericity effects on, 57–59

Scattering plane, 17
Scattering properties

of aerosols, 171, 211–220
cloud particles and, 418
of ice crystals, 211–220, 315–317
interplanetary dust particles, 555–583

overview of, 555–558
Scattering quantities, measured and inferred,

371–372
Schelkunoff’s electromagnetic equivalence theo-

rem, 191–192
Sea ice, scattering in, 551–553
Separation of variables method, 33, 89–130

advantages of, 33
chiral spheroids and, 109–114
computational complexity of, 33
core-mantle spheroids and, 33, 100–109
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homogeneous isotropic spheroids, 33
systems of spheroids and, 114–130

Silicates, 369
Silicon wafer surfaces, contamination detection

on, 309
Snell law, 47, 346, 419

generalized, 47, 346, 425
Snow crystals, 457
Solar albedo, 443–445
Solar system dust, see also Interplanetary dust

particles
comets and, 568–571
light scattering by, 578–582
planetary regoliths and, 572

Soot agglomerates, optics of, 256–257
Spectroscopy, photon correlation, 265
Sphere clusters

recursive T-matrix algorithm for, 255–256
T matrix for, 163, 253–256

Spheres
arbitrarily configured, aggregates of, 243–253
compounded, superposition method for, 41–

42
concentrically stratified

electromagnetic scattering by, 236–240
scattering coefficients of, 237–240

concentric core-mantle, scattering computa-
tions for, 32

core-mantle, separation of variables method
of computation, 33

Gaussian, 327–329
homogeneous and concentrically stratified,

scattering and light absorption by,
229–240

interacting, scattering by, 227–229
isotropic homogeneous, scattering computa-

tions for, 32
microwave analog measurements of, 379–381
with multiple spherical inclusions, 246
nonconcentric, order-of-scattering solution,

241–243
optically active, separation of variables

method of computation, 33
response to harmonic plane waves, 231

Spherical harmonies, vector, 229–231
Spherical wave functions, vector, 147–150, 230
Spheroidal angle functions, 93–94
Spheroidal coordinate systems, 91–92

angle functions in, 93–94
prolate

scalar Helmholtz equation in, 92

spheroidal angle functions in, 93–94
spheroidal radial functions in, 95–98

separation of variables for, 33, 89–130
Spheroidal radial functions, 95–98

expression of, 95
Wronskian relation and, 97

Spheroidal vector wave functions, 98–99
Spheroidal wave functions, 92–98
Spheroids

arbitrarily oriented, scattering by, 114–130
chiral, electromagnetic scattering by, 109–

114
coated lossy, electromagnetic scattering by,

100–109
compounded, superposition method for, 41–

42, 114–130
separation of variables method for scattering

computations, 33
Starlight polarization, 13
Statistical approach to scattering, 54–57
Steel, refractive index measurement and, 369–

370
Stochastic geometry

Gaussian cylinder and, 329–334
Gaussian sphere and, 327–329
inverse problems in, 334–335
scattering by stochastically shaped particles

and, 327–335
Stokes criterion, 82–83
Stokes parameters, 9–10

circular polarization and, 9
definition of, 9
different definitions in literature, 4
elementary monochromatic planewave, 10
geometrical interpretation of, 24–27
light polarization and, 61–62
linear polarization and, 9
monochromatic transverse electromagnetic

wave and, 9
reference plane and, 10
scattering matrix and, 17
spherical electromagnetic wave, 10

Stokes theorem, near field equations in finite dif-
ference time domain method, 182

Stokes vector, 62
collection of scattering particles and, 74
Mueller matrices and polarization modulation

and, 356–360
Stratosphere, volcanically produced aerosols in,

405
Sulfuric acid, 405
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Sunlight
radiant distribution in marine environments,

526
reflected, from cirrus clouds, 438–439
reflections from, 394

Superposition method for compounded spheres
and spheroids, 41–42, 114–130, 240–253

SVM, see Separation of variables method
Symmetric media, scattering matrix and, 17
Symmetry

phase matrix and, 71–73
scattering matrix and, 17
vector addition theorem and, 269–270

T
Temperature perturbations, nonsphericity of ice

crystals and, 445–447
Terminology

differences in literature, 3
minimal system of, 4
Stokes parameters, 3

Tetrahedra, scattering by, discrete dipole approx-
imation and, 140–143

Time, inversion of, reciprocity and, 14
Time factor

conventions used, 9
usage in literature, 4

T matrix
cluster

calculating, 254
iterative solution of, 254–255
random-orientation properties and, 253–

256
computations

for aggregated/composite particles, 160–
166

for single particles, 157–160 extended
boundary condition method, 157

rotation-transformation law for, 152–153
symmetries of, 151, 153
translation transformation law for, 165

T-matrix algorithm, recursive, 255–256
T-matrix codes, public-domain, 166–170
T-matrix method, 40–41, 147–172

analytical averaging over orientations, 152–
157

applications for, 170–172
approaches to, 147–152
Chebyshev particles and, 40, 166, 171
computational efficacy of, 170
disadvantages of, 41

Euler angles of rotation and, 152
Huygens principle and, 40
Lorenz–Mie formulas and, 154
public-domain codes for, 166–170
scattering by finite circular cylinders and,

168, 170, 171
Rayleigh hypothesis and, 40, 150
scattering by spheroids and, 171
superposition versions, 165

Troposphere, volcanically produced aerosols in,
405

U
Unimoment method, 34

V
Vector addition theorem, 267–271

derivation of, 267–269
rotational decomposition of, 269–270
rotation functions and, 270–271
symmetry of, 269–270
vector coupling coefficients and, 270–271

Vector coupling coefficients, vector addition the-
orem and, 270–271

Vector spherical harmonics, 229–231
Vector spherical wave functions, 36, 147–150,

230
VIEM, see Integral equation method, volume
VSWF, see Vector spherical wave functions

W
Water, black carbon in droplets, 302
Wave functions

spheroidal, 92–98
applications of, 90

vector spherical, 147–150, 230
vector spheroidal, 98–99

Wave propagation, electromagnetic, 452
Wave radars

microwave, 452
millimeter, 452

Wigner d functions, 21, 149–150
Wronskian relation, spheroidal radial functions

and, 97

Y
Yasuura method, 43

Z
Zodiacal light

Helios 1/2 observations of, 560
observations of, 558–568
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