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We study multiple scattering of light by particles embedded in an absorbing host medium using a recently
developed single-scattering and vector radiative-transfer methodology directly based on the Maxwell equations.
The first-principles results are compared with those rendered by the conventional heuristic approach according to
which the single-scattering properties of particles can be computed by assuming that the host medium is
nonabsorbing. Our analysis shows that the conventional approach yields very accurate results in the case of aero-
sol and cloud particles suspended in an absorbing gaseous atmosphere. In the case of air bubbles in water, the
traditional approach can cause large relative errors in reflectance, but only when strong absorption in the host
medium makes the resulting reflectance very small. The corresponding polarization errors are substantially
smaller. © 2019 Optical Society of America

https://doi.org/10.1364/AO.58.004871

1. INTRODUCTION

The conventional theory of electromagnetic scattering by par-
ticles traditionally used in many applied disciplines, including
those of remote sensing and atmospheric radiation, is based on
the assumption that the host medium surrounding the particles
is perfectly nonabsorbing, i.e., that the imaginary part m 0 0

1 of
the corresponding refractive index is precisely equal to
zero (e.g., Refs. [1–24] and numerous references therein).
However, natural and artificial water bodies (including oceanic
whitecaps [25]) and layers of ice are but just two ubiquitous
examples of absorbing host media with an imaginary part of
the refractive index deviating substantially from zero at infrared
wavelengths [26,27]. Another prime example of a host medium
with m 0 0

1 ≠ 0 is the terrestrial gaseous atmosphere at wave-
lengths within strong absorption bands caused by components
such asH2O,O2, andCO2. Of course, many more examples of
absorbing host media containing particles can be given.

It has been argued extensively (e.g., [28–49]) that conven-
tional theory cannot be used to compute single and multiple
light scattering by particles hosted by a medium with m 0 0

1 ≠
0 and must be replaced by a more general theory. However,
for a long time there had been no consensus as to how to gen-
eralize the standard notion of the optical cross sections and re-
formulate the conventional radiative transfer equation (RTE).
It is clear that the best way to resolve this persisting uncertainty
is to replace speculative arguments with a straightforward der-
ivation directly from the Maxwell equations. Significant
progress in this direction has been achieved and reported
in [50–54].

Based on the first-principles modeling tools described in
[53,54], it has been shown that the effects of increasing m 0 0

1

on single scattering by an isolated spherical particle can be quite
profound and can result in unexpected optical phenomena such
as negative extinction [55,56]. Yet multiple scattering by a
cloud of particles entails long propagation paths that can con-
tribute virtually nothing to the signal measured by an external
detector of light if absorption in the host medium is sufficiently
strong. It is therefore essential to analyze whether the effects of
increasing m 0 0

1 on single scattering can manifest themselves in
multiple scattering before m 0 0

1 becomes so large that the entire
particulate medium starts to appear essentially black. We will
do that in the rest of this paper using the single-scattering and
radiative-transfer modeling tools described in [52–54,57].
Unlike in [49], we will solve the RTE with full account of
polarization instead of resorting to the scalar approximation
and will assume particle volume densities sufficiently small
to be in the purview of radiative transfer theory.

2. STATEMENT OF PROBLEM

The generalized RTE describing multiple scattering of polar-
ized light by a large, sparse, and random multiparticle group
was derived in [52] under the assumption that the absorbing
host medium is unbounded. In our analysis, we will assume
that the generalized RTE remains valid in application to a sim-
ple scattering model in the form of particles randomly and
sparsely distributed throughout a plane-parallel layer of a
homogeneous absorbing medium surrounded by a vacuum
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(Fig. 1). To simplify the problem further, we will neglect the
refracting/reflecting effects of the optical interfaces separating
the interior of the layer and the surrounding space. This model
does describe a cloud layer embedded in a gaseous atmosphere at
wavelengths affected by molecular absorption, but is less realistic
in application to particles inside water or ice bodies bounded by
physical surfaces serving as optical interfaces. The specific dis-
cussion of the additional effects potentially exerted by the actual
boundaries will be deferred to a forthcoming publication.

The resulting boundary-value problem has the standard
mathematical structure [18,58] and can be addressed using a
variety of existing computer solvers of the conventional vector
RTE [3,15,57]. The single-scattering quantities entering the
generalized RTE [52] are computed by assuming that the par-
ticles are homogeneous spheres and using the Lorenz—Mie
computer program described in [53,54].

Consistent with [52,53], we imply the exp�−iωt� time-har-
monic dependence of all electromagnetic fields, where
i � �−1�1∕2, ω is the angular frequency, and t is time. For
simplicity, we assume that all particles are made of the same
material. The wave numbers of the host and the scattering
particles are given, respectively, by

k1 � k 01 � ik 0 01 (1)

and

k2 � k 02 � ik 0 02 , (2)

where k 01 > 0, k 0 01 ≥ 0, k 02 > 0, and k 0 02 ≥ 0. It is convenient to
define the scattering problem in terms of the wavelength in a
vacuum, λ, and the complex refractive indices of the host, m1,
and the particles, m2, given, respectively, by

m1 � m 0
1 � im 0 0

1 (3)

and

m2 � m 0
2 � im 0 0

2 : (4)

Then,

k1 �
2πm1

λ
� 2πm 0

1

λ
� i

2πm 0 0
1

λ
(5)

and

k2 �
2πm2

λ
� 2πm 0

2

λ
� i

2πm 0 0
2

λ
: (6)

We assume that the particulate slab of infinite lateral extent has
a geometrical thickness Z and that the host material of the slab
is perfectly homogeneous and thus does not scatter light
(this includes neglecting Rayleigh scattering by air). The
(purely absorption) vertical optical thickness of the host
material T host is given by

T host � 2Zk 0 01 � 4πZm 0 0
1

λ
: (7)

If T host rather than m 0 0
1 serves as a primary input parameter,

then

k 0 01 � T host

2Z
(8)

and

m 0 0
1 � T hostλ

4πZ
: (9)

We parameterize the dispersion of radii of polydisperse spheri-
cal particles by the standard gamma distribution [3,53] with
specific effective radius reff and effective variance veff . Let n0
be the number of particles per unit volume. Then the total
vertical optical thickness of the particulate slab is

T � T host � T particles, (10)

where

T particles � Zn0C ext (11)

is the particulate optical thickness, and C ext is the average
extinction cross section per particle.

Two more quantities that enter the generalized vector RTE
[52] are the normalized Stokes phase matrix, parameterized in
terms of the so-called Wigner expansion coefficients αsp (p � 1,
2, 3, 4) and βsp (p � 1, 2), and the effective single-scattering
albedo

ϖeff � C eff
sca

2n−10 k 0 01 � C ext

, (12)

where C eff
sca is the effective scattering cross section per particle.

All relevant polarimetric definitions and geometrical con-
ventions of the vector radiative transfer theory can be found
in [3,15,18,21]. The diffuse reflection properties of the particu-
late layer are parameterized in terms of the real-valued 4 × 4
so-called Stokes reflection matrix R�μ, μ0,φ,φ0�, where μ is
the cosine of the polar angle of the reflection direction θ mea-
sured from the positive z axis; μ0 is minus the cosine of the
polar angle of the incidence direction measured from the
positive z axis; φ is the azimuth angle of the reflection direction

Fig. 1. Scattering geometry. A laterally infinite particulate layer is
confined to the space between the two imaginary horizontal planes.
The layer is illuminated from above by a plane electromagnetic wave.
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measured clockwise from the positive x axis; and φ0 is the azi-
muth angle of the incidence direction measured clockwise from
the positive x axis (Fig. 1). The definition of the reflection
matrix is as follows:

Ĩ � 1

π
μ0R�μ, μ0,φ,φ0�I, (13)

where Ĩ is the specific intensity column vector of the diffusely
reflected light, and I is the Stokes column vector of the incident
plane electromagnetic wave [3,15,18]. For simplicity, we as-
sume hereafter that μ0 � 1 (normal incidence) and φ0 � 0.

The resulting computational scheme involves the following
seven basic steps:

(1a) specification of m 0
1, m

0 0
1 , m

0
2, m

0 0
2 , λ, and Z followed by

computation of T host according to Eq. (7) or, alternatively,
(1b) specification of m 0

1, m
0
2,m

0 0
2 , λ, Z , and T host followed by

calculation of m 0 0
1 according to Eq. (9);

(2) specification of reff and veff ;
(3) computation of C ext, C eff

sca, αsp (p � 1, 2, 3, 4), and βsp
(p � 1, 2) [53];
(4a) specification of n0 or, alternatively,
(4b) specification of the fraction f of the volume occupied

by the particles followed by computation of n0 according to
n0 � f ∕hV i, where hV i is the average particle volume
computed for the specific reff and veff ;

(5) computation of ϖeff according to Eq. (12);
(6) computation of T according to Eqs. (10) and (11); and
(7) computation of the reflection matrix R by solving the

vector RTE.

This computational scheme (hereinafter scheme A) is based
on the first-principles theory of light scattering by particles im-
mersed in an absorbing host. Besides using this scheme, we will
also use the conventional heuristic scheme (hereinafter scheme
B), which is different in that C ext, C eff

sca, αsp (p � 1, 2, 3, 4), and
βsp (p � 1, 2) (step 3) are computed by using the conventional
Lorenz—Mie theory based on the assumption that m 0 0

1 ≡ 0.
This will enable us to estimate typical errors caused by the
use of the traditional approach to light scattering and radiative
transfer.

3. PARTICLES IN ABSORBING GASEOUS
ATMOSPHERE

We first consider the case of aerosol and cloud particles im-
bedded in an absorbing gaseous atmosphere. To parameterize
this scenario, we use version (b) of step 1 and version (a) of step
4 of the numerical scheme summarized in the preceding
section. Model 1 represents a layer of submicrometer-sized
sulfate aerosols with T particles ≈ 0.9 and is specified by the fol-
lowing parameters: λ � 0.76 μm, m 0

1 � 1, m 0
2 � 1.42,

m 0 0
2 � 0, reff � 0.5 μm, veff � 0.1, n0 � 0.5 × 109 m−3,

and Z � 1 km. Note that this wavelength is close to the center
of the strong oxygen A-band. Model 2 represents an optically
thick �T particles ≈ 10� layer of 10 micrometer-sized water-cloud
droplets and is specified by the following parameters:
λ � 1.35 μm, m 0

1 � 1, m 0
2 � 1.322, m 0 0

2 � 1.06 × 10−4,
reff � 10 μm, veff � 0.1, n0 � 107 m−3, and Z � 2 km. In
this case, the wavelength is close to the center of a strong
water-vapor absorption band.

Tables 1 and 2 display the optical properties of model 1
computed using the first-principles scheme A and the conven-
tional scheme B. It is obvious that all numbers agree to all deci-
mal places shown. We have also computed the maximal
differences between the corresponding elements of the effective
single-scattering matrix [53]

F�Θ� �

2
664
F 11�Θ� F 21�Θ� 0 0
F 21�Θ� F 11�Θ� 0 0

0 0 F 33�Θ� F 34�Θ�
0 0 −F 34�Θ� F 33�Θ�

3
775, (14)

where Θ ∈ �0, π� is the scattering angle. Again, the agreement is
nearly perfect (relative differences less than 10−6 in the abso-
lute-value sense for all Θ). This conclusion is not surprising
given the extremely small resulting values ofm 0 0

1 in Table 1 even
for T host values as large as 10.

Tables 3 and 4 display the corresponding results for model
2, again computed using schemes A and B. As before, all
numbers agree to all decimal places shown, and, furthermore,
the elements of the scattering matrix agree to at least six
significant decimal places. This agreement can again be traced
to very small m 0 0

1 values in Table 3 even for extreme values
of T host.

The near-perfect agreement of the scheme A and B results
serving as input to radiative-transfer computations implies that
the corresponding solutions of the RTE (not shown) are also
virtually identical. We can thus conclude that in the case of
aerosol and cloud particles suspended in an absorbing gaseous
atmosphere, the standard computational scheme based on the

Table 1. Optical Properties of Model 1 According to
Scheme A

T host m 0 0
1 T C eff

sca ,μm2 C ext,μm2 ϖeff

0.1 0.60479 × 10−11 1.02468 1.8494 1.8494 0.90241
1 0.60479 × 10−10 1.92468 1.8494 1.8494 0.48043
3 0.18144 × 10−9 3.92468 1.8494 1.8494 0.23561
10 0.60479 × 10−9 10.9247 1.8494 1.8494 0.084641

Table 2. Optical Properties of Model 1 According to
Scheme B

T host m 0 0
1 T C eff

sca ,μm2 C ext,μm2 ϖeff

0.1 0 1.02468 1.8494 1.8494 0.90241
1 0 1.92468 1.8494 1.8494 0.48043
3 0 3.92468 1.8494 1.8494 0.23561
10 0 10.9247 1.8494 1.8494 0.084641

Table 3. Optical Properties of Model 2 According to
Scheme A

T host m 0 0
1 T C eff

sca ,μm2 C ext,μm2 ϖeff

1 0.53715 × 10−10 10.8030 485.60 490.15 0.89901
10 0.53715 × 10−9 19.8030 485.60 490.15 0.49043
30 0.16114 × 10−8 39.8030 485.60 490.15 0.24400
100 0.53715 × 10−8 109.803 485.60 490.15 0.088449
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assumption that m 0 0
1 ≡ 0 provides accuracy quite sufficient for

practical applications.

4. AIR BUBBLES IN WATER

We now use version (a) of step 1 and version (b) of step 4 of the
computational scheme summarized in Section 2 and consider
the case of air bubbles suspended in a semi-infinite �Z � ∞�
layer of water. Implicitly, T � T host � T particles � ∞. Model
3 is specified by the following parameters: m 0

2 � 1, m 0 0
2 � 0,

reff � 10 μm, veff � 0.05, and f � 0.002 and 0.02. The
wavelengths and the corresponding values of m1 are listed in
Table 5. Note that the volume fraction f � 0.002 is definitely
small enough to make the RTE applicable, while f � 0.02 still

appears to be sufficiently small to make RTE predictions
reasonably accurate [59,60].

Table 5 also compares the corresponding extinction and ef-
fective scattering cross sections computed according to schemes
A (subscript A) and B (subscript B). The corresponding f -
dependent effective single-scattering albedos are compared in
Table 6. It is seen that the errors of the traditional approach
(scheme B) become substantial at the longest wavelengths with
large m 0 0

1 . The same is true of the phase function F 11�Θ� and
the degree of linear polarization for unpolarized incident light
−F 21�Θ�∕F 11�Θ� shown in Fig. 2. Consistent with Eq. (12),
increasing the particle volume fraction always serves to increase
the effective single-scattering albedo. Also, the scheme A values
of C eff

sca andϖeff are always greater than the respective scheme B
values, the differences becoming quite dramatic at the two
longest wavelengths.

Figures 3 and 4 show the corresponding results of vector
radiative-transfer computations. Specifically, Fig. 3 depicts
the (1,1) element of the reflection matrix R11�μ,μ0 � 1,φ� 0,
φ0 � 0�, traditionally called the reflection coefficient, while

Table 4. Optical Properties of Model 2 According to
Scheme B

T host m 0 0
1 T C eff

sca ,μm2 C ext,μm2 ϖeff

1 0 10.8030 485.60 490.15 0.89901
10 0 19.8030 485.60 490.15 0.49043
30 0 39.8030 485.60 490.15 0.24400
100 0 109.803 485.60 490.15 0.088449

Table 5. Optical Properties of Model 3

λ,
μm m 0

1 m 0 0
1

C ext,A ,
μm2

C ext,B,
μm2

C eff
sca,A ,
μm2

C eff
sca,B,
μm2

0.6 1.332 1.09 × 10−8 547.7852 547.7852 547.7860 547.7852
1 1.327 2.89 × 10−6 549.2962 549.2962 549.4270 549.2962
1.4 1.321 1.38 × 10−4 549.6329 549.6346 554.1468 549.6346
2 1.306 1.1 × 10−3 546.5237 546.6039 572.9135 546.6039
2.7 1.188 0.019 462.6561 488.9096 1183.768 488.9096
3.3 1.450 0.0368 548.8644 551.1966 2682.243 551.1966

Table 6. Effective Single-Scattering Albedo of Model 3

λ, μm f ϖeff
A ϖeff

B

0.6 0.002 0.99926 0.99925
0.02 0.99993 0.99993

1.0 0.002 0.89435 0.89414
0.02 0.98853 0.98830

1.4 0.002 0.20022 0.19858
0.02 0.71832 0.71247

2.0 0.002 0.044333 0.042297
0.02 0.32111 0.30635

2.7 0.002 0.0074538 0.0030780
0.02 0.072633 0.029950

3.3 0.002 0.010665 0.0021917
0.02 0.10460 0.021493

Fig. 2. Single-scattering phase function (upper panels) and the degree of linear polarization (lower panels) computed for model 3 using schemes A
(red curves) and B (blue curves). At the three shorter wavelengths listed in Table 5, the scheme A and B results (not shown) are virtually indis-
tinguishable.
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Fig. 4 shows the degree of linear polarization for unpolarized
incident light given by the ratio

P�μ� � −
R21�μ, μ0 � 1,φ � 0,φ0 � 0�
R11�μ, μ0 � 1,φ � 0,φ0 � 0� : (15)

Figure 3 reveals that the f � 0.02 reflectances are always
greater than their f � 0.002 counterparts, which is consistent
with the above-noted trait of the effective single-scattering al-
bedo. At the shortest wavelength (upper left panel), the con-
tribution of multiply scattered light is so large that as small
a difference as 0.00067 in ϖeff causes noticeable differences

between the blue and read curves. At longer wavelengths, these
differences become much larger.

The scheme A and B curves in the upper three panels of
Fig. 3 are essentially indistinguishable. However, the relative
differences between the respective thick and thin curves be-
come noticeable at λ � 2 μm and quite significant at the
two longest wavelengths. This, no doubt, is the result of
the large single-scattering albedo differences in Table 6 and
the growing phase-function differences in Fig. 2.

However, while there are order-of-magnitude differences be-
tween the scheme A and B reflectances at λ � 2.7 and 3.3 μm,
the reflectances themselves are very small owing to strong ab-
sorption in the water host. We can thus conclude that the

Fig. 3. Reflection coefficient for model 3 computed using schemes A and B. The results are shown for six wavelengths and two values of the
particle volume fraction. The scheme A and B results in the upper three panels are virtually indistinguishable.

Fig. 4. Degree of linear polarization P�μ� (%) for model 3 computed using schemes A and B. The results are shown for six wavelengths and two
values of the particle volume fraction. Scheme B results are shown only for λ � 3.3 μm, since at other wavelengths, they are hardly distinguishable
from the respective scheme A results.
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traditional scheme B can often be used unless accurate estimates
of very low (less than ∼1%) reflectances are required.

Figure 4 shows that the f � 0.002 polarization is in most
cases greater than its f � 0.02 counterpart. This is consistent
with the definition (15) and the f -dependence of the reflection
coefficient. The scheme A and B differences in polarization are
small if not negligible.

5. CONCLUDING REMARKS

Our primary objective in this paper was to analyze errors caused
by using the traditional radiative-transfer approach wherein the
single-scattering properties of particles are calculated assuming
that the host medium is nonabsorbing. It was clear from the
outset that on one hand, the effects of absorption in the host
medium on the single-scattering input to the RTE would in-
crease with m 0 0

1 . On the other hand, it could also be expected
that strong absorption suppresses multiple scattering and
thereby can potentially make the resulting reflectance too small
to be of practical interest. It was therefore important to analyze
whether there are situations wherein m 0 0

1 is not large enough to
eradicate all observable manifestations of multiple scattering
and yet is sufficiently large to cause detectable differences be-
tween the results of applying the first-principles scheme A and
the conventional heuristic scheme B detailed in Section 2.

We have shown that in the case of aerosol and cloud par-
ticles suspended in a gaseous planetary atmosphere, even ex-
treme values of the host absorption optical thickness yield
very small values of m 0 0

1 . As a consequence, the traditional
scheme has been found to produce excellent single-scattering
and, by implication, multiple-scattering results. Thus, there
is no need to modify the existing traditional tools developed
for modeling atmospheric radiation. There is no doubt that this
conclusion will be gladly received by the practitioners of atmos-
pheric radiative transfer.

In the case of water as the host medium, the m 0 0
1 values can

be much larger and can affect much stronger the single-scatter-
ing properties of the embedded particles. In such cases the
traditional scheme B was indeed found to generate noticeable
to very large relative errors in the reflection coefficient. Yet the
resulting reflectance itself is very small to the point of being
useless in many practical applications. The errors of the tradi-
tional scheme in the degree of linear polarization of the
diffusely reflected light are significantly smaller and can often
be ignored.
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