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a b s t r a c t

Current problems of the theory of multiple scattering of electromagnetic waves by

discrete random media are reviewed, with an emphasis on densely packed media. All

equations presented are based on the rigorous theory of electromagnetic scattering by

an arbitrary system of non-spherical particles. The main relations are derived in the

circular-polarization basis. By applying methods of statistical electromagnetics to a

discrete random medium in the form of a plane–parallel layer, we transform these

relations into equations describing the average (coherent) field and equations for the

sums of ladder and cyclical diagrams in the framework of the quasi-crystalline

approximation. The equation for the average field yields analytical expressions for the

generalized Lorentz–Lorenz law and the generalized Ewald–Oseen extinction theorem,

which are traditionally used for the calculation of the effective refractive index. By

assuming that the particles are in the far-field zones of each other, we transform all

equations asymptotically into the well-known equations for sparse media. Specifically,

the equation for the sum of the ladder diagrams is reduced to the classical vector

radiative transfer equation. We present a simple approximate solution of the equation

describing the weak localization (WL) effect (i.e., the sum of cyclical diagrams) and

validate it by using experimental and numerically exact theoretical data. Examples of

the characteristics of WL as functions of the physical properties of a particulate medium

are given. The applicability of the interference concept of WL to densely packed media

is discussed using results of numerically exact computer solutions of the macroscopic

Maxwell equations for large ensembles of spherical particles. These results show that

theoretical predictions for spare media composed of non-absorbing or weakly absorbing

particles are reasonably accurate if the particle packing density is less than �30%.

However, a further increase of the packing density and/or absorption may cause optical

effects not predicted by the low-density theory and caused by near-field effects. The

origin of the near-filed effects is discussed in detail.
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1. Introduction

Depending on the relation between the mean size of the
scatterers, the average distance between them, and the
wavelength of the incident light, scattering media can be
conventionally classified into two types: (i) continuous
media with fluctuations of the refractive index and (ii) media
with discrete heterogeneities (particulate or powder-like
media). The theoretical description of electromagnetic (EM)
scattering by these two types of medium requires noticeably
different approaches, although the main physical principles
remain the same. The scattering theory for continuously
inhomogeneous media is rather thoroughly developed
(see, e.g., Refs. [1–3]), while the progress in the theory
applicable to discrete media has been substantially
slower, especially for particles with sizes comparable
to the wavelength of the incident light l. In this size
range, the wavelength dependence of characteristics
of the scattered radiation is particularly strong, which

makes this case most important from the standpoint of
interpretation of observational data. In the case of visible
wavelengths, techniques dealing only with energetic and
polarization characteristics of radiation are traditionally
used [4].

The methods used in theoretical analyses of EM
scattering by sparse and densely packed particulate media
are substantially different. In the case of a sparse medium,
the analysis is relatively straightforward due to several
simplifications. If the distances between the scatterers are
much greater than their sizes and the wavelength, the
wave propagating from particle j to particle s can be
considered spherical. Furthermore, in the vicinity of
particle s this wave can be assumed to be a locally
homogeneous plane wave. When describing the scatter-
ing by particle s, the simplification of a plane wave allows
one to invoke such concepts of the single-scattering
theory as the scattering matrix, the extinction cross
section, etc. Moreover, if the scatterers are randomly
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positioned throughout the medium, the scattered radia-
tion can be represented as a sum of two parts. One of
them corresponds to incoherent (diffuse) scattering and is
described by the well-known radiative transfer equation
(RTE) obtained by summing the so-called ladder diagrams
in the diagrammatic representation of the Bethe–Salpeter
equation. This part of the scattered radiation depends on
the properties of the medium relatively weakly. The
second part corresponds to the sum of cyclical diagrams
and arises from the interference of pairs of conjugate
waves scattered along the same string of particles in the
medium but in opposite directions [4–10]. Constructive
interference of the scattered waves manifests itself as a
narrow interference peak of intensity centered at exactly
the backscattering direction as well as causes a specific
behavior of polarization in the backscattering domain. In
the literature, this phenomenon is called weak localiza-
tion (WL) of waves in a particulate medium or coherent
backscattering (CB; see, e.g., Ref. [4]). One of potential
manifestations of WL in the case of unpolarized incident
light is a narrow branch of negative values of the degree
of linear polarization near the exact backscattering direc-
tion. It is currently believed that WL causes the opposition
effects in brightness and polarization observed for many
atmosphereless bodies of the Solar System [11].

The interference nature of the second part of the
scattered radiation implies that the coherent radiation is
much stronger dependent on the properties of the med-
ium (such as the packing density, sizes, shapes, and
refractive indices of the scatterers) than the diffuse
radiation. This factor allows one to interpret observational
data more reliably and thoroughly, provided that an ade-
quate theoretical model is available. Currently, however,
the theoretical analysis of the interference part of the
scattered radiation is still poorly developed, which hin-
ders the full extraction of the potential information
content of an optical observation.

In a densely packed medium, the sizes of the consti-
tuent scatterers and the distances between them can be
comparable to the wavelength l. In this case, effects
caused by the near field can play an important role. The
radiation scattered by such a medium cannot be repre-
sented as the sum of only two parts, unlike the case of a
sparse medium. Moreover, on a l scale, the fields are
strongly inhomogeneous even in a statistically homoge-
neous and isotropic medium [12–16]. As a consequence,
the description of scattering becomes substantially more
involved than the approximation of a plane homogeneous
wave. All these phenomena are difficult to analyze, and
the existing analytical models of multiple scattering by
densely packed media do not account for them at all or
include them in a highly approximate way. The role of the
near field in forming the brightness and polarization
characteristics of the scattered radiation, especially the
opposition effects, has not been properly studied. This
complicates the interpretation of remote-sensing data for
various objects, in particular optical observations of atmo-
sphereless celestial bodies.

In this review, the theory of multiple scattering of EM
waves by discrete random media is considered in the
framework of statistical electrodynamics, the foundations

of which were established by Foldy [17], Lax [18,19], and
Twersky [20] (see also Ref. [4] and references therein).
The scattering particulate media are assumed to be statis-
tically homogeneous, isotropic, and non-chiral. To char-
acterize the radiation, the Stokes parameters are used
throughout.

2. Scattering of electromagnetic waves by a system of
particles

2.1. Statement of problem

The theory of EM scattering by a system (cluster) of
particles is most thoroughly developed for the case of
spherical components. A vast list of publications devoted
to the scattering of light by aggregates of spherical
particles can be found in Refs. [21–28]. Although the
T-matrix solution of the scattering problem is also known
for systems of non-spherical particles [24,29,30] and even
for aggregates of multilayer non-spherical particles [31],
it is much more involved than that for spherical compo-
nents and has not yet found extensive applications. There
is no doubt, however, that as a basis for modeling differ-
ent effects of multiple scattering and a framework for
developing the theory of multiple scattering by particu-
late media, the exact theory of EM scattering by systems
of arbitrary scatterers is utterly important.

Let us first specify the restrictions on the structure of a
cluster and its components adopted thereafter. It is
assumed that the constituent particles are homogeneous
and that their smallest circumscribing spheres do not
overlap. These assumptions allow us to calculate the
scattered field by applying the so-called superposition
T-matrix method ([23,24,32] and references therein).

To describe EM scattering by a cluster of N particles,
we use the coordinate system shown in Fig. 1. The
coordinates of the cluster components are defined by
their respective position vectors Rj (j¼ 1,:::,N) in the
laboratory coordinate system n̂0 with axes (x, y, z).
Throughout the paper, a bold upright letter with a caret,

Fig. 1. Coordinate systems used to describe EM scattering by a cluster.
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v̂, denotes a right-handed coordinate system (x, y, z)
with the z-axis along the vector v while the symbol �v̂
denotes the coordinate system with axes (x, �y, �z). The
origin of the laboratory coordinate system is near the
center of the cluster (or in the center of the smallest
circumscribing sphere of the cluster). The incident plane
wave propagates along the positive z0-axis of the coordi-
nate system k̂0 directed along the wave vector k0 (k0¼2p/l).
The wave scattered by the cluster propagates in the
direction of the observation point along the wave vector
ksc (ksc¼k0) of the coordinate system k̂sc . The rotation
from n̂0 to k̂0 is determined by the Euler angles
j0, W0, and c0. The Euler angles j, W, and c specify the
rotation from n̂0 to k̂sc . Finally, the rotation from k̂0 to k̂sc

is specified by the Euler angles jsc , Wsc , and csc . In addi-
tion to these reference frames, coordinate systems affixed
to each scatterer are introduced. The origins of these
coordinate systems are in the centers of the smallest
spheres circumscribing the scatterers, while their axes
are oriented parallel to those of the laboratory coordinate
system (Fig. 1).

EM scattering is conveniently described by using the
so-called circular-polarization (CP) basis [24]. Specifically,
the electric field of a circularly polarized incident plane
wave can be written as follows:

Eð0Þ ¼ enðk̂0Þexpðik0r�iotÞ, ð1Þ

where i¼(�1)1/2, n¼71, o is the angular frequency, t is
the time, and enðk̂0Þ is a covariant spherical basis vector
[34] in the coordinate system k̂0 formed by the unit
vectors ex0

and ey0
(Fig. 1). If n¼1 then the direction of

rotation of the vector (1) is clockwise when looking in the
direction of the vector k0. If n¼�1 then the direction of
rotation is counterclockwise. The resulting polarization is
called right-handed or left-handed, respectively [24].
(In optics, the reverse definition of right- and left-handed
polarizations is often used; e.g., Ref. [33].) The time
dependence of the scattered wave is described by the
complex exponential exp(� iot). In what follows, this
time factor will be consistently omitted.

At any point outside the particles, the field scattered
by the cluster can be represented as a superposition of the
fields scattered by its components [4,23,24]

E¼
XN

j ¼ 1

EðjÞ, ð2Þ

where EðjÞ is the field scattered by particle j. Here, the field
EðjÞ does not represent only the single scattering of the
incident field by particle j and must be calculated with full
account of the interactions between the scatterers. Each
term in Eq. (2) satisfies the Helmholtz equation

DEðjÞ þk2
j EðjÞ ¼ 0, ð3Þ

where kj ¼ k0 ~mj and kj ¼ k0 for the fields inside and outside
the particle, respectively, and ~mj ¼ Reð ~mjÞþ i Imð ~mjÞ is the
complex refractive index of particle j.

In the spherical coordinate system, the solution of
Eq. (3) can be expressed in vector Helmholtz harmonics
FL

JM ¼ zLðkjrjÞY
L
JMðWj,jjÞ [26,34]. Here, zLðkjrjÞ is a Bessel or

Hankel spherical function and YL
JMðWj,jjÞ is the spherical

vector [34]. It is further assumed that the particles carry
no charge (i.e., the divergence DUEðjÞ ¼ 0). In this case, at
any point P not occupied by the particles (see Fig. 1), the
field EðjÞ is expressed in one of the spherical vectors
XJMðW,jÞ � YJ

JMðW,jÞ as follows (see, e.g., Refs. [26,34,35]):

EðjÞ ¼
X
LM

nb
ðjÞ

LMhLðk0rjÞXLMðWj,jjÞþ
aðjÞLM

k0
r � hLðk0rjÞXLMðWj,jjÞ

" #
:

ð4Þ

Eq. (4) yields the wave scattered by particle j with respect
to the coordinate system affixed to this particle (Fig. 1).
Here, Wj and jj are the angular coordinates of the obser-
vation point P (i.e., of the vector rj) in the coordinate
system of particle j. The Hankel spherical function of the
first kind hLðxÞ is chosen as a radial function, since the
scattered field must evolve into a diverging spherical
wave at a large distance from the particle.

In the coordinate system of particle j, the incident
external field Eð0jÞ of Eq. (1) can be also expanded in a
series analogously to Eq. (4) [26,34,35]

Eð0jÞ
¼
X
LM

wðjÞLM njLðk0rjÞXLMðWj,jjÞþ
1

k0
r � jLðk0rjÞXLMðWj,jjÞ

� �
,

where wðjÞLM ¼�4piL expðik0RjÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðð2Lþ1Þ=8pÞ

p
DL

Mnðn̂0,k̂0Þ

and DL
Mnðn̂0,k̂0Þ ¼DL

Mnðj0,W0,c0Þ is the Wigner function
[34] describing the rotation of a spherical vector from the
coordinate system n̂0 to the coordinate system k̂0.

With respect to particle j, the external field is

EðjÞinc
¼ Eð0jÞ

þ
X
saj

EðsÞ: ð5Þ

Each term in the sum (5) is described by an equation of
the type (4) in the coordinate system of particle s. To
apply the T-matrix method to each particle, the field
written in the coordinate system of particle s should be
expanded in vector harmonics in the coordinate system of
particle j. These transformations can be performed using
the addition theorem for the vector Helmholtz harmonics
[22,36,37]. This theorem should be applied to the field
scattered by particle s in order to write this field in the
coordinate system of particle j. Then, the field (5) is
expressed as follows [35]:

EðjÞinc
¼
X
LM

bðjÞinc
LM jLðk0rjÞXLMðWj,jjÞþ

aðjÞinc
LM

k0
r � jLðk0rjÞXLMðWj,jjÞ

" #
,

ð6Þ

where

aðjÞinc
LM ¼wðjÞLMþ

X
saj,lm

nb
ðsÞ

lmKLMlmðrjsÞþaðsÞlmHLMlmðrjsÞ

� �
, ð7Þ

bðjÞinc
LM ¼ nwðjÞLMþ

X
saj,lm

nb
ðsÞ

lmHLMlmðrjsÞþaðsÞlmKLMlmðrjsÞ

� �
: ð8Þ

Here HLMlmðrjsÞ and KLMlmðrjsÞ are the coefficients of the
addition theorem for the functions hLðk0rÞXLMðW,jÞ and
k�1

0 r � hLðk0rÞXLMðW,jÞ [37,38]. On the surface of the
smallest circumscribing sphere of particle j, the following
conditions are met: rs ¼ rj�rjs and rjorjs. In this case,
the radial dependence of the coefficients HLMlmðrjsÞ and
KLMlmðrjsÞ is determined by the Hankel spherical functions.
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If the cluster constituents are homogeneous isotropic

spherical particles, the coefficients aðjÞLM and b
ðjÞ

LM can be

found from the boundary conditions (see, e.g., Ref. [26]).
For non-spherical particles, these coefficients are found
with the T-matrix method [21,23–25,27,28,32]. Since
Eq. (3) and the boundary conditions are linear, the

relations between the coefficients aðjÞLM and b
ðjÞ

LM on one

hand and those given by Eqs. (7) and (8) on the other
hand must be linear and specified by the T-matrix as
follows [23,24,32]:

nb
ðjÞ

LM ¼
X
lm

T11ðjÞ
MLmlb

ðjÞinc
lm þT12ðjÞ

MLmla
ðjÞinc
lm

� �
, ð9Þ

aðjÞLM ¼
X
lm

T21ðjÞ
MLmlb

ðjÞinc
lm þT22ðjÞ

MLmla
ðjÞinc
lm

� �
: ð10Þ

The individual-particle T matrices can be determined
using the extended boundary condition method. Specifi-
cally, for homogeneous isotropic spherical particles

T11ðjÞ
MLml ¼�dMmdLlb

ðjÞ
l , T22ðjÞ

MLml ¼�dMmdLla
ðjÞ
l , ð11Þ

T12ðjÞ
MLml ¼ 0, T21ðjÞ

MLml ¼ 0 , ð12Þ

where aðjÞL and bðjÞL are the Lorenz–Mie coefficients of

particle j [24]. Computer codes for the calculation of the
scattering characteristics of particles of various shapes
can be found on the Internet (e.g., Ref. [39]). In what
follows, we assume that the T matrices of the individual
particles are known.

2.2. Scattering in the far-field zone

Quite often the characteristics of the scattered radia-
tion are considered in the far zone of the cluster. The
conditions for this zone can be formulated as follows:

k0ðr�amÞc1, 2k0rcðk0amÞ
2, rcam,

where am is the radius of the smallest circumscribing
sphere of the cluster and r is the distance to the observa-
tion point in the laboratory coordinate system [4,24].
From Eq. (4), the asymptotic formula

hLðxÞ � i�L�1 expðixÞ=x ðxcL, xc1Þ ð13Þ

yields the following expression valid in the far-field zone
(see, e.g., Ref. [35]):

EðjÞ ¼
expðik0rjÞ

�ik0rj

X
LMp

i�L

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

8p

r
aðjÞLMþnpb

ðjÞ

LM

� �
D�LMpðn̂0,k̂scÞepðk̂scÞ,

ð14Þ

where p¼71.
Since the cluster size is much smaller than the distance

to the observation point, the direction to the observation
point is the same for all the particles in the cluster (Fig. 1).
Eq. (14) describes an outgoing spherical wave centered at
particle j. Since the projection of the field vector (14) onto
the unit vector e0ðk̂scÞ � ezðk̂scÞ is zero, this wave is trans-
verse. The wave amplitude decreases as r�1

j . Unlike the field
(14), the field (4) is not a transverse spherical wave and
contains a radial component (along rj) and terms decreasing

faster than r�1
j . The latter statement follows from the

representation of the Hankel spherical function hlðxÞ as a
finite series containing powers x�n1 , where n1 ¼ 1,2,3,. . .
[40]. The terms decreasing faster than r�1 describe the near
field [41] and play an important role in defining the
scattering characteristics of the cluster [14–16,42].

Eq. (14) can be simplified. Let us denote

AðjÞðpnÞ
LM ¼ i�L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð2Lþ1Þ

s
aðjÞLMþpnb

ðjÞ

LM

� �
, ð15Þ

kðjÞðpnÞ
LMlm ¼�il�L

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

2Lþ1

s
T22ðjÞ

MLmlþnT21ðjÞ
MLmlþpT12ðjÞ

MLmlþpnT11ðjÞ
MLml

� �
,

ð16Þ

and take into account that in the far zone of the cluster
k0rj � k0r�kscRj (where r is the distance from the cluster).
Simple transformations yield the following expression for
the wave scattered by particle j [35]:

EðjÞ ¼
expðik0rÞ

�ik0r
expð�ikscRjÞ

�
X
LMp

2Lþ1

2
AðjÞðpnÞ

LM D�LMpðn̂0,k̂scÞe
ðsÞ
p ðk̂scÞ: ð17Þ

Here, the coefficients AðjÞðpnÞ
LM , as it follows from Eqs.

(7)–(10), are determined from the system of equations

AðjÞðpnÞ
LM ¼ exp ik0Rj

� �X
lm

kðjÞðpnÞ
LMlm Dl

mnðn̂0,k̂0Þ

þ
X
qlm

kðjÞðpqÞ
LMlm

X
saj

X
l1m1

AðsÞðqnÞ
l1m1

HðqÞlml1m1
ðn̂0,r̂jsÞ, ð18Þ

where q¼ 71, r̂js is the coordinate system with the z-axis
directed along the vector rjs (Fig. 1),

HðqÞLMlmðn̂0,r̂jsÞ ¼ il�Lþ2

ffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1
p HLMlmðrjsÞþqKLMlmðrjsÞ

� �
¼

2lþ1

2
ð�1Þm

X
l1

i�l1 hl1 ðk0rjsÞD
l1
m10ðn̂0,r̂jsÞ

�Cl1m1

LMl�mCl10
Lql�q, ð19Þ

m1 ¼M�m, and the indexed symbols C are Clebsch–Gordan
coefficients (CGCs) [34].

For homogeneous isotropic spherical particles, Eqs. (11),
(12), (15), (16), and (18) yield

AðjÞðpnÞ
LM ¼ aðjÞðpnÞ

L expðik0RjÞD
L
Mnðn̂0,k̂0Þ

þ
X

q

aðjÞðpqÞ
L

X
saj

X
lm

AðsÞðqnÞ
lm HðqÞLMlmðn̂0,r̂jsÞ, ð20Þ

where

aðjÞðpnÞ
L ¼ aðjÞL þpnbðjÞL : ð21Þ

Under the above-mentioned restrictions on the structure of
the cluster and its components (i.e., the components are
homogeneous and their smallest circumscribing spheres do
not overlap), the above formulas define completely the field
scattered by an arbitrary cluster. They yield all the scattering
characteristics of the cluster, in particular, the amplitude
scattering matrix relating the components of the scattered
and incident fields. In the literature, these field components
are determined relative to either the scattering plane (see,
e.g., Refs. [43–45]) or the meridional planes of the laboratory
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coordinate system (Fig. 1) formed by the z-axis and the
vectors k0 and ksc (see, e.g., Refs. [4,24,46]). In what follows,
we consider the field components with respect to the meri-
dional planes ðz,k0Þ and ðz,kscÞ of the laboratory coordinate
system. Then the amplitude scattering matrix Sðk0,kscÞ is
defined by the relation

Ep ¼
1

k0r

X
n

Spnðk0,kscÞE
ð0Þ
n , ð22Þ

where n,p¼ 71. Note that the matrix Sðk0,kscÞ in Eq. (22)
is dimensionless, unlike the amplitude scattering matrix
defined in Refs. [4,24].

In the CP-representation, the basis unit vectors in the
meridional planes ðz,k0Þ and ðz,kscÞ are the covariant
helicity basis vectors eðhÞn ðk̂0Þ and eðhÞp ðk̂scÞ, respectively.
The helicity orts eðhÞn ðk̂0Þ and eðhÞn ðk̂scÞ are formed by the
unit vectors eW and ej of the spherical coordinate system
[34] in the given meridional planes. The rotation from the
vector eðhÞn ðk̂0Þ to the vector enðk̂0Þ and from the vector
eðhÞp ðk̂scÞ to the vector epðk̂scÞ is described by the rotation
matrices depending on the Euler angles c0 and c, respec-
tively (Fig. 1). After accounting for Eqs. (2), (17), and (22),
we have

Spnðk0,kscÞ ¼
XN

j ¼ 1

tðjÞpnðk0,kscÞ, ð23Þ

where the amplitude matrix of a component particle is
given by [35,47]

tðjÞpnðk0,kscÞ ¼ expð�ikscRjþ inc0�ipcÞ

�
X
LM

2Lþ1

2
AðjÞðpnÞ

LM D�LMpðn̂0,k̂scÞ: ð24Þ

These formulas will be used below both for the calcula-
tion of the scattering characteristics of ensembles of
particles and for the derivation of equations describing
the radiation scattered by a discrete random medium.

3. The effective refractive index

3.1. Calculation of the coherent field in the quasi-crystalline

approximation

One of the main quantities used to describe the
propagation of radiation in a discrete random medium is
the so-called complex effective refractive index meff (or
the effective propagation constant k0meff). Its imaginary
part is directly related to the extinction coefficient of the
medium. For a sparse medium, meff is determined from
the optical theorem [3,23,24,43,45,48,49], while for a
densely packed medium it is found from the generalized
Lorentz–Lorenz law [3,50–55]. To derive analytical
expressions for the generalized Lorentz–Lorenz law and
the generalized Ewald–Oseen extinction theorem, the
point of departure is given by Eqs. (6), (7), and (8). After
substituting Eqs. (9) and (10) in Eqs. (7) and (8), the latter
transform into a system of linear algebraic equations
determining the expansion coefficients of the field excit-
ing particle j. This system of equations, which is one of the
forms of the Foldy–Lax multiple-scattering equations (see,
e.g., Refs. [4,23,24], is used to calculate the so-called

average or coherent field. The latter calculation is reduced
to ensemble averaging of the coefficients aðjÞinc

LM and bðjÞinc
LM ,

which is done in the framework of the quasi-crystalline
approximation [3,19]. Hereinafter, we assume that the
ergodic hypothesis [4] is valid. These transformations
result in two independent systems of equations
[3,19,50–55]; one of them is the analytical expression of
the generalized Lorentz–Lorenz law, and the other, repre-
sents the generalized Ewald–Oseen extinction theorem.

Unlike the above-described scheme, the derivation of the
equation for the effective refractive index given below is
based on ensemble averaging of the field (4). Since Eqs.
(6)–(10) are linear, the averaging of this field yields the field
resulting from the scattering of the average field by particle j.
In the framework of this approach, the transformations
required for the analytical representations of the generalized
Lorentz–Lorenz law and the generalized Ewald–Oseen
extinction theorem are less cumbersome, since the system
of equations (18) determining the coefficients aðjÞLM and b

ðjÞ

LM

via Eq. (15) is more compact than the system of equations
for the coefficients aðjÞinc

LM and bðjÞinc
LM . Moreover, for a medium

composed of identical spherical particles, the analytical
expression for the generalized Ewald–Oseen extinction the-
orem is simpler than that derived in Ref. [3].

The field (4) depends on the coordinates and states of all
N particles. The distribution of the N particles and their
states can be described by the N-particle probability density
function PðR1,:::,RN , z1,:::,zNÞ, where Rj is the radius-vector
of the origin of particle j in the laboratory coordinate system
(Fig. 1) and zi denotes its state. (The state of a particle
means a complete set of parameters defining its size, shape,
refractive index, orientation, etc.) The function

PðR1,. . .RN , z1,. . .zNÞ
YN

i

dRi dzi ð25Þ

gives the probability of finding particle 1 within the volume
dR1 centered at R1 and with its state in the region dz1

centered at z1, particle 2 within the volume dR2 centered at
R2 and with its state in the region dz2 centered at z2, and so
on, and particle N within the volume dRN centered at RN

and with its state in the region dzN centered at zN . The
probability density function (25) is normalized to unity:Z

PðR1,. . .RN ,z1,. . .zNÞ
YN
i ¼ 1

dRi dzi ¼ 1,

where the integration is performed over the entire range of
particle positions and states.

Recall that the field equations (4) were derived by
assuming that the smallest spheres circumscribing the
particles do not overlap. In addition, in order to simplify
the calculation, we will assume that the radii of these
circumscribing spheres are the same, which means that
some of the spheres are not the smallest circumscribing
spheres of the respective particles. However, each particle
is located at the center of its circumscribing sphere. These
assumptions allow us to express PðR1,. . .RN , z1,. . .zNÞ as
follows:

PðR1,. . .RN ,z1,. . .zNÞ ¼ PðR1,. . .RNÞ
YN
j ¼ 1

PjðzjÞ, ð26Þ
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where PðR1,. . .,RNÞ is the probability density function
depending on the particle coordinates and normalized to
unity, PjðzjÞ is the probability density function depending
on the state of particle j and also normalized to unity.
The representation (26) makes the averaging over particle
positions independent of the averaging over their states.

Let us restrict the discussion to the simplest case of a
semi-infinite medium and assume that the incident radia-
tion propagates normally to the boundary of the medium.
The geometry of the problem is shown in Fig. 2. In the
coordinate system considered, the plane x0y0 coincides with
the boundary of the medium, while the incident wave
propagates along the axis z0 directed into the medium.

Assume that the number of particles N-1 and that all
of the particles are randomly positioned in the half-space
z0Z0 as well as randomly oriented. The first step is to
average the field (4) over particle states. As seen from
Eqs. (4) and (15), this averaging can be reduced to the
averaging of the coefficients AðjÞðpnÞ

LM . Let us denote

AðpnÞ
LM ðRjÞ ¼ AðjÞðpnÞ

LM

D E
z
¼

Z
AðjÞðpnÞ

LM PjðzjÞdzj,

kðpnÞ
LMlm ¼ kðjÞðpnÞ

LMlm

D E
z
¼

Z
kðjÞðpnÞ

LMlm PjðzjÞdzj,

where the angular brackets indicate the averaging over
the state of particle j. Then the system of equations (18) is
reduced to

AðpnÞ
LM ðRjÞ ¼ expðik0RjÞ

X
lm

kðpnÞ
LMlmdmn

þ
X
qlm

kðpqÞ
LMlm

X
saj

X
l1m1

AðqnÞ
l1m1
ðRsÞH

ðqÞ
lml1m1

ðn̂0,r̂jsÞ: ð27Þ

Here, we took into account that the incident radiation
propagates normally to the boundary of the medium
(W0 ¼ 0). In this case, one can assume that j0 ¼c0 ¼ 0,
which yields Dl

mnðn̂0,k̂0Þ ¼ dmn. Further transformations con-
sist of the averaging of the coefficients AðpnÞ

LM ðRjÞ over the

particle coordinates. To this end, let us represent the function
PðR1,. . .,RNÞ as

PðR1,. . .RNÞ ¼ PðRjÞPðR1,. . .,R0j,. . .,RN9RjÞ

¼ PðRjÞPðRi9RjÞPðR1,. . .,R0j,. . .,R
0
i,. . .,RN9Rj,RiÞ

ð28Þ

[3,19,53], where PðRjÞ is the probability of finding a particle
at the point Rj, PðR1,. . .,R0j,. . .,RN9RjÞ is the conditional
probability of finding the remaining particles at the corre-
sponding points (the primed R0j means that the variable Rj is
absent), PðRi9RjÞ is the conditional probability of finding a
particle at the point Ri if it is known that there is a particle at
the point Rj, and PðR1,. . .,R0j,. . .,R

0
i,. . .,RN9Rj,RiÞ is the con-

ditional probability of finding the remaining particles at the
corresponding points. If N is large and the system of particles
is statistically homogeneous and isotropic, the function
PðRi9RjÞ depends only on the distance between the particles

PðRi9RjÞ ¼ Zgð9Rj�Ri9Þ=ðN�1Þ ¼ ZgðrijÞ=ðN�1Þ, ð29Þ

where gðrÞ is the pair correlation function for the system of
identical solid spheres (see, e.g., Refs. [3,52]) and Z is the
particle concentration (to be more specific, the concentration
of spheres circumscribing the particles). Note that gðrÞ ¼ 0 if
ro2 ~a, where ~a is the radius of the spheres circumscribing
the particles, while the integral of ZgðrÞ over the volume
occupied by the scattering medium is equal to N�1. For
identical spherical particles, gðrÞ can be calculated using the
Percus–Yevick approximation [56].

Note that the above assumption of equal radii of the
spheres circumscribing the particles is of secondary impor-
tance. It only allows one to write the function PðRi9RjÞ in the
simple form (29). For a polydisperse ensemble of spherical
particles, this function is more complicated, which leads to
more convoluted final formulas (see, e.g., Ref. [3]).

Since the particles are randomly positioned and ran-
domly oriented (i.e., the medium is statistically homo-
geneous and isotropic), the averaging of the coefficients
(27) over particle coordinates while accounting for
Eq. (28) yields the following equation:

AðpnÞ
LM ðRjÞ

D E
j
¼ expðik0RjÞ

X
lm

kðpnÞ
LMlmdmnþZ

X
qlm

kðpqÞ
LMlm

�
X
l1m1

Z
AðqnÞ

l1m1
ðRsÞ

D E
js

gðrjsÞH
ðqÞ
lml1m1

ðn̂0,r̂jsÞdRs,

ð30Þ

where /AðpnÞ
LM ðRjÞSj is the configurational average corre-

sponding to a fixed particle j, /AðqnÞ
l1m1
ðRsÞSjs is the average

corresponding to fixed particles j and s, and the integral in
Eq. (30) is taken over the medium volume excluding the
volume of the sphere with the radius 2 ~a and centered at
the point Rj.

The extension of expansion (28) to an arbitrary num-
ber of fixed particles supplements Eq. (30) with a hier-
archy of equations wherein the configurational average
for one fixed particle is determined by the configurational
average for two fixed particles. The latter, in turn, is
determined by the average for three fixed particles, etc.
In the quasi-crystalline approximation, the average for
two fixed particles is assumed to be equal to the average
for one fixed particle [3,19,50–55]. This assumption

Fig. 2. Geometry of scattering by a semi-infinite medium. The contours

S0 and SN and the segment Sm depict, respectively, the sphere circum-

scribing particle j, the sphere of a larger radius also circumscribing

particle j, and the part of the boundary of the medium bounded by the

intersection of the contour SN and the plane x0y0 (see text).
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allows one to truncate the hierarchy of equations, which
transforms Eq. (30) into the system of equations

AðpnÞ
LM ðRjÞ

D E
¼ expðik0RjÞ

X
lm

kðpnÞ
LMlmdmn

þZ
X
qlm

kðpqÞ
LMlm

X
l1m1

Z
AðqnÞ

l1m1
ðRsÞ

D E
gðrjsÞH

ðqÞ
lml1m1

ðn̂0,r̂jsÞdRs,

ð31Þ

where /AðpnÞ
LM ðRiÞS is the average for one fixed particle at a

point Ri.
To solve system (31), let /AðpnÞ

LM ðRiÞS be represented as

AðpnÞ
LM ðRiÞ

D E
¼ BðpnÞ

LM expðimeff k0RiÞ, ð32Þ

where meff is the complex effective refractive index of the
medium, and the coefficients BðpnÞ

LM are already indepen-
dent of the position (coordinates) of the scatterer. The
approximation (32) is assumed to be valid for all z0Z0,
including those in the near-surface layer of the medium
with a thickness of approximately several radii ~a, where
the depth dependence of /AðpnÞ

LM ðRiÞS is expectedly more
complex. Moreover, this approximation completely
ignores the details of the boundary of the medium,
including potential surface roughness. In spite of these
drawbacks, this approximation allows one to derive an
equation for obtaining meff with accuracy acceptable in
many applications.

When the equality Rs ¼ Rjþrjs and relations (32) are
taken into account, the system of equations (31) is
transformed into

BðpnÞ
LM expðimeff k0RjÞ ¼ expðik0RjÞ

X
lm

kðpnÞ
LMlmdmn

þZexpðimeff k0RjÞ
X
qlm

kðpqÞ
LMlm

X
l1m1

BðqnÞ
l1m1

�

Z
gðrjsÞexpðimeff k0rjsÞH

ðqÞ
lml1m1

ðn̂0,r̂jsÞdrjs:

ð33Þ

The substitution of the coefficients (19) in the integral on
the right-hand side of Eq. (33) yieldsZ

gðrjsÞexpðimeff k0rjsÞH
ðqÞ
LMlmðk̂0r̂jsÞdrjs

¼
2lþ1

2
ð�1Þm

X
l1

i�l1 Cl1m1

LMl�mCl10
Lql�qðJ1þ J2Þ, ð34Þ

where m1 ¼M�m,

J1 ¼

Z
ðgðrjsÞ�1Þhl1 ðk0rjsÞD

l1
m10ðn̂0,r̂jsÞexpðimeff k0rjsÞdrjs,

ð35Þ

J2 ¼

Z
hl1 ðk0rjsÞD

l1
m10ðn̂0,r̂jsÞexpðimeff k0rjsÞdrjs: ð36Þ

The integral (35) can be calculated easily by assuming
that the point j is at least several radii ~a deep, so that
gðrÞ ¼ 1. Then, after accounting for the representation

expðimeff k0rÞ ¼
X

l

il
ð2lþ1Þjlðmeff k0rÞdl

00ðk̂0r̂Þ,

where jlðmeff k0rÞ is the Bessel spherical function and
dl

00ðk̂0r̂Þ is the Wigner d function [34], simple calculations

yield the following form of the integral (35):

J1 ¼
4p
k3

0

il1dm10

Z 1
r

gðxÞ�1ð Þhl1 ðxÞjl1 ðmeff xÞx2 dx, ð37Þ

where r¼ 2k0 ~a.
Since the coefficients HðqÞLMlmðk̂0r̂jsÞ and the function

expðimeff k0rjsÞ are solutions of the scalar Helmholtz
equation, the volume integral (36) can be transformed into
the surface integral with the help of Green’s theorem (see,
e.g., Refs. [3,50–52]). To this end, we write the integral J2 in
the form

J2 ¼
1

k2
0ð1�m2

eff Þ

Z
hl1 ðk0rjsÞD

l1
m10ðn̂0,r̂jsÞD expðimeff k0rjsÞ

� �h

�expðimeff k0rjsÞD hl1 ðk0rjsÞD
l1
m10ðn̂0,r̂jsÞ

� �i
drjs,

where D is the Laplace operator. With the help of Green’s
theorem, this integral is transformed into the integral over
the surface of the medium minus the integral over the
surface of the sphere having a radius 2 ~a. The former integral
can be represented as the integral over a part of the sphere
S1 of a large radius centered at the point Rj and the integral
over a part of the surface Sm (Fig. 2). The contribution of the
integral over S1 is zero if the radius of the sphere approaches
infinity. Then

J2 ¼
1

k2
0ð1�m2

eff Þ

Z
S1 þSm�2S0

nU hl1 ðk0rjsÞD
l1
m10ðn̂0,r̂jsÞ

h

�rðexpðimeff k0rjsÞÞ�expðimeff k0rjsÞrðhl1 ðk0rjsÞD
l1
m10ðn̂0,r̂jsÞÞ

i
ds

¼
1

k2
0ð1�m2

eff Þ
ðJSm
�J2S0

Þ, ð38Þ

where n is the upward normal along the integration surface.
The integral J2S0

over the surface of the sphere with
a radius 2 ~a is easily calculated and reduced to the
expression

J2S0
¼ 4pil1dm10

r2

k0
meff hl1 ðrÞj

0
l1
ðmeffrÞ�h0l1 ðrÞjl1 ðmeffrÞ

h i
, ð39Þ

where the prime denotes the first derivative. To calculate
the integral JSm

over the surface Sm, we use the following
representation [57]:

ylðrÞ ¼ hlðkrÞPlðcosWÞ ¼ ð�iÞlPl
1

ik

@

@z

	 

h0ðkrÞ,

where PlðxÞ is the lth degree Legendre polynomial. Then
we have [3]

JSm
¼�dm10

Z
S

ds yl1 ðrÞ
@expðimeff k0rÞ

@z
�expðimeff k0rÞ

@yl1 ðrÞ

@z

� �
z ¼ �zj

¼�2pil1þ1dm10
1þmeff

k0
expð�imeff k0RjÞexpðik0RjÞ: ð40Þ

Upon taking into account relations (34)–(40) and the
unitary property of the CGCs [34], the system of equations
(33) takes the form

BðpnÞ
LM expðimeff k0RjÞ ¼ expðik0RjÞ

X
lm

kðpnÞ
LMlmdmn

þ
3x
2 ~x3

expðimeff k0RjÞ
X
qlm

kðpqÞ
LMlm

X
l1m1

dmm1
ð�1Þm1 ð2l1þ1Þ
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�BðqnÞ
l1m1

FðqÞll1m1
�

3ix
4 ~x3
ð1�meff Þ

expðik0RjÞ
X
qlm

kðpqÞ
LMlmdmq

�
X
l1m1

dmm1
dm1qð�1Þm1 ð2l1þ1ÞBðqnÞ

l1m1
: ð41Þ

Here x¼ 4pZ ~a3=3 is the filling factor of the circumscribing
spheres, ~x ¼ k0 ~a,

FðqÞLlM ¼
X

l1

Cl10
LMl�MCl10

Lql�qfl1 ,

fl ¼

Z 1
r

gðxÞ�1ð ÞhlðxÞjlðmeff xÞx2 dx

�
r2

1�m2
eff

meff hlðrÞj0lðmeffrÞ�h0lðrÞjlðmeffrÞ
� �

:

Equality (41) should be obeyed for any Rj and meff . Hence,
it can be represented by two independent equations, as
follows:

BðpnÞ
LM �

3x
2 ~x3

X
qlm

kðpqÞ
LMlm

X
l1m1

dmm1
ð�1Þm1 ð2l1þ1ÞBðqnÞ

l1m1
FðqÞll1m1

¼ 0,

ð42Þ

ð1�meff Þ
X
lm

kðpnÞ
LMlmdmn

¼ i
3x
4 ~x3

X
qlm

kðpqÞ
LMlmdmq

X
l1m1

dmm1
dm1qð�1Þm1 ð2l1þ1ÞBðqnÞ

l1m1
:

ð43Þ

The former represents one of the versions of the general-
ized Lorentz–Lorenz law [3,50–55]. The linear homoge-
neous system of equations (42) has a non-trivial solution
if its determinant is equal to zero. This condition allows us
to determine the effective refractive index meff , which
depends on the properties of the medium: the shape,
sizes, refractive index, and packing density of the particles.

The second equation, (43), represents one of the
versions of the generalized Ewald–Oseen extinction the-
orem [3]. The first term in Eq. (43) describes the effect of
the incident external wave (1) on the particle centered at
Rj. The second term describes the fields induced by the
particles located at the surface of the medium. Equality
(43) is obeyed for arbitrary particles (in the framework of
the above assumptions). This means that the sum of the
field of the incident wave and the fields induced by all the
particles at the surface of the medium is equal to zero. In
other words, the particles at the surface of the medium
produce the field that cancels the original incident wave.
As in the case of point-like Rayleigh particles [33], this
cancellation occurs at all points of the medium, including
those in the immediate vicinity of its boundary, since the
approximation (32) is rather rough.

3.2. Calculation of the coherent field using the Twersky

approximation for correlated scatterers

Analytical expressions for the generalized Lorentz–
Lorenz law and the generalized Ewald–Oseen extinc-
tion theorem can be obtained using another method of
ensemble averaging which provides simpler and more
instructive representations than that resulting from the

quasi-crystalline approximation. This method is based on
the formulation of the solution of the system of equations
(27) as an expansion in a series by iterations. This series
is conveniently interpreted as an order-of-scattering
expansion. It is worth noting, however, that such an
interpretation is purely mathematical [58] and does not
imply that multiple scattering is a real physical phenom-
enon. The expressions for the scattered field (2) and the
systems of equations (18) and (20) are time-independent.
These relations describe the radiation scattered by a
cluster of particles as if it is a unified, single object. There-
fore, the order-of-scattering interpretation does not cor-
respond to a real multiple-scattering process requiring
the lag of waves to be accounted for, when considering
their propagation between the particles. However, this
interpretation facilitates the use of diagrams in order to
analyze the resulting iteration series in a simple and
ostensive way [1–4,48,59]. In terms of multiple scattering,
this series describes all possible scattering schemes,
to which ‘‘Feynman diagrams’’ can be assigned. Some
of these schemes are shown in Fig. 3. The first diagram
corresponds to the first term on the right-hand side of
system (27) and, consequently, to single scattering by
particle j. After the substitution of this term in the second
one in place of AðqnÞ

l1m1
ðRsÞ, the latter corresponds to double

scattering, first by particle s and then by particle j (the
second diagram), etc. The last diagram in Fig. 3 illustrates
a scattering sequence that goes through a particle more
than once. Such diagrams can also occur for all higher
orders of scattering.

The transformations required for ensemble averaging are
analogous to those used in the calculation of the coherent
field in a sparse medium [4,59]. Specifically, each term of the
series can be averaged using the Twersky approximation
[4,20,59], whereby all scattering schemes corresponding to
the scattering by the same particle more than once (e.g., the
last scheme in Fig. 3) are ignored. Unlike the case of a sparse
media, for closely packed media it is necessary to consider
the correlation in the particle distribution described by
Eq. (29) accounting for pair correlations. Finally, the trans-
formations yield a series that is convolved with the system
of linear equations congruous with system (31). In other
words, the quasi-crystalline approximation is equivalent to

Fig. 3. Scattering schemes and the corresponding diagrams for the first

three orders of scattering.
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the Twersky approximation if the pair correlations are
accounted for [53].

3.3. Random media composed of identical spherical particles

For a medium composed of identical spherical parti-
cles, the analytical representations of the generalized
Lorentz–Lorenz law and the generalized Ewald–Oseen
extinction theorem become much simpler than Eqs. (42)
and (43). As follows from Eqs. (11), (12), (15), and (16),
the indices in Eq. (41) take the following values: M¼m¼

m1 ¼ n, and in the last term, M¼m¼m1 ¼ q¼ n. This
results in the following form of Eqs. (42) and (43):

BðpnÞ
Ln þ

3x
2 ~x3

X
q

aðpqÞ
L

X
l

ð2lþ1ÞBðqnÞ
ln FðqÞLln ¼ 0, ð44Þ

meff ¼ 1þ i
3x
4 ~x3

X
l

ð2lþ1ÞBðnnÞ
ln , ð45Þ

where aðpqÞ
L is the linear combination of the Lorenz–Mie

coefficients (21). Eq. (44) (derived by Mackowski [60] and
Tishkovets and Jockers [61]) is essentially identical to the
effective propagation constant relations derived by
Varadan et al. [52] and Tsang and Kong [3] for a system
of identical spherical particles. With regard to the analy-
tical expression for the generalized Ewald–Oseen extinc-
tion theorem (45), it is significantly simpler than that
given by Tsang and Kong [3]. For sparse media, it yields
directly the effective refractive index of the medium.

3.4. Far-field approximation

Let the particles in the medium be in the far zones of each
other. Then, accounting for the asymptotic representation
(13) and the Clebsch–Gordan series (CGS; [34]), we obtain

HðqÞLMlmðn̂0,r̂jsÞ ¼
2lþ1

2

expðik0rjsÞ

�ik0rjs
DL

Mqðn̂0,r̂sjÞD
�l
mqðn̂0,r̂sjÞ: ð46Þ

Note that the Wigner D functions in Eq. (19) depend on the
Euler angles determining the rotation of the coordinate
systems n̂0-r̂js, while in Eq. (46) they depend on the angles
determining the rotation n̂0-�r̂js (or n̂0-r̂sj).

If the incident radiation propagates normally to the
boundary of the medium, the iteration expansion of
Eq. (20) yields the following expression:

AðjÞðpnÞ
LM ¼ aðjÞðpnÞ

L expðik0RjÞdMn

þ
X

q

aðjÞðpqÞ
L

X
slm

aðsÞðqnÞ
l HðqÞLMlmðn̂0r̂jsÞexpðik0RsÞdmnþ � � �

ð47Þ

The first term on the right-hand side corresponds to single
scattering by a particle centered at Rj, while the second one
corresponds to double scattering. This expansion can be
continued to an arbitrary iteration. For sparse media, one
may assume that the probability of finding a particle inside a
volume element dV is independent of the positions of all the
other particles and is given by PðRjÞ ¼ dV=V0, where V0 is the
volume of the scattering medium (see, e.g., Ref. [4]). Then, in
the framework of the Twersky approximation, the ensemble
averaging of the series (47) is reduced to the calculation of

integrals of the same type. One of such integrals results from
the averaging of the second term on the right-hand side of
Eq. (47). After substituting Eq. (46), the averaging of this
term is reduced to the calculation of the following integral:Z

dRs
expðik0rjsþ ik0RsÞ

�ik0rjs
DL

Mqðn̂0,r̂sjÞD
�l
mqðn̂0,r̂sjÞ

¼ �dMqdmq
2p
k3

0

k0Rj expðik0RjÞ: ð48Þ

The averaging of the other terms of the series (47) results in
a series representing the degree-of-argument expansion of
the exponential. Finally, for a medium consisting of identical
spherical particles, we obtain

AðjÞðpnÞ
LM ðRjÞ

D E
¼ aðpnÞ

L exp ik0Rj 1þ i
3x
4 ~x3

X
l

ð2lþ1ÞaðnnÞ
l

 !" #
:

ð49Þ

Comparison with Eq. (32) yields

BðnnÞ
Ln ¼ aðnnÞ

L , ð50Þ

meff ¼ 1þ i
3x
4 ~x3

X
l

ð2lþ1ÞaðnnÞ
l : ð51Þ

The substitution of Eq. (50) into Eq. (45) also yields an
expression for meff identical to Eq. (51).

3.5. Dependence of the effective refractive index on particle

concentration

According to Eq. (51), the imaginary part of the effec-
tive refractive index for a sparse medium depends on the
particle concentration linearly. For densely packed media,
this dependence is essentially nonlinear. Fig. 4 illustrates

Fig. 4. Dependence of Imðmeff Þ on the parameter x for two media

composed of spherical latex particles suspended in water (after Ref.

[52]). The curves are labeled by the corresponding particle size para-

meters ~x ¼ 0:681 and 0.529; the refractive index of the particles relative

to a vacuum is 1.588. The theoretical data are shown by curves, while

the points depict measurement data. The radiation source is a laser

beam with a wavelength of l¼632.8 nm.
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the dependence of Im(meff) on the concentration and sizes
of non-absorbing spherical latex particles suspended in
water [52]. It can be seen that with increasing particle
concentration, the extinction of radiation in the medium
first becomes stronger, reaches a maximum, and then
weakens. Such a non-monotonic dependence of the
extinction on concentration is typical of particles with
sizes comparable to or smaller than the wavelength
[54,55]. This phenomenon is explained by the fact that
the particulate medium becomes essentially continuous
in terms of its optical properties when the packing density
is sufficiently high. As a consequence, the extinction is
mostly determined by the absorption of radiation by the
particles and, for non-absorbing particles, Im(meff) can
even tend to zero.

It is worth noting that the effective refractive index
meff, strictly speaking, is not completely analogous to the
refractive index of a continuous medium determining the
propagation of a time-harmonic electromagnetic wave in
the medium [58]. However, the effective refractive index
introduced as the bulk characteristic of a particulate
medium substantially simplifies the derivation of equa-
tions describing multiple scattering. In the following
section, we will use this property to derive the RT and
WL equations.

Another important aspect should also be noted. The
above relations were derived under the assumption that
the approximation (32) is valid for all z0Z0. However, in
a strongly absorbing medium, this approximation can be
violated because the effect of mutual shielding of particles
plays an important role and, consequently, the scattering
characteristics of the medium are primarily determined
by the upper layer of particles [16]. Therefore, the struc-
ture of the surface of the medium should be taken into
account. This subject, however, is beyond the scope of
this review. In the following sections, we assume that the
absorption in the medium is not very strong, so that the
effects of the surface structure can be ignored.

4. Electromagnetic scattering by discrete random media

4.1. Ladder and cyclical diagrams

For many applications related to remote-sensing
studies of different object, especially in planetary astro-
physics, the scattering into the backward hemisphere
(W4p=2) is mostly important and interesting; it will,
thus, be our main focus. As a rule, in studies of this kind,
the detector receives a collimated beam of radiation. We
will, therefore, assume that the receiver is in the far-field
zone of the entire system of particles (or the medium),
i.e., the scattering angles for all the scatterers in the
system (or the medium) are the same.

In the backscattering domain, the coherency (density)
matrix q (or the Stokes parameters) [3,4,24,46] are deter-
mined only by the scattered radiation [4]:

rmnp EmE�n

 �

, ð52Þ

where m,n¼ 71, Em,En are the components of the field
(2) in the CP-representation, the asterisk denotes the
complex-conjugate value, and the averaging over the

ensemble is denoted by angular brackets. The dimension
of the proportionality constant in Eq. (52) depends on
the system of physical units used [3,4,24,46]. The 2�2
coherency matrix and four Stokes parameters can be
grouped into a 4�1 coherency column vector and a
4�1 Stokes column vector, respectively [4,24].

One of the main characteristics of the scattering object
is the 4�4 coherency phase matrix ZJ

ðk0,kscÞ [3,4,24],
which transforms the coherency column vector of the
incident radiation, Jinc , into the coherency column vector
of the scattered radiation, Jsc [4]

Jsc
¼

1

ðk0rÞ2
ZJ
ðk0,kscÞJ

inc: ð53Þ

The explicit form of the matrix ZJ
ðk0,kscÞ follows from the

representation (22). Substituting Eq. (22) into Eq. (52) and
accounting for Eqs. (23) and (24), we can see that the
elements of the matrix ZJ

ðk0,kscÞ are determined by the
relations

Spnðk0,kscÞS
�
mnðk0,kscÞ

D E

¼
X

j

tðjÞpnðk0,kscÞt
�ðjÞ
mn ðk0,kscÞ

* +
þ

X
j,saj

tðjÞpnðk0,kscÞt
�ðsÞ
mn ðk0,kscÞ

* +
,

ð54Þ

where p,n,m,n¼ 71.
A relation similar to Eq. (53) can be also written for the

Stokes column vector. The matrix Zðk0,kscÞ transforming
the Stokes column vector of the incident radiation into
that of the scattered radiation is called the Stokes phase
matrix [4]. The formulas relating the coherency matrix
and the Stokes parameters as well as the formulas
describing the requisite transformations for representing
the phase matrices in the linear-polarization (LP) basis
can be found, for example, in the books by Dolginov et al.
[46] and Mishchenko et al. [4].

For the random non-chiral (i.e., macroscopically
mirror-symmetric) media considered here, the matrix
Zðk0,kscÞ written in the LP basis contains only eight non-
zero elements [4,24]. Specifically, if the Stokes parameters
are defined in the same way as by Mishchenko et al. [4],
these elements can be written in the following form
[4,24,42,61]:

Z11 ¼
X
pn

9Spn9
2

D E
, Z21 ¼ Z12 ¼�

X
pn

SpnS
�
�pn

D E
,

Z22 ¼
X
pn

SpnS
�
�p�n

D E
, Z33 ¼

X
pn

SpnS
�
�p�n

D E
ip�n,

Z44 ¼
X
pn

9Spn9
2

D E
ip�n, Z43 ¼�Z34 ¼ i

X
pn

SpnS
�
p�n

D E
ip�n:

ð55Þ

Here, for brevity, we omitted the dependence of the
matrix (54) on the vectors k0 and ksc.

Our main objective now is to derive equations for the
elements of the matrix (54). The most developed and
efficient technique is based on the expansion of the
matrix (24) in an order-of-scattering series (recall that
the term ‘‘order of scattering’’ is a purely mathematical
concept). The substitution of this series in Eq. (54) yields a
series containing all possible schemes of scattering to
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which the corresponding Feynman diagrams can be
assigned, in analogy to the calculation procedure for the
average field. Examples of such scattering schemes and
the corresponding diagrams are depicted in Fig. 5. For the
sake of definiteness, we will assume that the upper (solid)
and lower (dashed) lines in the scattering schemes corre-
spond to the direct (i.e., involving the matrix Sðk0,kscÞ)
and complex-conjugate (i.e., involving the matrix
S�ðk0,kscÞ) wave paths, respectively. Diagrams 1, 3, and
7 correspond to single, double, and triple scattering; the
direct and complex-conjugate waves propagate in the
same direction and along the same string of particles.
Diagrams 4 and 8 correspond to double and triple scatter-
ing of the direct and complex-conjugate waves propagat-
ing along the same string of particles but in opposite
directions.

Using the diagram representation, the set of scattering
schemes in the order-of-scattering series can be efficiently
summed up while avoiding complicated and cumbersome
analytical calculations. Let us exemplify this process by
calculating the sum of diagrams of types 1 and 2, i.e., all
diagrams containing one vertical line. First, we calculate the
sum of all similar diagrams containing an arbitrary number
of points, for example, in the upper horizontal line on the left
of the vertical line. In the summation and averaging over
the ensemble of such diagrams, we can use the method
described in the preceding section, when summing the
diagrams shown in Fig. 3. In analogy with the calculations
of the average field, the Twersky approximation is used
[4,20]. The result of the summation and averaging can be
shown by a diagram of type 1 in Fig. 5, in which the upper
horizontal line on the left of the vertical line corresponds to
the average field. According to the preceding section, this
means that the field exciting a given particle, which is the
ensemble-averaged sum of the external incident wave and
the waves coming from the other particles, is analytically
expressed by the wave corresponding to the propagation
constant meffk0.

An analogous procedure applied to the same diagrams,
but with an arbitrary number of points in the lower
horizontal line on the left of the vertical line, yields a
diagram of type 1, in which the lower left horizontal line
corresponds to the complex-conjugate average field. This
procedure can be applied to the waves propagating from a

given particle to the observation point (or to other particle),
i.e., to diagrams containing points lying on the right of the
vertical line. This results in a diagram of type 1 in which all
horizontal lines correspond to the average field. A similar
procedure is applicable to diagrams with two vertical lines,
three vertical lines, etc. Its result is a set of diagrams of types
1, 3, 7, etc., where the horizontal lines show the average
field. Because of their specific appearance, these diagrams
are called ladder diagrams [2–4]. They correspond to the
incoherent (diffuse) scattering of radiation by the medium.
For a sparse medium, the analytical summation and ensem-
ble averaging of the ladder diagrams leads to the classical
vector RTE (VRTE) [4].

The above-described procedure of summing and aver-
aging over the ensemble can also be applied to all diagrams
of types 4 and 8. Such diagrams are called cyclical diagrams.
They correspond to the interference of a pair of waves pro-
pagating along the same string of particles but in opposite
directions. In the angular range close to the exact back-
scattering direction, the interference of such waves is
constructive and results in CB[4–10,62–65].

For sparse discrete random media, the methods of sum-
ming the ladder and cyclical diagrams are currently rather
well developed [2–4,47]. It is assumed that in such media
the particles are in the far-field zones of each other, which
allows one to ignore other classes of diagrams. However,
the approximation of ladder and cyclical diagrams can mis-
represent optical effects typical of closely packed media, for
example, those related to the near field [12–16,42]. These
effects will be considered in the following sections.

Although the diagrammatic method described above is
applicable to media of rather complex shapes, we will limit
ourselves to a homogeneous isotropic plane–parallel layer.
Then the resulting equations are rather simple in appear-
ance, which allows one to solve them numerically and to
analyze the dependence of the matrix ZJ

ðk0,kscÞ or Zðk0,kscÞ

on the properties of the medium. The corresponding scatter-
ing geometry is depicted in Fig. 6. The z-axis of the labora-
tory coordinate system is directed inside the medium, while
the xy plane represents its upper boundary. The incident
radiation propagates in the meridional plane (k0z) deter-
mined by the azimuth angle j0, while the scattered radia-
tion propagates in the meridional plane (kscz) determined by

Fig. 5. Scattering schemes and the corresponding diagrams.

Fig. 6. Scattering by a layer of discrete random medium.

V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095–21272106



the azimuth angle j. The layer thickness is Z0, and the
coordinates of the centers of identical spheres circumscrib-
ing the particles are defined by the radius-vectors Ri.

The ladder–cyclical approximation allows us to write
the elements of the matrix (54) as

Spnðk0,kscÞS
�
mnðk0,kscÞ

D E
¼Spnmn ¼SðLÞpnmnþS

ðCÞ
pnmn, ð56Þ

where the matrices SðLÞ and SðCÞ correspond to incoherent
(the sum of the ladder diagrams) and coherent (the sum
of the cyclical diagrams) contributions, respectively. Let
us first consider the equation for the sum of the ladder
diagrams.

4.2. Equation for the incoherent part of the scattered

radiation

4.2.1. The ladder approximation for densely packed media

The starting point in the derivation is the matrix (24) and
the system of equations (18). To proceed from these rela-
tions directly to the calculation of the sums of the ladder and
the cyclical diagrams, it is necessary to replace the propaga-
tion constant k0 by meffk0, i.e., to characterize the medium by
the effective refractive index meff. From simple geometrical
considerations, it follows that the changes in the amplitude
and phase of the incident wave as it propagates from the
entrance point to particle j will be taken into account if the
following substitution is made in Eq. (18) [35,47,61]:

k0Rj ) K0Rj, ð57Þ

where

K0 ¼ k0þk0n0
meff�1

cosW0
: ð58Þ

Here n0 is the unit vector along the z-axis. A similar
consideration of the wave propagating from particle j to an
exit point shows that the changes in the amplitude and
phase will be accounted for if the following substitution is
made in Eq. (24):

kscRj ) KRj, ð59Þ

where

K¼ kscþk0n0
meff�1

cosW
: ð60Þ

Then the product of two elements of the amplitude matrix is

tðjÞpnðk0,kscÞt
�ðjÞ
mn ðk0,kscÞ

¼ expðiRjðK
�
�KÞÞexp �ic0ðn�nÞþ icðm�pÞ

� �
�
X
LMlm

ð2Lþ1Þð2lþ1Þ

4
AðjÞðpnÞ

LM A�ðjÞðmnÞlm D�LMpðn̂0,k̂scÞD
l
mmðn̂0,k̂scÞ:

ð61Þ

To obtain the equation for the coefficients AðjÞðpnÞ
LM A�ðjÞðmnÞlm , let us

expand the solution of system (18) into the following order-
of-scattering series:

AðjÞðpnÞ
LM ¼ exp iK0Rj

� �X
lm

kðjÞðpnÞ
LMlm Dl

mnðn̂0,k̂0Þ

þ
X
qlm

kðjÞðpqÞ
LMlm

X
sl1m1

HðqÞlml1m1
ðn̂0,r̂jsÞ

�
X
l2m2

kðsÞðqnÞ
l1m1 l2m2

Dl2
m2nðn̂0,k̂0ÞexpðiK0RsÞþ � � � ð62Þ

where the coefficients HðqÞlml1m1
ðn̂0,r̂jsÞ describe the propaga-

tion of waves between the particles. In these coefficients,
the propagation constant k0 should also be replaced by meffk0.
The Hankel functions in the coefficients HðqÞlml1m1

ðn̂0,r̂jsÞ

(Eq. (19)) are represented as follows [40]:

hlðk0xÞ ¼
expðik0xÞ

k0x
Blðk0xÞ: ð63Þ

The function Blðk0xÞ describes the near field between the
particles. It is a finite series that can be calculated using a
recurrent relation analogous to that for the Hankel function,
with initial values

B0ðxÞ ¼�i and B1ðxÞ ¼� 1þ
i

x

	 

:

The changes in the amplitude and phase of the wave
propagating between particles can be taken into account if
k0 is replaced by meffk0 in the exponential of Eq. (63) and
the latter is substituted in the coefficients HðqÞlml1m1

ðn̂0,r̂jsÞ

(Eq. (19)).
A series similar to Eq. (62) can be written for a wave with

initial and final polarizations n and m, respectively. We then
multiply the first series by the complex conjugate of the
second one. In the resulting series, we keep only the scatter-
ing schemes that represent the propagation of both waves
along the same path, i.e., those corresponding to ladder
diagrams (see Fig. 5). This series can be transformed into the
following system of equations [35]:

AðjÞðpnÞ
LM A�ðjÞðmnÞL1M1

¼ exp iRjðK0�K�0Þ
� �

þ
X

lml1m1

kðjÞðpnÞ
LMlm k�ðjÞðmnÞL1M1 l1m1

Dl
mnðn̂0,k̂0ÞD

�l1
m1nðn̂0,k̂0Þ

þ
X

qq1 lml1m1

kðjÞðpqÞ
LMlm k�ðjÞðmq1Þ

L1M1 l1m1

X
sl2m2 l3m3

AðsÞðqnÞ
l2m2

�A�ðsÞðq1nÞ
l3m3

HðqÞlml2m2
ðn̂0,r̂jsÞH

�ðq1Þ

l1m1 l3m3
ðn̂0,r̂jsÞ:

ð64Þ

To average relations (61) and (64) over configurations,
the quasi-crystalline approximation can be used. The
system of equations (64) also contains, of course, the
propagation schemes corresponding to the scattering of
both waves, direct and complex-conjugate, by the same
particle two and more times. As mentioned above, these
schemes are ignored in the quasi-crystalline approxima-
tion. Thus, only the scattering schemes corresponding to
ladder diagrams are kept.

Let us introduce the notation

B
ðzÞðpnÞðmnÞ
LMlm ¼ exp iðn�nÞc0

� �
AðjÞðpnÞ

LM A�ðjÞðmnÞlm

D E
;

kðpnÞ
LMlmk

�ðmnÞ
L1M1 l1m1

¼ kðjÞðpnÞ
LMlm k�ðjÞðmnÞL1M1 l1m1

D E
z
:

Then, after averaging over configurations, the following
relation for the matrix SðLÞ per unit area of the upper
boundary can be obtained [35]

SðLÞpnmn ¼
Z
k0

X
LMlm

ð2Lþ1Þð2lþ1Þ

4
D�LMpðj,W,0ÞDl

mmðj,W,0Þ

�

Z k0Z0

0
B
ðzÞðpnÞðmnÞ
LMlm exp

tz

cosW

� �
dz, ð65Þ

where t¼ 2Imðmeff Þ.

V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095–2127 2107



The coefficients B
ðzÞðpnÞðmnÞ
LMlm can be found from the

following system of equations:

B
ðzÞðpnÞðmnÞ
LML1M1

¼ exp �
tz

cosW0

	 


�
X

lml1m1

kðpnÞ
LMlmk

�ðmnÞ
L1M1 l1m1

Dl
mnðj0,W0,0ÞD�l1m1nðj0,W0,0Þ

þZ
X

qq1 lml1m1

kðpqÞ
LMlmk

�ðmq1Þ

L1M1 l1m1

X
l2m2 l3m3

Z
gðrjsÞ

�B
ðyÞðqnÞðq1nÞ
l2m2 l3m3

HðqÞlml2m2
ðn̂0,r̂jsÞH

�ðq1Þ

l1m1 l3m3
ðn̂0,r̂jsÞdrjs,

ð66Þ

where y¼ zþk0rjs cosWjs.
Eqs. (65) and (66) describe the incoherent (diffuse)

part of the radiation scattered by a densely packed
random medium composed of arbitrary particles provided
that the spheres circumscribing the particles have the
same radius and do not overlap. Under these conditions, it
is still problematic to simplify these equations substan-
tially. Even for a medium composed of identical spherical
particles they are still too complex, although it is possible
to reduce them to a form suitable for numerical analysis
[61]. The equations become much simpler under the
assumption that the waves propagating between the
particles are spherical (implying that the particles are in
the far-field zones of each other). This approximation is
valid, strictly speaking, only for very sparse media. How-
ever, it can be applied, at least for the sake of qualitative
analysis, to rather closely packed media provided that the
particles are non-absorbing or weakly absorbing. As is
evident from Eqs. (19), (63), (64), and (66), the influence
of particle s on particle j decreases with increasing the

distance between these particles as r�2
js . However, the

number of such particles s increases as r3
js. The influence of

particle s on particle j also decreases due to extinction;
however, extinction can even decrease with increasing
concentration of particles (see Fig. 4) if the medium is not
strongly absorbing. As a result, close neighbors may
contribute to the radiation exciting a given particle less
than the remote particles do. If this is the case then the
far-field approximation is justified. In particular, for such
media, the approximation based on the classical VRTE,
wherein the extinction coefficient and the phase function
are calculated by accounting for the correlation between
the particles, can be used [3,66].

4.2.2. The ladder approximation for sparse media

We will now derive the equation for the incoherent
part of the reflected radiation under the assumption that
the particles are in the far-field zones of each other. To
avoid cumbersome calculations, we will first obtain the
equation for the model of spherical particles and then
generalize it to the case of arbitrary particles. In the
far-field approximation, the coefficients HðqÞLMlmðn̂0,r̂jsÞ are
determined from Eq. (46). The product of two such
coefficients can be represented with the use of Clebsch–
Gordan series (CGS; [34]) in the following way:

HðqÞLMlmðn̂0,r̂jsÞH
�ðq1Þ

L1M1 l1m1
ðn̂0,r̂jsÞ

¼
ð2lþ1Þð2l1þ1Þ

4

expð�tk0rjsÞ

ðk0rjsÞ
2

�
X

L2M2L3M3

ð�1ÞMþmCL2M2

L�ML1M1
CL2q0

L�qL1q1
CL3M3

l�ml1m1
CL3q0

l�ql1q1

�D�L2

M2q0
ðn̂0,r̂sjÞD

L3

M3q0
ðn̂0,r̂sjÞ, ð67Þ

where q0 ¼ q1�q.
We now take into account Eqs. (11), (12) and (16),

substitute Eq. (67) in Eq. (66), and expand the products of
two Wigner D functions into a CGS. Denote

wðpnÞðmnÞ
L ¼ wðjÞðpnÞðmnÞ

L

D E
z
, ð68Þ

where the angular brackets indicate the averaging over
the particle sizes and refractive indices,

wðjÞðpnÞðmnÞ
L1

¼
X

Ll

ð2Lþ1Þð2lþ1Þ

4
aðjÞðpnÞ

L a�ðjÞðmnÞl CL1M0

L�nlnCL1N0

L�plm,

M0 ¼ n�n, N0 ¼ m�p, and the coefficients aðjÞðpnÞ
L are deter-

mined from Eq. (21). Since we assume that the influence of
the close neighbors on a given particle is weak relative to
that of the distant particles, g(x)¼1 can be assumed. Note
that the latter assumption is not necessary, and all the
transformations can also be made with g(x)a1. Accounting
for the unitary property of the CGCs yields [47]

SðLÞpnmn ¼
Z
k0

X
LM

DL
MN0
ðj�j0,W,0Þ

Z k0Z0

0
aðzÞðpnÞðmnÞ

LM exp
tz

cosW

� �
dz,

ð69Þ

where the coefficients aðzÞðpnÞðmnÞ
LM can be determined from the

system of equations

aðzÞðpnÞðmnÞ
LM ¼ wðpnÞðmnÞ

L dL
MM0
ðW0Þexp �

tz

cosW0

	 


þ
2pZ
k3

0

X
qq1

wðpqÞðmq1Þ

L

X
l

Z
aðyÞðqnÞðq1nÞ

lM

�expð�trÞdL
Mq0
ðoÞdl

Mq0
ðoÞsinododr: ð70Þ

Here, r,o are the polar coordinates of the integration point
relative to the point z, the angle o (0rorp) is measured
from the direction of �n0 (Fig. 7), y¼ z�rcoso, and dL

MmðWÞ
is the Wigner d function [34]. The upper limit of integration
over r is z=coso if oop=2 and ðz�k0Z0Þ=coso if o4p=2,

Fig. 7. Explanation of the coefficients appearing in Eq. (70).
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i.e., the integral in Eq. (70) stands forZ
¼

Z p=2

0
sinodo

Z z=cos o

0
drþ

Z p

p=2
sinodo

Z ðz�k0Z0Þ=coso

0
dr:

ð71Þ

Relations (69) and (70) represent one of the forms of
the classical VRTE for a plane–parallel medium in the CP
basis. The coefficients (68) are those in the expansion of

the scattering matrix ~t
ðjÞ
pn
~t
�ðjÞ
mn (not the phase matrix [24]) of

an isolated particle j in Wigner d functions:

~t
ðjÞ
pn
~t
�ðjÞ
mn ¼

X
L

wðjÞðpnÞðmnÞ
L dL

M0N0
ðWÞ:

They play an important role in the radiative transfer
theory (RTT) [3,4,67]. (More specifically, in the RTT the

matrix ~t
ðjÞ
pn
~t
�ðjÞ
mn is expanded in generalized spherical func-

tions, which are closely related to the Wigner d functions
[34].) To generalize Eqs. (69) and (70) for the case of an
arbitrary statistically isotropic medium, one should sim-
ply replace the coefficients (68) by the corresponding
coefficients for randomly oriented arbitrarily shaped par-
ticles. A more general approach to the derivation of the
VRTE in the case of arbitrarily shaped and arbitrarily
oriented particles is given in Refs [4,68]. Methods for
finding the numerical solution of the classical RTE are
well developed [4,67].

4.3. Equation for the coherent part of the scattered radiation

4.3.1. Reciprocity relations

The equation for the coherent (interference) part of the
reflected radiation is also derived by using the expansion
of the system of equations (18) in the corresponding
order-of-scattering series. However, the derivation proce-
dure differs significantly. Each cyclical diagram corre-
sponds to the interference of two waves propagating
along the same path, but in opposite directions. In the
series (62), the wave is first scattered by particle s and
finally by particle j. It is easy to write the series corre-
sponding to the wave that is scattered first by particle j,
propagates along the same string of particles, but in the
opposite direction, and finally is scattered by particle s.
However, the direct multiplication of these series yields a
series to which the existing methods of ensemble aver-
aging cannot be applied. This problem could be solved if
one of the original series were transformed in such a way
that the wave propagation direction is reversed, i.e., if the
reciprocity principle were applied to one of the series. Let
us exemplify this problem by considering double scatter-
ing (the second term in Eq. (62)).

From the symmetry relation for the T-matrix (see, e.g.,
Refs. [3,24])

TwvðjÞ
MLml ¼ ð�1ÞMþmTvwðjÞ

�ml�ML ðw,v¼ 1,2Þ ,

it follows that

kðjÞðpnÞ
LMlm ¼ ð�1Þl�LþMþm 2lþ1

2Lþ1
kðjÞðnpÞ

l�mL�M : ð72Þ

Symmetry relations for the CGCs and Wigner functions
[34] result in the following symmetry relation for the

coefficients HðqÞLMlmðn̂0,r̂jsÞ :

HðqÞLMlmðn̂0,r̂jsÞ ¼ ð�1ÞLþMþ lþm 2lþ1

2Lþ1
HðqÞl�mL�Mðn̂0,�r̂jsÞ: ð73Þ

Substituting the second term of Eq. (62) in Eq. (24) and
accounting for Eqs. (72) and (73) yields

expð�ikscRjþ inc0�ipcÞ
X

LMqlm

2Lþ1

2
kðjÞðpqÞ

LMlm D�LMpðn̂0,k̂scÞ

�
X
l1m1

HðqÞlml1m1
ðn̂0,r̂jsÞ

X
l2m2

kðsÞðqnÞ
l1m1 l2m2

Dl2
m2nðn̂0,k̂0Þexpðik0RsÞ

¼ exp ik0Rs�inðp�c0Þþ ipðp�cÞ
� �

�
X

ql2m2 l1m1

2l2þ1

2
kðsÞðnqÞ

l2m2 l1m1
D�l2m2nðn̂0,�k̂0Þ

�
X
lm

HðqÞl1m1 lmðn̂0,�r̂jsÞ
X
l2m2

kðjÞðqpÞ
lmLM DL

Mpðn̂0,�k̂scÞexpð�ikscRjÞ:

ð74Þ

Any higher scattering order can be handled analogously.

Let tðjsÞpn ðk0,kscÞ be the amplitude scattering matrix for the

radiation with the initial polarization n propagating along
the vector k0, scattered first by particle s, then scattered
by particle j in the direction ksc, and having the final
polarization p. Then, for any scattering order, Eq. (74) can
be written in a compact form as

tðjsÞpn ðk0,kscÞ ¼ tðsjÞ
np ð�ksc ,�k0Þ: ð75Þ

4.3.2. Cyclical diagrams for densely packed media

When the reciprocity relations (74) and (75) are taken
into account, the equation for the interference part can be
derived in the same way as that for the incoherent part.
Let us write the series analogous to that of Eq. (62) for the
polarization of the incident and scattered waves m and n,
respectively. After Eqs. (74) and (75) are applied to each
terms of this series, we form the complex-conjugate series
and multiply it by the series (62). In each term of the
resulting series, we keep only the schemes that corre-
spond to cyclical diagrams (see Fig. 5). The resulting series
can be transformed into the following equation [35]:X
saj

tðjÞpnðk0,kscÞt
�ðsÞ
nm ðk0,kscÞþtð0jÞ

pn ðk0,kscÞt
�ð0jÞ
nm ðk0,kscÞ

¼ exp �iRjðKþK�0Þ
� �

exp icðn�pÞ�ic0ðm�nÞþ ipðm�nÞ
� �

�
X
LMlm

ð2Lþ1Þð2lþ1Þ

4
AðjÞðpnÞ

LM A�ðjÞðmnÞlm D�LMpðn̂0,k̂scÞD
l
mmðn̂0,�k̂0Þ,

ð76Þ

where the matrix tð0jÞ
pn ðk0,kscÞ ¼ exp½iRjðK0�KÞ	~t

ðjÞ
pnðk0,kscÞ

corresponds to single scattering and the product

AðjÞðpnÞ
LM A�ðjÞðmnÞlm is determined from the following system of

equations:

AðjÞðpnÞ
LM A�ðjÞðmnÞL1M1

¼ exp½iRjðK0þK�Þ	
X

lml1m1

kðjÞðpnÞ
LMlm k�ðjÞðmnÞL1M1 l1m1

�Dl
mnðn̂0,k̂0ÞD

�l1
m1nðn̂0,�k̂scÞ

þ
X

qq1 lml1m1

kðjÞðpqÞ
LMlm k�ðjÞðmq1Þ

L1M1 l1m1

X
sl2m2 l3m3

AðsÞðqnÞ
l2m2

A�ðsÞðq1nÞ
l3m3

�HðqÞlml2m2
ðn̂0,r̂jsÞH

�ðq1Þ

l1m1 l3m3
ðn̂0,r̂jsÞ: ð77Þ
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The propagation and extinction of the waves between
the scatterers is described here by the coefficients

HðqÞLMlmðn̂0,r̂jsÞ, analogously to the system of equations

(64). Like Eq. (64), the system (77) contains scattering
schemes corresponding to direct and complex-conjugate
sequences involving the same scatterer more than once.
After omitting these schemes, the system (77) corre-
sponds to the sum of cyclical diagrams only.

Let us now average the expressions (76) and (77) over
the ensemble. Denote

F
ðzÞðpnÞðmnÞ
LMlm ¼ expðinc�inpþ inc0Þ

�exp½�iRjðk0þkscÞ	 AðjÞðpnÞ
LM A�ðjÞðmnÞlm

D E
z
,

where the angular brackets indicate the averaging over
the orientations and microphysical properties of the
particles. Applying the quasi-crystalline approximation
yields

SðCÞpnnmþS
1
pnnm ¼

Z
k0

X
LMlm

ð2Lþ1Þð2lþ1Þ

4

�D�LMpðj,W,0ÞDl
mmðpþj0,p�W0,0Þ

�

Z k0Z0

0
F
ðzÞðpnÞðmnÞ
LMlm expð�i~ezÞdz, ð78Þ

where the matrix S1 corresponds to single scattering, the
matrices SðCÞ and S1 are per unit area of the upper bound-
ary of the medium,

~e ¼
meff�1

cosW
þ

m�eff�1

cosW0

 !
,

and the coefficients F
ðzÞðpnÞðmnÞ
LMlm are determined from the

following system of equations:

F
ðzÞðpnÞðmnÞ
LML1M1

¼ expði~e�zÞ

�
X

lml1m1

kðpnÞ
LMlmk

�ðmnÞ
L1M1 l1m1

Dl
mnðj0,W0,0ÞD�l1m1nðpþj,p�W,0Þ

þZ
X

qq1 lml1m1

kðpqÞ
LMlmk

�ðmq1Þ

L1M1l1m1

X
l2m2 l3m3

Z
gðrjsÞF

ðyÞðqnÞðq1nÞ
l2m2 l3m3

�HðqÞlml2m2
ðn̂0,r̂jsÞH

�ðq1Þ

l1m1l3m3
ðn̂0,r̂jsÞexp½irjsðk0þkscÞ	drjs,

ð79Þ

where y¼ zþk0rjs cosWjs.
Eqs. (78) and (79) describe the sum of the cyclical

diagrams for a plane–parallel layer of densely packed
discrete random medium. Like the equation for the sum of
the ladder diagrams, they become substantially simpler
only under the assumption that the waves propagating
between the particles are spherical. As follows from the
preceding section, the far-field approximation can be
applied to moderately and weakly absorbing media, at
least for a qualitative analysis of the multiple-scattering
effects. In the next subsection, we will use this approx-
imation and the model of spherical particles to derive an
equation describing the WL effect. As was the case with
incoherent scattering, the final equations will be general-
ized to the case of arbitrary particles.

4.3.3. Cyclical diagrams for sparse media

As a first step, we exclude from the consideration the
single-scattering contribution, i.e., the first term on the

right-hand sides of Eqs. (77) and (79). To this end, we
substitute Eq. (79) in Eq. (78) and use the following
representation:

D�LMpðj,W,0ÞDL1

M1mðpþj0,p�W0,0Þ

¼ ð�1ÞL1 expð�ipc�imc0ÞD
�L
Mpðn̂0,k̂scÞD

L1

M1�mðn̂0,k̂0Þ

¼ ð�1ÞL1 expð�ipc�imc0Þ
X

m

D�LMmðn̂0,k̂0Þ

�D�Lmpðk̂0,k̂scÞD
L1

M1�mðn̂0,k̂0Þ: ð80Þ

In Eq. (80), we expand the product of two Wigner D

functions of the same argument in the CGS and substitute
it in Eq. (78). Accounting for relations (11), (12), (16), and
(46) and the expansion analogous to Eq. (67),

HðqÞLMlmðn̂0,r̂jsÞH
�ðq1Þ

L1M1 l1m1
ðn̂0,r̂jsÞ

¼
ð2lþ1Þð2l1þ1Þ

4

expð�tk0rjsÞ

ðk0rjsÞ
2

X
L2M2

ð�1ÞMþqCL2M2

L�ML1M1

�CL2q0

L�qL1q1
D�L2

M2q0
ðn̂0,r̂sjÞD

�l
mqðn̂0,r̂sjÞD

l1
m1q1
ðn̂0,r̂sjÞ,

yields

SðCÞpnnm ¼
2pZ2

k4
0

X
qq1LM

ð�1ÞL expðiMj1Þy
�ðq1mÞðqpÞ
LM

�

Z k0Z0

0
bðzÞðqnÞðq1nÞ

LM expð�e1zÞdz: ð81Þ

Here,

y�ðq1mÞðqpÞ
LM ¼ expð�ipc�imc0Þ

X
M1

Y�ðq1mÞðqpÞ
LM1

DL
MM1
ðn̂0,k̂0Þ,

ð82Þ

YðpnÞðmnÞ
L1M ¼

X
Ll

ð2Lþ1Þð2lþ1Þ

4
aðjÞðpnÞ

L a�ðjÞðmnÞl

D E
z

�ð�1ÞlþmCL1M
L�nl�mCL1m�p

L�plm Dl
mnðk̂0,k̂scÞ,

m¼�M�n, the coefficients aðjÞðpnÞ
L and aðjÞðmnÞl are defined

by Eq. (21),

e1 ¼ i
meff�1

cosW
þ

m�eff�1

cosW0
þ2cos

Wsc

2
cosW1

 !
,

bðzÞðqnÞðq1nÞ
LM ¼

k3
0

2p ð�1Þq exp i2zcos
Wsc

2
cosW1�iMj1

	 


�
X

lml1m1

Z
FðyÞððqnÞðq1nÞ

lml1m1

ð2lþ1Þð2l1þ1Þ

4

�
exp irjsðk0þkscÞ�tk0rjs

� �
ðk0rjsÞ

2

�D�LMq0
ðn̂0,r̂sjÞD

�l
mqðn̂0,r̂sjÞD

l1
m1q1
ðn̂0,r̂sjÞdrjs, ð83Þ

and W1,j1 are the spherical angles of the vector
k1 ¼ k0þksc in the coordinate system n̂0.

The system of equations for the coefficients (83)
follows from system (79). After simple, though cumber-
some transformations, it is reduced to the system of
equations [47]

bðzÞðpnÞðmnÞ
LM ¼ expð�e�1zÞB

ðzÞðpnÞðmnÞ
LM

þ
2pZ
k3

0

X
qq1 lm

wðpqÞðmq1Þ

L iM�m
Z

bðyÞðqnÞðq1nÞ
lm expð�trÞ
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�dL
MN0
ðoÞdl

mN0
ðoÞJm�M 2rsinW1 cos

Wsc

2
sino

	 


�sinododr: ð84Þ

Here N0 ¼ m�p, JmðxÞ is the Bessel function, the angle o is
the same as in system (70), and the integral in Eq. (84) is
defined according to Eq. (71) (see Fig. 7).

The coefficients B
ðzÞðpnÞðmnÞ
LM correspond to double scatter-

ing and take the form

B
ðzÞðpnÞðmnÞ
LM ¼

X
lm

expð�imj1Þy
ðpnÞðmnÞ
lm iM�m

Z
exp � ~tr

� �

�dL
MN0
ðoÞdl

mN0
ðoÞJm�M 2rsinW1 cos

Wsc

2
sino

	 

�sinododr, ð85Þ

where ~t ¼ 2Imðmeff Þ�e�1 coso.

The coefficients yðpnÞðmnÞ
LM given by Eq. (82) are indepen-

dent of the angles c0 and c. With the use of the addition
theorem for the Wigner D functions and the CGS, they can
be expressed as [47]

yðpnÞðmnÞ
LM ¼ ð�1ÞM�n

X
L1M1 lm

ð2L1þ1Þð2lþ1Þ

4
aðjÞðpnÞ

L1
a�ðjÞðmnÞl

D E
z

�ð�1ÞlCLM
L1�M1 l�mCLm�p

L1�plmDL1

M1nðj0,W0,0ÞDl
mnðj,W,0Þ:

WL manifests itself in a narrow range of angles close to
the exact backscattering direction. If in this range the
elements of the scattering matrix of an individual particle
(averaged over the particle characteristics) depend
weakly on the scattering angle then the coefficients
yðpnÞðmnÞ

LM can be simplified. In the limit ksc-�k0 the
approximate equality Dl

mnðj,W,0Þ � ð�1ÞlDl
m�nðj0,W0,0Þ

holds. Then the coefficients yðpnÞðmnÞ
LM take the form

yðpnÞðmnÞ
LM � ð�1ÞM�nDL

�M,n�nðj0,W0,0ÞwðpnÞðmnÞ
L

¼ ð�1ÞnD�LM,n�nðj0,W0,0ÞwðpnÞðmnÞ
L : ð86Þ

Eqs. (81)–(85) describe the interference part of the
scattered radiation. They can be generalized for the
media composed of non-spherical randomly oriented
particles in the same way as the equations for the
incoherent part. Specifically, the coefficients wðpnÞðmnÞ

L and
yðpnÞðmnÞ

lm should be replaced by the corresponding coeffi-
cients for non-spherical particles. Relation (86) can be
used in this generalization.

Eqs. (81)–(85) are valid under the same conditions as
the RTE. However, the equations for the interference part
are much more complex than the RTE. Unlike Eqs. (69)
and (70), the system of Fredholm equations (84) has an
oscillating kernel and an oscillating external term. Equa-
tions of this kind are very difficult to solve numerically.
Below, we will consider one of the approximate methods
for solving the equation for the coherent part of the
reflected radiation. It is based on certain relations
between the elements of the matrices for the coherent
and incoherent components in the exact backscattering
direction.

4.3.4. Exact backscattering direction

The direction of exact backscattering (ksc ¼�k0) is of
particular interest for the interpretation of radar and lidar

observations of different objects. In this direction, the
coherent intensity is maximal and can be comparable to
the diffuse (incoherent) intensity [3,4,8,62,65,69,70].

For ksc ¼�k0, comparison of Eqs. (78) and (79) with
Eqs. (65) and (66) yields

SðLÞpnmn ¼SðCÞpnnmþS
1
pnnm: ð87Þ

In the LP basis, these relations become more complicated.
Recalling Eqs. (54) and (56), we obtain from the matrices
(55) and (87):

2ZðCÞ11 þ2Zð1Þ11 ¼ Z
ðLÞ
11þZ

ðLÞ
22�Z

ðLÞ
33þZ

ðLÞ
44, ð88Þ

2ZðCÞ22 þ2Zð1Þ22 ¼ Z
ðLÞ
11þZ

ðLÞ
22þZ

ðLÞ
33�Z

ðLÞ
44, ð89Þ

2ZðCÞ33 þ2Zð1Þ33 ¼�Z
ðLÞ
11þZ

ðLÞ
22þZ

ðLÞ
33þZ

ðLÞ
44, ð90Þ

2ZðCÞ44 þ2Zð1Þ44 ¼ Z
ðLÞ
11�Z

ðLÞ
22þZ

ðLÞ
33þZ

ðLÞ
44, ð91Þ

where the matrices ZðCÞ and ZðLÞ correspond to the coher-
ent and incoherent parts of the reflected radiations,
respectively, and the matrix Zð1Þ represents single
scattering.

Equalities (88)–(91) were initially derived for sparse
media by Mishchenko [70] with the use of the Saxon’s
reciprocity relation [71]. However, as one can see, they
are also valid for densely packed media. Relations (87)
and (88)–(91) are important, since they allow one to
calculate all the observable characteristics of WL for the
direction ksc ¼�k0 directly from the solution of the RTE.

It is worth noting that equalities analogous to Eqs. (87)
and (88)–(91) are valid for any system of particles, as is
seen from Eqs. (61), (64), (76), and (77). They follow from
the reciprocity relation (75).

4.4. Approximate method for solving the equation for the

coherent part of radiation reflected by a semi-infinite

discrete random medium

4.4.1. Basic equations

The equations describing WL are very difficult to
analyze. In Refs. [72–75], they were solved using the
double-scattering approximation, which allows one to
analyze WL as a function of medium properties. The
quantitative description of the angular dependences of
WL characteristics is a real challenge even in the frame-
work of the far-field approximation (i.e., for sparse
media). This problem has been fully solved only for a
semi-infinite medium composed of non-absorbing Ray-
leigh scatterers provided that the incident radiation
propagates normally to the boundary of the medium
[76,77]. Therefore, numerical modeling of CB is some-
times based on Monte-Carlo methods [78]. Unfortunately,
this requires considerable expenses of computer time and
becomes impracticable in the case of a medium composed
of polydisperse and/or non-spherical particles. Below we
consider a simple approximate method for the numerical
solution of the equation for the coherent part of the
reflected radiation in the case of a semi-infinite medium
illuminated by external radiation propagating perpendi-
cularly to the boundary of the medium.
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If the radiation propagates perpendicularly to the
boundary of the medium, the angles defining Eqs.
(81)–(85) are as follows:

W0 ¼ 0, W1 ¼
W
2 , Wsc ¼ W, f1 ¼f ,

while the coefficients yðpnÞðmnÞ
lm take the form

yðpnÞðmnÞ
LM ¼ expðinðj�j0Þþ iMfÞ ~Y

ðpnÞðmnÞ
LM ,

where

~Y
ðpnÞðmnÞ
L1M1

¼
X
Llm

ð2Lþ1Þð2lþ1Þ

4

� aðjÞðpnÞ
L a�ðjÞðmnÞl

D E
z
ð�1ÞlþmCL1M1

L�nl�mCL1m�p
L�plm dl

mnðWÞ

and m¼�M1�n.
Then Eq. (81) can be reduced to read [47,79]

SðCÞpnnm ¼
2pZ2

k4
0

exp iðn�mÞðj�j0Þ
� � X

qq1LM

ð�1ÞL ~Y
�ðq1mÞðqpÞ

LM

�

Z k0Z0

0
bðzÞðqnÞðq1nÞ

LM expð�~e1zÞdz, ð92Þ

where

~e1 ¼ Imðmeff Þ 1�
1

cosW

	 

þ ið1þcosWÞ

Reðmeff Þ�1

cosW
þ1

	 

,

and the coefficients bðzÞðqnÞðq1nÞ
LM are determined from the

following system of equations:

bðzÞðpnÞðmnÞ
LM ¼ expð�~e�1zÞ ~B

ðzÞðpnÞðmnÞ
LM

þ
2pZ
k3

0

X
qq1 lm

wðpqÞðmq1Þ

l iM�m
Z

bðyÞðqnÞðq1nÞ
lm expð�trÞ

�dL
MN0
ðoÞdl

mN0
ðoÞJm�MðrsinWsinoÞsinododr: ð93Þ

The coefficients ~B
ðzÞðpnÞðmnÞ
LM corresponding to double scatter-

ing take the form

~B
ðzÞðpnÞðmnÞ
LM ¼

X
lm

~Y
ðpnÞðmnÞ
lm iM�m

Z
expð�r ~t1Þ

�dL
MN0
ðoÞdl

mN0
ðoÞJm�MðrsinWsinoÞsinododr,

ð94Þ

where ~t1 ¼ 2Imðmef Þ�~e
�

1 coso. Recall now that the inte-
grals in Eqs. (93) and (94) are defined according to
Eq. (71). In Eqs. (93) and (94), the upper limit of integra-
tion over r is z=coso if oop=2 (for downwelling radia-
tion) and approaches infinity if o4p=2 (for upwelling
radiation) (see Fig. 7).

The azimuthal dependence in Eq. (92) is caused by the
definition of the Stokes parameters of the incident and
scattered radiation with respect to different meridional
planes. If the radiation propagates perpendicularly to the
boundary of the medium then the Stokes parameters can
be defined with respect to the planes going through the
vectors k0 and ksc. Then exp½iðn�mÞðj�j0Þ	 ¼ 1, and the
azimuthal dependence disappears.

Let us denote

gðpnÞðmnÞ
LM ¼ 2Reð~e1Þ

Z 1
0

bðzÞðpnÞðmnÞ
LM expð�~e1zÞdz: ð95Þ

Then the matrix Eq. (92) becomes

SðCÞpnnm ¼
pZ2

k4
0Reð~e1Þ

X
qq1LM

ð�1ÞL ~Y�ðq1mÞðqpÞ
LM gðqnÞðq1nÞ

LM : ð96Þ

To derive an equation for the coefficients gðqnÞðq1nÞ
LM appear-

ing in Eq. (96), we multiply the coefficients of Eq. (93) by
2Reð~e1Þexpð�~e1zÞ and integrate over z. The integration of
the first term on the right-hand side of Eq. (93) yields the
following result [72–74]:

Q ðpnÞðmnÞ
LM ¼ 2Reð~e1Þ

Z 1
0

~B
ðzÞðpnÞðmnÞ
LM expð�~e1zÞdz

¼
X
lm

~Y
ðpnÞðmnÞ
lm

Z p

0
dL

MN0
ðoÞdl

mN0
ðoÞI9m�M9ðc,f Þsinodo:

Here,

Imðc, f Þ ¼ i�m cmffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2þ f 2

p
ðf þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2þ f 2

p
Þ
m

, ð97Þ

c¼ sinysino,

and

f ¼ 2Imðmeff Þþ9coso9Imðmeff Þ 1�
1

cosW

	 


þ icosoð1þcosWÞ
Reðmeff Þ�1

cosW
þ1

	 

:

The integration of the second term on the right-hand
side of Eq. (93) corresponding to the radiation coming to
the point z ‘‘from above’’ (see Eq. (71) and Fig. 7), is not
very complicated and yields [80]

2Reð~e1Þi
M�m

Z 1
0

expð�~e1zÞdz

�

Z z=coso

0
bðyÞðqnÞðq1nÞ

lm expð�trÞJm�MðcrÞdr

¼ gðqnÞðq1nÞ
lm I9m�M9ðc,f Þ:

The main complexity lies in the integration of the term
corresponding to the radiation coming ‘‘from below’’
(Fig. 7). We will calculate it approximately, assuming that

bðyÞðqnÞðq1nÞ
lm � bðzÞðqnÞðq1nÞ

lm expð�wtr9coso9Þ: ð98Þ

In other words, we assume that the coefficient bðyÞðqnÞðq1nÞ
lm

at a point y can be approximately represented as the
value of this coefficient at the point z multiplied by
expð�wtr9coso9Þ, where w is a parameter whose value
can be determined from a certain condition. In the RT
theory for a semi-infinite atmosphere, a representation
similar to Eq. (98) is applied in order to describe the
radiation field at large optical depths [81]. However, the
corresponding equation is valid only for very large optical
depths and cannot be used directly to determine w in our
case since the characteristics of the reflected radiation are
controlled primarily by the upper layers of the medium.
Therefore, to determine w we will invoke the condition
considered below (see Eq. (101)).

The integration of the last term, upon taking full
account of Eq. (98), yields the following expression:

2Reð~e1Þi
M�m

Z 1
0

expð�~e1zÞdz

Z 1
0

bðyÞðqnÞðq1nÞ
lm

�expð�trÞJm�MðcrÞdr
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¼ gðqnÞðq1nÞ
lm I9m�M9ðc,eÞ,

where

e¼ 2Imðmeff Þð1þw9coso9Þ: ð99Þ

Thus, the approach considered results in the following
system of linear algebraic equations for the coefficients of
Eq. (95):

gðpnÞðmnÞ
LM ¼Q ðpnÞðmnÞ

LM þ
2pZ
k3

0

X
qq1 lm

wðpqÞðmq1Þ

l gðqnÞðq1nÞ
lm GLMlm, ð100Þ

where

GLMlm ¼

Z p=2

0
I9M29ðc,f ÞdL

MN0
ðoÞdl

mN0
ðoÞ

�

þ I9M29ðc,eÞð�1ÞLþ lþMþmdL
M�N0
ðoÞdl

m�N0
ðoÞ
�

sinodo

¼
XLþ l

L2 ¼ 9L�l9

CL2M2

LMl�mCL20
LN0 l�N0

ð�1Þm

�

Z p=2

0
I9M29ðc,f Þþð�1ÞL2þM2 I9M29ðc,eÞ
� �

�dL2

M20ðoÞsinodo,

and M2 ¼M�m.
The solution of the system of equations (100) can be

obtained, for example, by the method of iterations. Then
the LP reflection matrix R can be calculated using Eqs.
(55) and (56):

R¼RðLÞ þRðCÞ ¼ �
p

2k2
0 cosW

ðZðLÞ þZðCÞÞ,

where RðLÞ is the diffuse reflection matrix and RðCÞ is the
reflection matrix for the interference component. It is
assumed that the incident flux per unit area perpendicu-
lar to the incident beam is proportional to p.

In the case of the exact backscattering (W¼ 1801), the
matrix RðCÞ is related to the matrix RðLÞ via the simple

formulas (88)–(91). In particular,

2RðLÞ11 ¼R
ðCÞ
11 þR

ðCÞ
22�R

ðCÞ
33 þR

ðCÞ
44 þR

ð1Þ
11þR

ð1Þ
22�R

ð1Þ
33þR

ð1Þ
44 ,

ð101Þ

where Rð1Þ is the single-scattering reflection matrix.
We use the latter formula to determine the parameter

w in Eq. (99). Specifically, having solved the RTE for given
parameters of the medium, we determine the element
R
ðLÞ
11. Then, when solving system (100), we select the value

of the parameter w such that equality (101) is satisfied.
Thus, in the framework of the above approach, the

contribution of the double-scattering component is cal-
culated exactly, while the contribution of the higher
orders of scattering is calculated approximately. Below
we will evaluate the accuracy of this approximation by
using exact numerical results computed for a medium
composed of non-absorbing Rayleigh scatterers [4,82] as
well as experimental data by Wolf and Maret [8].

4.4.2. Robustness of the approximation

We compare first the results of calculations for a semi-
infinite medium composed of non-absorbing Rayleigh
scatterers. Figs. 8a and b show the dependence of the
enhancement factor

~zIð ~qÞ ¼
RðLÞ11ð0ÞþR

ðCÞ
11 ð

~qÞ

R
ðLÞ
11ð0Þ

and the degree of linear polarization

Pð ~qÞ ¼�
R
ðCÞ
21 ð

~qÞ

R
ðLÞ
11ð0ÞþR

ðCÞ
11 ð

~qÞ

on the parameter ~q ¼ k0lexta, where a¼ p�W is the phase
angle and

lext ¼
1

2k0 Imðmeff Þ
:

The expression for the effective refractive index is given
by Eq. (51). The microphysical parameters of the particles

Fig. 8. Enhancement factor ~z Ið ~qÞ and degree of linear polarization Pð ~qÞ as functions of the parameter ~q for a semi-infinite medium composed of non-

absorbing Rayleigh particles with ~x ¼ 0:01 and ~m ¼ 1:5. The solid curves depict the exact results [82] while the dots show the result of using approximate

formulas.
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are as follows: ~x ¼ 0:01 and ~m ¼ 1:5þ i0, where ~x is the
size parameter and ~m is the refractive index. In Fig. 8, the
solid curves depict the numerically exact results [4,82],
while the dots show the result of using the approximate
equations derived above, with the value w¼�0:21 calcu-
lated from equality (101). This particular value implies
that

ðR
ðCÞ
11 þR

ðCÞ
22�R

ðCÞ
33 þR

ðCÞ
44 þR

1
11þR

1
22�R

1
33þR

1
44Þ=2¼ 1:149,

whereas the solution of the RTE yields R
ðLÞ
11 ¼ 1:147.

It should be noted that a negative value of w results in
an increase in the coefficients of Eq. (98) with increasing
depth z. This behavior can be explained by the increasing
radiation density in a non-absorbing (or weakly absorb-
ing) medium with increasing optical depth [67].

Fig. 8 demonstrates a high accuracy of the approximation
as applied to the medium composed of non-absorbing
Rayleigh scatterers. We will now analyze the robustness
of the approximation as applied to a medium composed of
wavelength-sized particles. In Fig. 9 the dots show the
results of laboratory measurements of co- and cross-polar-
ized components of light reflected by monodisperse sphe-
rical polystyrene particles suspended in water [8], i.e.,
RVV ¼ ðR11þR22þ2R12Þ=2 and RVH ¼ ðR11�R22Þ=2, respec-
tively. The diameter of the particles is 460 nm, the wave-
length of the incident light is 515 nm, and the particle
volume concentration is x¼ 0:1. The solid curves depict
the results of theoretical computations. The refractive index
of the polystyrene particles is taken to be ~m ¼ 1:59, and the
value of the parameter w calculated from Eq. (101) is
�0.0796. This value corresponds to

ðR
ðCÞ
11 þR

ðCÞ
22�R

ðCÞ
33 þR

ðCÞ
44 þR

1
11þR

1
22�R

1
33þR

1
44Þ=2¼ 1:173,

whereas the respective solution of the RTE gives
RðLÞ11 ¼ 1:176. The calculated co- and cross-polarized compo-
nents are normalized to the experimental data at a¼ 0:61.
The effective refractive index of the medium is calculated
using Eq. (51).

As seen from Fig. 9, the approximation provides a good
accuracy also for the case of a medium composed of
wavelength-sized particles. The relative accuracy of the
calculations is better than 10%, which should be accep-
table in many applications. Unfortunately, we have no
reliable experimental or theoretical results which would
allow us to test the proposed technique for larger parti-
cles and other values of the parameters characterizing the
scattering medium. Note, however, that the comparison of
the experimental and theoretical results was made with-
out invoking any free model parameters: only the actual,
independently measured physical parameters (particle
size, refractive index, and concentration as well as the
wavelength of light) were used in the calculation. The
approximation can easily be extended to the case of
oblique illumination and to media consisting of non-
spherical particles (see Section 4.3.3).

It should be noted that such a simple theoretical tech-
nique can be developed only for a semi-infinite medium.
In the case of a medium of finite optical thickness, the
analytical integration in Eqs. (92) and (93) results in very
complex formulas and does not yield a system of alge-
braic equations similar to that in Eq. (100).

4.4.3. CB as a function of medium characteristics: examples

Theoretical examples of the interference peak
R11ðaÞ=R11ð0Þ and the degree of linear polarization
PðaÞ ¼�R12ðaÞ=R11ðaÞ as functions of the parameters of
the semi-infinite scattering medium are presented in
Figs. 10–12a. The effective refractive index was calculated
according to Eq. (51) for all the models; the constituent
particles are assumed to be identical spheres a size
parameter of ~x ¼ 2 and a refractive index of ~m ¼ 1:5.
Fig. 10 shows how the intensity and polarization change
with particle packing density (concentration) x. It is
evident that the half-width of the interference intensity
peak grows linearly with increasing concentration, which
has been discussed extensively in theoretical (e.g., Refs.
[9,10,63,73,74]) and experimental (e.g., Refs. [8,65])
studies. The same linear dependence is also typical of
the phase angle of minimal polarization (Fig. 10b) pro-
vided that the polarization of the incoherent component
is small [74]. The inversion angle (the phase angle at
which polarization switches sign from negative to posi-
tive) also increases with increasing x; in other words,
the range of phase angles affected by WL broadens. This
behavior of polarization is caused by the increase of the
imaginary part of the effective refractive index (i.e.,
extinction) with increasing concentration.

In Fig. 11, the interference peak and the degree of
linear polarization of the reflected radiation are depicted
for three values of the imaginary part of the particle
refractive index Imð ~mÞ. As before, ~x ¼ 2 and Reð ~mÞ ¼ 1:5.
It is seen that increasing Imð ~mÞ leads to an increase of
the half-width of the intensity peak and the angle of
minimal polarization. These traits are also explained by
the increase of Imðmeff Þ with Imð ~mÞ. The deepening of
the polarization minimum with Imð ~mÞ is caused by the
strengthening of the positive polarization branch for the
radiation singly scattered by the particles.

Fig. 9. Comparison of experimental (dots; adapted from Ref. [8]) and

theoretical (solid curves) results for a semi-infinite medium composed

of monodisperse spherical polystyrene particles suspended in water.
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The dependence of WL characteristics on the particle
size parameter ~x is illustrated in Fig. 12a (the particle
refractive index is fixed at ~m ¼ 1:5). For all the models
considered, the imaginary part of the effective refractive
index is assumed to be the same: Imðmeff Þ ¼ 0:00403. It is
seen that the interference intensity peak and the degree of
linear polarization vary with particle size in a rather
complex way. The behavior of polarization is especially
noteworthy: depending on ~x, P can be either negative or
positive. Recall that in the laboratory measurements for
powder-like samples [83] and observations of atmo-
sphereless celestial bodies [11], only negative polarization
has been detected at small phase angles. The ‘‘optical
mechanism’’ of its formation has been discussed in many
papers (e.g., Refs. [84–86]). The WL explanation is based

on the assumption that the degree of linear polarization of
singly scattered radiation is positive in the whole range of
scattering angles. However, the degree of linear polariza-
tion for particles with ~xZ2 and ~m ¼ 1:5 depends on the
particle sizes and the scattering angle in a complex way
and can be both positive and negative. In such cases, the
interference may result in a positive degree of linear
polarization of radiation scattered by the particulate
medium or in a more complex phase-angle dependence
of polarization [72–75]. For the model results shown in
Figs. 10–12a, the common feature of the polarization
curves is their asymmetry. Specifically, the minimum (or
maximum) of polarization is closer to exact backscatter-
ing than to the inversion angle. This trait is explained by
weak extinction in the media considered: for the particles

Fig. 10. (a) The interference peak R11ðaÞ=R11ð0Þ and (b) the degree of linear polarization for unpolarized incident light PðaÞ ¼�R12ðaÞ=R11ðaÞ for ~x ¼ 2,
~m ¼ 1:5, and three values of the packing density x.

Fig. 11. As in Fig. 10, but for Reð ~mÞ ¼ 1:5, x¼ 0:01, and three values of the imaginary part of the particle refractive index.
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with ~x ¼ 2 and ~m ¼ 1:5, minðImðmeff ÞÞ ¼ 0:00169 if
x¼ 0:005 and maxðImðmeff ÞÞ ¼ 0:00674 if x¼ 0:02. For
such values of Imðmeff Þ, the influence of distant particles
on a given particle is stronger than that of neighboring
particles (see the discussion in Section 4.2), which leads to
the asymmetry in the negative polarization branch.

5. Interaction of particles in the near field as revealed by
scattering properties of aggregates

As we could see in the preceding sections, the problem
of describing the scattering properties of a particulate
random medium becomes extremely complicated when
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Fig. 12. (a) As in Fig. 10, but for Imðmeff Þ ¼ 0:00403 and five values of the particle size parameter ~x . (b) Scattering characteristics of a ~X ¼ 40 scattering

volume randomly filled with a number N of ~x ¼ 2 spherical particles (after Ref. [110]). The packing density ~x varies between 1.5% (N¼100) and 11.7%

(N¼800). The particle refractive index is fixed at ~m ¼ 1:31. (c) Scattering characteristics of random particulate volumes with size parameters in the range

30o ~X o60 (after Dlugach et al. [110]). The particle refractive index and size parameter are fixed at ~m ¼ 1:31 and ~x ¼ 2, respectively. The values of the

packing density ~x are given in the legend. (d) Scattering characteristics of a ~X¼30 random particulate volume composed of N identical spherical particles
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the distances between the particles are not much greater
than the particle sizes and the wavelength, i.e., when the
particles are not in the far zones of each other, so that a wave
propagating from one particle to another cannot be consid-
ered spherical. In this case, the equations derived are much
more complicated than those for a sparse medium since they
do not involve the conventional single-scattering character-
istics of individual particles. Moreover, for a densely packed
medium, effects caused by the contribution of the interfer-
ence of waves scattered once and twice, twice and three
times, etc. can be observed, unlike the case of a sparse
medium wherein only the ladder and cyclical diagrams
contribute to the scattered light.

The purpose of this section is to demonstrate how the
interaction of particles in the near-zone affects the charac-
teristics of light scattered by a particle ensemble. Since only
approximate analytical solutions of the problem are cur-
rently available for densely packed random particulate
media, we will use particle ensembles with a limited number
of components and a limited volume. In order to perform
computer simulations of electromagnetic scattering by a
finite volume filled with randomly positioned particles, one
can use one of the currently available techniques based on
the direct numerically exact solutions of the macroscopic
Maxwell equations (MMEs). We use one of these solutions,
the so-called superposition T-matrix method [24,87], to
compute the scattered intensity and degree of linear polar-
ization for complex ensembles of particles. Within the range
of its numerical convergence, the corresponding public-
domain T-matrix computer code [88] yields results with a
guaranteed accuracy, which makes it numerically exact.
Although the computer resources available to us do not
allow computations for realistic particulate targets such as
particulate planetary surfaces, the results obtained for
ensembles containing a limited yet large number of particles
do reveal trends in the light-scattering characteristics caused
by increasing packing density.

5.1. Effects of near-field interactions on scattering

characteristics

5.1.1. Inhomogeneity of near-zone fields

In order to explain the way in which the near-field
components affect the characteristics of the reflected
light, it is necessary to consider the field structure in the
vicinity of the particles. Everywhere in space, only the
total field, i.e., the sum of the incident and scattered
components, is a real physical field [58]. If the scattered
wave contained only components decreasing as 1/r then
the wave leaving the particle would be spherical at large
as well as at small distances from the particle. Then, in the
close vicinity of the scatterer, the propagation directions
of the scattered and incident waves would not coincide
(except for the forward-scattering direction ksc ¼ k0), and
these waves would not be connected. However, the real
scattered field near the particle contains components
decreasing faster than 1/r (compare Eqs. (4) and (14)).
These terms describe the near field [14,35,41,42] which
causes a connection of the incident and scattered fields to
some distance from the particles. This connection causes
inhomogeneity of the total field in the particle’s vicinity.

This effect is most pronounced if the particle size is
comparable to the wavelength. Direct calculations using
the Lorentz–Mie theory for spherical particles show that
the constant-phase surface of the total field near the
particle is funnel shaped (Fig. 13). Consequently, the field
inhomogeneity near the particle causes a rotation of the
total electric field vector relative to the incident field
vector. As a result, Eza0 (see also Refs. [13,15,89,90]).

Under such conditions, neighboring particles experi-
ence the influence of the inhomogeneous field and, con-
sequently, scatter light in a different way than that
predicted by the theory considering only plane waves.
To examine the influence of the field inhomogeneity in
the vicinity of particles on the characteristics of light
scattered by a particle ensemble in more detail, let us
consider Rayleigh test particles placed on the surface
k0z0 � p in Fig. 13. Fig. 14 shows the scheme illustrating

Fig. 13. Constant-phase surfaces and local directions of the total electric

field (i.e., the sum of the incident and scattered waves) in the close

vicinity of a particle with a size parameter ~x ¼ 4 and refractive index
~m ¼ 1:32þ i0:05. The incident wave propagates along the wave vector k0

and is polarized in the x0z0 plane.

Fig. 14. Scattering of (a) homogeneous and (b) inhomogeneous waves

by Rayleigh test particles. Particles 1 and 3 are in the x0z0 plane, while

particles 2 and 4 are in the y0z0 plane. The incident wave Eð0Þ propagates

along the positive z0-axis (along the vector k0) and is polarized in the

x0z0 plane. The scattered wave propagates in the direction of the phase

angle a (along the vector ksc). The vectors centered at the Rayleigh

particles show the directions of the dipole moments induced.

V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095–2127 2117



the conditions of the light scattering by four test particles
located in the homogeneous field (a) and in the inhomo-
geneous zone near the larger particle (b).

Let us first analyze the case when the incident field is
polarized in the scattering plane x0z0 as shown in Fig. 14.
If the test particles are far from each other and from other
particles, i.e., they are subjected to a homogeneous field
(Fig. 14a), their dipole moments are parallel to the x0-axis.
In this case, the intensity of the scattered light is deter-
mined by all four test particles–dipoles in the directions
a¼01 and 1801, and it is zero in the direction a¼901.
However, if the test particles are in the inhomogeneous
zone near a wavelength-sized particle (Fig. 14b) then
the dipole moments induced in particles 1 and 3 have a
non-zero component in the direction of wave propaga-
tion, i.e., along the z0-axis. This results in a decrease of the
intensity of the scattered light in the directions a¼01 and
1801, and the intensity in the direction a¼901 becomes
non-zero. In both cases, the scattered wave is polarized
in the same way as the incident one in the scattering
plane.

If the incident wave is polarized perpendicularly to the
scattering plane then, in the case of the homogeneous
field, the scattered radiation is also polarized perpendi-
cularly to the scattering plane and the intensity does not
depend on the phase angle. In the inhomogeneous field,
particles 1 and 3 produce radiation that is polarized
perpendicularly to the scattering plane and does not
depend on the phase angle. While the radiation scattered
by particles 2 and 4 has a component parallel to the z0-
axis (i.e., polarized in the scattering plane) which depends
on a, the intensity decreases in the directions a¼01 and
1801 and increases in side directions. So, for any polariza-
tion of the incident wave, the field inhomogeneity in the
vicinity of the scattering particle induces a rotation of the
field vector and leads to the appearance of a component
of the total field Eza0, which, in turn, diminishes the
intensity of the light and causes negative polarization (see
also Refs. [13–15,42,89,90]). This effect should depend on

the sizes of the particles and can be expected to be most
pronounced for wavelength-sized particles since the spa-
tial scale of field inhomogeneities is comparable to the
wavelength (Fig. 13).

5.1.2. Mutual shielding of particles

One more manifestation of near-field effects is the
shielding of particles by each other [16]. The scheme with
the test dipoles (Fig. 14) can help us to estimate qualita-
tively the result of the shielding of, for example, dipole 1
by the large particle for the specified direction of observa-
tion. For the sake of simplicity, let us assume that for the
given polarization of the incident radiation, the dipole
moment of particle 1 is oriented exactly opposite to the
vector ksc. In this case, particle 1 does not radiate in the
direction ksc. It is of no importance whether we take the
shielding into account or not. If the incident radiation is
polarized in the y0z0 plane then particle 1 radiates as
particle 3 (or as all the particles in the homogeneous
field), provided that the shielding is ignored. However,
when the large particle shields particle 1 then the latter
does not radiate in this direction (i.e., does not contribute
to the positive polarization). In other words, the shielding
diminishes the contribution of the positively polarized
scattered radiation and reduces the intensity in the a
direction. However, in the backscattering direction, dipole
1 contributes to the scattered radiation, which causes an
increase in the intensity with respect to that in the a
direction. In this regard, we note that the geometric-
optics description of the shadowing effect does not lead to
negative polarization [83,91,92]. Unlike the field inhomo-
geneity in the near zone, which is most pronounced for
wavelength-sized particles, the mutual shielding effect is
independent of the sizes of the particles located in the
near field.

It is convenient to illustrate the effects of mutual
shielding of wavelength-sized particles by considering
light scattering by bispheres with touching components.
Fig. 15 depicts the intensity of light scattered by such

Fig. 15. The angular dependence of the intensity of light scattered by a bisphere having its axis in (a) the scattering plane and (b) in the perpendicular

plane. The solid and dashed curves correspond to the calculations accounting for the near-field components and ignoring them, respectively. The

calculated values of the relative intensity are normalized in the same way.
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bispheres in two orientations relative to the scattering
plane given, in this case, by the plane of the page. The size
parameters of the bisphere components are ~x ¼ 4 and
their refractive indices are ~m ¼ 1:32þ0:05i. The incident
quasi-monochromatic beam is unpolarized, and its pro-
pagation direction is indicated by the vector k0. The
results are shown for two models. The first one accounts
for all the components of the scattered field including
those decreasing faster than 1/r, i.e., including the near-
field components (solid curves). In other words, the
coefficients HðqÞLMlm in Eq. (20) are given by their most
general form, Eq. (19), wherein their radial dependence is
determined by the Hankel spherical functions. The second
model accounts for only the components decreasing as
1/r, i.e., ignores the near-field components (dashed
curves). In other words, the second model is based on
Eq. (46) implying the far-zone assumption.

The comparison of the model results shown in Fig. 15
reveals that when the bisphere axis lies in the scattering
plane then the intensity of the scattered light along the
axis (a¼901) calculated with full account of the near field
is substantially smaller (by approximately one order of
magnitude) than that calculated by ignoring the near
field. However, if the bisphere axis is perpendicular to
the scattering plane then there is no difference between
the model results for the intensity of light scattered in
side directions. Hence, in the case of the bisphere axis
lying in the scattering plane, the cause of the intensity
decrease is the mutual shielding (shadowing) of the
bisphere components. In other words, each sphere acts
as an obstacle for the propagation of the radiation
scattered along the bisphere axis.

As was noted in Section 2, Eq. (20) provides a complete
description of all the details of the field surrounding the
particles which, in particular, result in the mutual shielding
of particles [16]. In fact, if the field components decreasing
faster than 1/r are ignored by using Eq. (46) then Eq. (20)

describes spherical waves, i.e., the particle sizes are ignored
in comparison with the distances between them. In other
words, under the far-zone assumption, the shielding concept
becomes irrelevant. Therefore, for the scattering direction
parallel to the bisphere axis, the intensity calculated in the
far-field approximation far exceeds that calculated with full
account of near-field interactions. Calculations show that in
this case the shielding effect is noticeable for interparticle
distances up to several times the particle diameters.

5.1.3. Examples of near-field effects in aggregates

The influence of the near field on the intensity and
degree of linear polarization of the scattered light can also
be illustrated with a more complex example. Fig. 16
displays the scattering characteristics of a partially
oriented cluster consisting of one relatively large particle
with a size parameter of ~x ¼ 4 and a refractive index of
~m ¼ 1:32þ i0:05 and eight small particles, each having a

size parameter of ~x ¼ 1:5 and a refractive index of
~m ¼ 1:5þ i0:1. The coordinates of the cluster components

are detailed in the figure caption. The incident light
propagates along the positive z-axis. The scattering char-
acteristics of the cluster are averaged over all rotations of
the cluster about the z-axis and over variations of the
angles Wi of small particles within the 751 interval. The
relatively strong absorption and the random positioning
of the particles in the cluster were used in order to
diminish the contribution of interference effects resulting
from a regular arrangement of the particles.

The comparison of the model results calculated with the
near-field components accounted for and ignored shows
that the interaction of particles in the near field suppresses
the intensity in a wide angular range and induces negative
polarization in backscattering directions. It is worth noting
that the intensity, at least for the given cluster, is mostly
affected by shielding, since it is the shielding that sup-
presses the intensity in the side-scattering directions.

Fig. 16. The phase-angle dependence of (a) intensity and (b) linear polarization of light scattered by the cluster shown in the left-most panel. The

coordinates of eight small particles in the spherical coordinate system centered at the large particle (see the scheme on the left) are Ri¼5.5, 6.5, 5.8, 6.7,

6.2, 5.9, 7.1, and 6.8 (in units of size parameter), Wi¼751, 701, 651, 601, 551, 651, 751, 551, and ji¼01, 451, 901, 1351, 1801, 2251, 2701, and 3151. The results

calculated with the near-field components accounted for and ignored are shown by solid and dashed curves, respectively.
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The influence of the shielding and the near-field inhomo-
geneity on the polarization is difficult to distinguish,
because in this case both effects have the same sign.

For the interpretation of astronomical observations
and laboratory measurements, it is especially important
to distinguish the manifestations of different scattering
mechanisms in the range of small phase angles, where a
nonlinear increase of brightness and a narrow minimum
of negative polarization, the so-called brightness and
polarization opposition effects (BOE and POE), are often
observed (e.g., Refs. [11,83,93–95] and references
therein). Both effects have been attributed to CB caused
by scattering in particulate media (see, e.g., Refs. [4,11]
and references therein). However, one should keep in
mind that the CB concept is strictly applicable only in the
limit of very small packing density [4,11]. In the case of
densely packed media, the interaction of particles in the
near field may distort the influence of CB [15].

An example demonstrating the near-field effects on
the scattering characteristics of a densely packed cluster
is presented in Fig. 17. The results calculated by account-
ing for the near-field components and by ignoring them
are shown. It is clearly seen that the contribution of the
near-field interaction smoothes the opposition enhance-
ment of intensity and shifts the polarization minimum
and the inversion angle away from the exact backscatter-
ing direction. For this particular cluster, the near-field
contribution also makes the negative-polarization branch
deeper. However, as numerous model calculations show,
the latter effect depends strongly on the size parameter
and refractive index of the constituent particles.

It should be noted that the artificial removal of the near-
field components from the scattering computation can also
strengthen the contribution of coherent and diffuse scatter-
ing. Therefore, a more correct way to study the conse-
quences of the near-field interactions on the scattering
properties of random particulate media is to examine the
characteristics of aggregates with varying porosities.

5.2. Coherent backscattering and near-field effects for

ensembles of particles with varying packing densities

5.2.1. Model description

Recently, a number of papers devoted to the para-
metric analysis of the scattering characteristics of particle
aggregates and particulate volumes have been published
(see, e.g., Refs. [96–103] and references therein). Their
main objective has been to explain the results of photo-
metric and polarimetric observations of various comets,
atmosphereless celestial bodies, and laboratory samples.
However, from the standpoint of the analysis of pack-
ing density effects, the most robust method has been
that proposed by Mishchenko et al. [96] and later adopted
in Refs. [97,104–110]. To examine whether all backscat-
tering effects predicted by the low-density theory of CB
also take place in the case of densely packed media,
the model of a random particulate medium in the form
of a macroscopic spherical volume randomly filled with
N identical non-overlapping spherical particles has been
used.

This approach is based on using only one multi-
particle configuration, with particle positions inside the
spherical volume prescribed by a random-number gen-
erator. Although the mutual positions of the N particles
with respect to each other remain the same, they are
sufficiently ‘‘random’’ from the outset. Therefore, aver-
aging over all orientations of this configuration yields, in
effect, an infinite continuous set of random realizations of
the scattering volume while enabling one to apply the
efficient orientation averaging technique afforded by the
superposition T-matrix method [87]. Of course, this scat-
tering model cannot be expected to reproduce exactly the
great diversity of morphologies of discrete random media
encountered in laboratory and natural settings. However,
it is sufficiently representative to permit a meaningful
analysis of the effects of packing density on EM scattering
by discrete random media.

Fig. 17. Intensity normalized to its value at zero phase angle and polarization versus phase angle calculated for the cluster shown in the right-most

panel. The parameters of spherical particles constituting the cluster are ~x ¼ 1:5 and ~m ¼ 1:55þ i0:1. The results calculated with the near-field components

accounted for and ignored are shown by solid and dashed curves, respectively. The dotted curves show the results for a single particle.
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In the framework of this approach, it is assumed that
the statistically random particulate volume is illuminated
by a parallel quasi-monochromatic beam of light. The
observer is located in the far-field zone of the entire
spherical volume. Since all scattering and absorption
properties of the particulate volume are averaged uni-
formly over all orientations of the N-particle configura-
tion, they depend only on the phase angle.

Mishchenko et al. [96,97,104], Mishchenko and Mack-
owski [69], Mackowski and Mishchenko [108,109], and
Dlugach et al. [110] performed extensive computations of
the scattering characteristics of particulate volumes with
size parameters ~X ¼ k0R (where R is the radius of the
volume) ranging from 20 up to 60, filled with non-absorbing
spherical particles with real-valued refractive indices ~m

ranging from 1.194 to 1.6. Depending on ~x and ~m, the
number of monomers N was varied from 1 up to 1875.
Some numerical data were obtained for absorbing particles
with the imaginary part of the refractive index Imð ~mÞ¼0.01,
0.1, or 0.3. The values of the particle packing density in a
finite volume depend on the way the particle volume
fraction is defined. In the papers by Mishchenko et al.
[97,104] and Dlugach et al. [110], the packing density is
defined as ~x ¼N ~a3=ðR� ~aÞ3, where ðR� ~aÞ is the radius of the
sphere enclosing all constituent-particle centers.

To control the behavior of the negative polarization
branch at small phase angles with increasing number of
interacting particles, it is convenient to use constituent
particles causing neutral single-scattering polarization in
a sufficiently wide range of backscattering angles [97]. To
ensure that, proper {refractive index, size parameter}
combinations for the constituent spheres were selected.
For example, the refractive index of ice, ~m ¼ 1:31, dictates
the monomer size parameter ~x ¼ 2.

5.2.2. Numerical results

Representative examples of the results obtained by
Dlugach et al. [110] for the case of unpolarized incident
light are shown in Fig. 12b–e. The phase-angle depen-
dences of the intensity and polarization for volumes
containing ice particles with packing densities less than
30% (Fig. 12b and c) show perfect qualitative agreement
with the predictions of the low-density theory of CB.
Indeed, the normalized scattered intensity exhibits back-
scattering peaks which rapidly grow with N but have
virtually the same angular widths. In the phase-angle
range from 01 to 301, linear polarization rapidly develops
a pronounced minimum of negative values. The phase
angle of minimal polarization is essentially independent
of N and decreases with increasing ~X approximately as
1= ~X . The angular position of the polarization minimum
is comparable to the angular semi-width of the BOE.
Furthermore, the phase-angle profile of the negative
branch is asymmetric, so that its minimum is significantly
closer to zero phase angle than to the inversion angle. This
means that the polarization minima in Fig. 12b and c have
the same basic morphology as the POE predicted by the
low-density theory of CB [4,82]. Moreover, T-matrix
calculations for different real refractive indices show that
the angular widths of the backscattering intensity peaks

are virtually independent of ~m, while the negative-polar-
ization features are almost identical.

Since non-zero absorption can weaken various manifes-
tations of multiple scattering significantly, it is important to
verify whether the WL interpretation of the backscattering
features identified previously for non-absorbing particles is
consistent with the expected behavior of these features with
growing Imð ~mÞ. The results of extensive computations for
absorbing particles [110] (sample results are presented in
Fig. 12d) have revealed a rather complex behavior of the
opposition features in this case. The changes in the ampli-
tude and width of the backscattering intensity peak as well
as in the depth and width of the negative-polarization
branch with increasing absorption can be non-monotonic.
One has to conclude that increasing absorption can either
enhance or suppress various manifestations of CB depend-
ing on the particle packing density and the real part of the
refractive index [110]. This is not surprising, since increasing
Imð ~mÞ modifies not only the absorptivity of the constituent
particles but also their single-scattering properties.

The optical effect of increasing the number of particles
in a volume can be expected to be twofold [97]. At the
outset, it facilitates multiple scattering and thus enhances
the classical RT and CB features. Eventually, however, it
causes scattering patterns not predicted by the low-
packing-density theories of RT and CB. This implies that
the RT and CB interpretation of the T-matrix results may
fail if the packing density becomes exceedingly large.

Fig. 12e shows one example illustrating the effect of
increasing packing density in ensembles of non-absorbing
particles. Indeed, starting from packing densities �30%,
the phase curves develop high-frequency interference
ripples typical of a single spherical particle with a size
greater than the wavelength [24]. This behavior is
obviously inconsistent with the RT and CB predictions.
To better distinguish packing-density effects in closely
packed aggregates, the interference features can be
smoothed by distorting the regular spherical shape of
the particulate volume [107], as shown in Fig. 18. It is
seen that for such non-spherical volumes, the BOE
becomes wider and the polarization minimum moves
away from opposition when the packing density grows.
Moreover, depending on the size parameter of the con-
stituent particles and the real part of the refractive index,
the negative branch of polarization may become wider
and deeper, while the BOE is weakened in more closely
packed absorbing aggregates. Evidently, this behavior of
the phase-angle curves does not follow from the low-
density theory of CB. Similarly to the case with a spherical
volume [110], the modeling with absorbing distorted
spherical volumes also shows that changes in the back-
scattering features are not completely monotonic when
the absorption and/or packing density increases [107].

5.2.3. Discussion

In an optically thick non-absorbing or weakly absorbing
particulate layer, the interference base is controlled by the
transport mean free path, while in a finite and relatively
small volume randomly filled with particles it is controlled
by the volume size parameter. Therefore, numerically exact
computations for finite particulate volumes cannot always
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reproduce the behavior of the scattering characteristics
typical of natural particulate media. However, the model
of a finite scattering volume allows one to obtain direct
computer solutions of the MMEs without making the
simplifying yet questionable assumption of a small packing
density. Consequently, the evolution of multiple-scattering
effects, especially for CB and near-filed interactions, in
complex ensembles of particles with increasing packing
density can be traced unequivocally.

The results of extensive numerically exact computer
simulations described above imply that:

(1) For ensembles of non-absorbing or weakly absorb-
ing particles, the backscattering effects such as the
BOE and POE predicted by the low-density theory of

CB also take place for densely packed media. If the
packing density exceeds �25–30% (depending on
the particle refractive index and size parameters),
the backscattering characteristics start to exhibit
behavior deviating from the classical low-density
predictions. Nevertheless, we may conclude that the
CB features still survive packing densities typical of
particulate surfaces and particle suspensions encoun-
tered in natural and artificial environments.

(2) For ensembles of absorbing particles, the changes in
the behavior of the backscattering features with
increasing packing density are not monotonic and
do not always obey the low-density CB theory. In
general, the opposition intensity surge becomes wider
and the negative-polarization minimum shifts away

Fig. 18. Optical characteristics of the scattering volumes randomly filled with a number N of spherical particles with parameters indicated in the plots.

The numbers of particles in the volume and the corresponding values of the packing density defined as x¼N ~a3=R3 are also shown in the legends. The

shape of the volumes is a ‘‘distorted’’ sphere, as illustrated by the inset showing an aggregate of 300 particles with ~x¼1.7 filling a ~X¼17 volume.
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from opposition with growing packing density. In
addition, depending on the particle size parameter
and real part of the refractive index, the negative-
polarization minimum can become more pronounced.
This behavior of the backscattered intensity and
polarization is consistent with the increasing contri-
bution of the near-field effects (see Section 5.1 as well
as Refs. [14,15,42]).

The rapidly growing body of evidence appears to
corroborate the conclusion that CB is the likely cause of
the remarkably narrow BOE and POE observed for high-
albedo objects of the Solar System and bright laboratory
samples (e.g., Refs. [11,111]). The explanation of the
robustness of the typical manifestations of CB can be as
follows: the waves that are multiply scattered by widely
separated particles in a rather closely packed medium still
provide a significant cumulative contribution to the
scattered radiation [96]. In an absorbing densely packed
medium, the near-field effects play a significant role and
weaken the manifestations of CB. Moreover, depending on
the properties of the constituent particles, the near-field
interactions may strengthen the negative polarization at
small phase angles. The latter effect may explain the
negative-polarization branch observed for dark objects
exhibiting no opposition effect in the scattered intensity
(e.g., Ref. [107]).

6. Concluding remarks

This review was focused on certain aspects of the
theory of EM scattering by systems of particles and
discrete random media. All equations and numerical
results were obtained from the MMEs either directly or
by using a well-defined and reproducible approximation.
Phenomenological and approximate theories and meth-
ods with poorly defined accuracies and ranges of applic-
ability were intentionally left out (cf. Refs. [58,112]).

Special attention was paid to EM scattering by densely
packed discrete random media. The particular importance
of this subject is explained by the need for an adequate,
physically based interpretation of remote-sensing data
obtained for different objects, including data of ground-
based observations of atmosphereless celestial bodies,
optical studies of the terrestrial surface and atmosphere
from spacecraft, etc. Unfortunately, a complete and prac-
tically usable theory of EM scattering by densely packed
media is still not available, while the scattering theory
for sparse particulate media is rather advanced. The
optical characteristics of sparse discrete random media
are determined by only two types of scattering: diffuse (or
incoherent) scattering and CB described by the RTT and
the theory of WL, respectively. Although these theories
are based on the far-field assumption (i.e., the constituent
particles are assumed to be in the far-field zones of each
other), the results of numerically exact computer solu-
tions of the MMEs for macroscopic volumes filled with
randomly positioned spherical particles show that the
actual range of applicability of the RT and CB concepts can
be significantly wider. In particular, observations can be
correctly interpreted even if the particle packing density

reaches 20–30% provided that the particles are non-
absorbing or weakly absorbing.

To calculate the characteristics of radiation reflected
from a densely packed medium, it is insufficient to solve
the RT and WL equations, even if they are written in the
form based on the neglect of the far-field assumption. In
these media, the incident and scattered fields are related in
the vicinity of a particle. Consequently, effects caused by the
interference, such as that of waves scattered once and twice,
can be observed that do not exist in sparse media. The
results of multiple-scattering calculations for ensembles of
randomly positioned particles show that a considerable
increase of packing density changes significantly the
phase-angle dependences of the scattered intensity and
polarization at backscattering geometries. This allows one
to estimate the contribution of the near-field effects and,
consequently, the packing density of particles and their
absorption properties. However, the quantitative interpreta-
tion of measurements of radiation reflected by a densely
packed medium in terms of particle sizes, refractive indices,
and packing densities still remains problematic. That is why
direct computer solutions of the MMEs have recently been
used with great success for the study of scattering char-
acteristics of large, though still limited, multi-particle
systems. It is not claimed that such modeling can reproduce
exactly the scattering properties of natural particulate
media. However, its critical advantage is that it permits a
thorough qualitative and semi-quantitative analysis of the
effects of packing density on multiple scattering. This
analysis allows one not only to determine the range of
applicability of the low-density RT and WL theories, but also
to understand the complex scattering mechanisms acting
in density packed media. The latter is important for the
development of improved theories of EM scattering by
realistic particulate surfaces and dense particle suspensions.
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Appendix A. Spherical and helical basis vectors

Covariant spherical basis vectors are defined as follows
[34]:

en ¼�n
1ffiffiffi
2
p ðexþ ineyÞ, e0 ¼ ez:

Here, n¼ 71 and ex,ey,ez are unit vectors along the
corresponding axes of a Cartesian coordinate system.
Contravariant spherical basis vectors en can be expressed
in the covariant ones as follows: en ¼ e�n. Spherical basis
vectors form a complex orthonormal basis:

eqep ¼ eqe�p ¼ dqp ðp,q¼ 71,0Þ:
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Any vector can be decomposed as follows:

A¼
X

p

Apep ¼
X

p

Apep,

where Ap and Ap are the covariant and contravariant
components, respectively:

An ¼�A�n ¼�n
1ffiffiffi
2
p ðAxþ inAyÞ,

A0 ¼ A0 ¼ Az:

Covariant helical basis vectors are determined as follows:

eðhÞn ¼�n
1ffiffiffi
2
p ðeWþ inefÞ, eðhÞ0 ¼ er ,

where n¼ 71, and er ,eW,ef are the corresponding unit
vectors of the spherical coordinate system. Contravariant
helical basis vectors are defined as complex-conjugate
covariant helical vectors.

Appendix B. Spherical vectors

Spherical vectors (or irreducible spherical tensors of
rank 1) can be represented in the form [34]:

YL
JMðW,jÞ ¼

X
p

CJM
Lm1pYLmðW,jÞep:

Here, CJM
Lm1p are CGCs [34] (see also Appendix D), m¼M�p,

YLmðW,jÞ are scalar spherical harmonics [34], and ep are
covariant spherical basis vectors (p¼ 0,71). The indices J

and L are non-negative integers, �JrMr J,�LrmrL.
For a fixed J, L takes the values L¼ J,L¼ J71. Three such
vectors with identical J and M form an orthogonal basis:

YL
JMðW,jÞUY�L1

JM ðW,jÞ ¼ 0, ðLaL1Þ :

The representation of the spherical vectors in terms of
helical basis vectors has the form

YL
JMðW,jÞ ¼

X
p

½YL
JMðW,jÞ	peðhÞp ,

where the contravariant components ½YL
JMðW,jÞ	p of the

vector YL
JMðW,jÞ are given by

½YL
JMðW,jÞ	p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

r
CJp

L01pDJ
�p�Mð0,W,jÞ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

r
CJp

L01pD�JMpðj,W,0Þ:

Here D�JMpðj,W,0Þ ¼DJ
�p�Mð0,W,jÞ is the Wigner D function

[34] (see also Appendix C). The covariant and contra-
variant components of the spherical vector YL

JMðW,jÞ are
related:

½YL
JMðW,jÞ	p ¼ ð�1Þp½YL

JMðW,jÞ	�p:

The expansion of a plane wave in spherical vectors
YL

JMðW,jÞ has the form [34]

eðk̂ÞexpðikrÞ ¼ 4p
X
JLM

iLjLðkrÞ½eðk̂ÞUY�LJMðW0,j0Þ	Y
L
JMðW,jÞ:

Here, W0,j0 and W,j are spherical angles of the vectors k
and r, respectively. A vector eðk̂Þ determines the state of
wave polarization. If eðk̂Þ is a helical vector then the above
expansion can be rewritten as follows:

eðhÞn ðk̂ÞexpðikrÞ ¼
X
LM

wLM njLðkrÞXLMðW,jÞþ 1

k
r � jLðkrÞXLMðW,jÞ

� �
,

where wLM ¼�4piL ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Lþ1Þ=8p

p
DL

MnðW0,j0,0Þ and
XJMðW,jÞ � YJ

JMðW,jÞ.
The vectors FL

JMðrÞ ¼ zLðkrÞYL
JMðW,jÞ are solutions of the

vector Helmholtz equation

DFþk2F¼ 0

and are known as the vector Helmholtz harmonics [26].
Here zLðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p=ð2xÞ

p
ZLþ1=2ðxÞ and ZLþ1=2ðxÞ is any cylind-

rical function of order Lþ1=2. If rUF¼ 0 then the solu-
tion of the vector Helmholtz equation can be expressed in
the vectors zLðkrÞXLMðW,jÞ and ð1=kÞr � zLðkrÞXLMðW,jÞ
only. These vectors are closely related to the trans-
verse vector spherical wave functions Mmnðkr,W,jÞ and
Nmnðkr,W,jÞ [24]:

hnðkrÞXnmðW,jÞ ¼ iMmnðkr,W,jÞ,
1

k
r � hnðkrÞXnmðW,jÞ ¼ iNmnðkr,W,jÞ,

jnðkrÞXnmðW,jÞ ¼ iRgMmnðkr,W,jÞ,
1

k
r � jnðkrÞXnmðW,jÞ ¼ iRgNmnðkr,W,jÞ,

where hnðkrÞ and jnðkrÞ are Hankel and Bessel spherical
functions, respectively. Let us denote MLMðzLðkrÞ,rÞ ¼
zLðkrÞXLMðW,jÞ and NLMðzLðkrÞ,rÞ ¼ ð1=kÞr � zLðkrÞXLMðW,jÞ,
where zLðkrÞ is the Bessel or Hankel spherical function. Let a
vector r be represented as r¼ r1�r2. Then the translation
addition theorem for vectors MLMðz,rÞ and NLMðz,rÞ in a
compact notation of functions zLðkrÞ reads as follows [22,38]:

MLMðz,rÞ ¼
X
lm

HlmLMðr2ÞMlmðy,r1ÞþKlmLMðr2ÞN lmðy,r1Þ½ 	,

NLMðz,rÞ ¼
X
lm

KlmLMðr2ÞMlmðy,r1ÞþHlmLMðr2ÞN lmðy,r1Þ½ 	,

where

HJNLMðr2Þ

KJNLMðr2Þ

)
¼ ð�1ÞMþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Jþ1Þð2Lþ1Þ

p X
l

iJ�l�Lglðkr2Þ

�Dl
m10ðj2,W2,0ÞClm1

JNL�MCl0
J1L�1

IþJLl

I�JLl
,

(

y¼ jlðkr1Þ, glðkr2Þ ¼ zlðkr2Þ if r1or2,

y¼ zlðkr1Þ, glðkr2Þ ¼ jlðkr2Þ if r14r2,

m1 ¼N�M, I7lLL1
¼ ½17ð�1ÞlþLþL1 	=2, and j2,W2 are spheri-

cal coordinates of the vector r2.

Appendix C. Wigner D functions

Wigner D functions represent the matrix elements of
the rotation operator and are defined as follows [34]:

DL
MNðn̂0,n̂1Þ �DL

MNða,b,gÞ ¼ expð�iMaÞdL
MNðbÞexpð�iNgÞ:

Here L¼ 0,1,. . .,�LrMrL,�LrNrL, and the Euler angles
a,b, and g determine the rotation from a coordinate system
n̂0 to a coordinate system n̂1. The Wigner d functions dL

MNðxÞ
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are closely related to the generalized spherical functions
Pl

mnðxÞ

Pl
mnðxÞ ¼ im�ndl

mnðxÞ:

Spherical functions YLMðW,jÞ are a particular case of the
Wigner D functions

YLMðW,jÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

r
DL

0�Mð0,W,jÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

r
D�LM0ðj,W,0Þ:

The addition theorem for the Wigner D functions reads

DL
Mmðn̂1,n̂2Þ ¼

X
m1

DL
Mm1
ðn̂1,n̂0ÞD

L
m1mðn̂0,n̂2Þ

¼
X
m1

D�Lm1Mðn̂0,n̂1ÞD
L
m1mðn̂0,n̂2Þ:

A direct consequence of the addition theorem is the
unitarity conditionX
m1

DL
Mm1
ðn̂1,n̂2ÞD

�L
mm1
ðn̂1,n̂2Þ ¼ dMm:

The D functions have many symmetry properties; several
are listed below:

DL
Mmðn̂1,n̂2Þ ¼ ð�1ÞM�mD�L�M�mðn̂1,n̂2Þ,

DL
Mmðn̂1,n̂2Þ ¼D�LmMðn̂2,n̂1Þ,

DL
Mmðn̂1,n̂2Þ ¼ ð�1ÞM�mD�LMmð�n̂1,�n̂2Þ,

DL
Mmðn̂1,n̂2Þ ¼ ð�1ÞLDL

M�mðn̂1,�n̂2Þ:

A product of two Wigner D function can be decomposed
into a CGS:

DL
Mmðn̂1,n̂2ÞD

L1

M1m1
ðn̂1,n̂2Þ ¼

X
L2M2N2

CL2M2

LML1M1
CL2N2

LmL1m1
DL2

M2N2
ðn̂1,n̂2Þ,

where the symbols C with indices are CGCs (Appendix D).
The orthogonality property of the D functions reads as
follows:Z 2p

0
da
Z 2p

0
dg
Z p

0
DL

MNða,b,gÞD�lmnða,b,gÞsinbdb

¼
8p2

2Lþ1
dLldMmdNn:

In the particular case of one D function this formula takes
the formZ 2p

0
da
Z 2p

0
dg
Z p

0
DL

MNða,b,gÞsinbdb¼ 8p2dL0dM0dN0:

Appendix D. Clebsch–Gordan coefficients

Explicit forms of the CGCs can be found in many
publications (see, e.g., Ref. [34]). The CGCs CL1M1

LMlm are
real-valued coefficients which are non-zero only when
9l�L9 rL1r lþL, M1 ¼mþM, LZ 9M9, lZ 9m9, and
L1Z 9M19. The indices L,L1,l are non-negative integers or
half-integers, while M,M1,m are integers or half-integers.

The unitarity relation for the CGCs readsX
Mm

CL1M1

LMlmCL2M2

LMlm ¼ dL1L2
dM1M2

:

The CGCs have many symmetry properties, in particular,

CL1M1

LMlm ¼ ð�1ÞL1þLþ lCL1�M1

L�Ml�m ¼ ð�1ÞL1þLþ lCL1M1

lmLM

¼ ð�1Þlþm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L1þ1

2Lþ1

r
CL�M

L1�M1 lm

¼ ð�1ÞL�M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L1þ1

2lþ1

r
Cl�m

LML1�M1
:

Explicit forms of the CGCs for some frequently encoun-
tered combinations of indices are given below:ffiffiffiffiffiffiffiffiffiffi

2Lþ1
4p

q
CJ71

L0171 ¼

ffiffiffiffiffi
J

8p

q
,

ffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

q
CJ0

L010 ¼�

ffiffiffiffiffiffiffi
Jþ1
4p

q
, ðL¼ Jþ1Þ ,

ffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

q
CJ71

L0171 ¼ 8
ffiffiffiffiffiffiffiffiffi
2Jþ1

8p

q
,

ffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

q
CJ0

L010 ¼ 0, ðL¼ JÞ ,ffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

q
CJ71

L0171 ¼

ffiffiffiffiffiffiffi
Jþ1
8p

q
,

ffiffiffiffiffiffiffiffiffiffi
2Lþ1

4p

q
CJ0

L010 ¼

ffiffiffiffiffi
J

4p

q
, ðL¼ J�1Þ :
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