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Multiple scattering an arbitrary system of non-spherical particles. The main relations are derived in the
Coherent backscattering circular-polarization basis. By applying methods of statistical electromagnetics to a
Radiative transfer discrete random medium in the form of a plane-parallel layer, we transform these
Discrete random media relations into equations describing the average (coherent) field and equations for the

Near-field effects

} - o sums of ladder and cyclical diagrams in the framework of the quasi-crystalline
Quasi-crystalline approximation

approximation. The equation for the average field yields analytical expressions for the
generalized Lorentz-Lorenz law and the generalized Ewald-Oseen extinction theorem,
which are traditionally used for the calculation of the effective refractive index. By
assuming that the particles are in the far-field zones of each other, we transform all
equations asymptotically into the well-known equations for sparse media. Specifically,
the equation for the sum of the ladder diagrams is reduced to the classical vector
radiative transfer equation. We present a simple approximate solution of the equation
describing the weak localization (WL) effect (i.e., the sum of cyclical diagrams) and
validate it by using experimental and numerically exact theoretical data. Examples of
the characteristics of WL as functions of the physical properties of a particulate medium
are given. The applicability of the interference concept of WL to densely packed media
is discussed using results of numerically exact computer solutions of the macroscopic
Maxwell equations for large ensembles of spherical particles. These results show that
theoretical predictions for spare media composed of non-absorbing or weakly absorbing
particles are reasonably accurate if the particle packing density is less than ~30%.
However, a further increase of the packing density and/or absorption may cause optical
effects not predicted by the low-density theory and caused by near-field effects. The
origin of the near-filed effects is discussed in detail.

Published by Elsevier Ltd.

Abbreviations: CB, coherent backscattering; CGC, Clebsch-Gordan coefficient; CGS, Clebsch-Gordan series; CP, circular polarization; EM, electromagnetic;
LP, linear polarization; MMEs, macroscopic Maxwell equations; QED, quantum electrodynamics; RT, radiative transfer; RTE, radiative transfer equation; RTT,
radiative transfer theory; VRTE, vector radiative transfer equation; WL, weak localization

* Corresponding author. Tel.: +1 212 678 5590; fax: +1 212 678 5622.

E-mail addresses: crmim2@gmail.com, mmishchenko@giss.nasa.gov (M.I. Mishchenko).

0022-4073/$ - see front matter Published by Elsevier Ltd.
doi:10.1016/j.jqsrt.2011.04.010



2096 V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095-2127

Contents

B S o (o e ot o (o) o AP 2096
Scattering of electromagnetic waves by a system of particles. . ... ... ... .ttt et e e 2097

2.1, Statement of Problem . . ... ... . e 2097

2.2.  Scattering in the far-field zone . . . ... ... . e e 2099

3. The effective refractive INAeX . . . ... . ittt et et e et e et et e e e e 2100
3.1. Calculation of the coherent field in the quasi-crystalline approximation ................. ... i, .. 2100

3.2. Calculation of the coherent field using the Twersky approximation for correlated scatterers.................. 2103

3.3.  Random media composed of identical spherical particles . ... ...... ... ... i 2104

3.4.  Far-fleld approXimation . . ... ... .ttt e e e 2104

3.5. Dependence of the effective refractive index on particle concentration .................. ot .. 2104

4. Electromagnetic scattering by discrete random media. . . ... ... ... e 2105
4.1. Ladder and cyclical diagrams. . . ... ...ttt e e 2105

4.2. Equation for the incoherent part of the scattered radiation. ... ....... ... ...ttt niinnnnnnnn. 2107
42.1. The ladder approximation for densely packed media. ........... ... .. . i, 2107

4.2.2. The ladder approximation for sparse media. . ... ........uutiittt ittt e 2108

4.3. Equation for the coherent part of the scattered radiation .. .......... ... . ittt 2109
4.3.1.  ReCIProCity relations . .. ... ...ttt ittt ettt ettt et e e e 2109

4.3.2. Cyclical diagrams for densely packed media. . . ........... ... . . i e 2109

433, Cyclical diagrams for sparse media. .. .........uutiittit it e e e e 2110

4.3.4.  Exact backscattering dir€Ction. . . . ... ...ttt et e e et e e 2111

4.4. Approximate method for solving the equation for the coherent part of radiation reflected by a semi-infinite discrete

random MEdIUML . . ...ttt ettt e e e et e ettt e e e e e e e 2111

441, BaSiC @QUALIONS. . . .ttt ettt it e e e e e e e e e e e 2111

4.4.2. Robustness of the approXimation . ........... ... .. ittt e e e 2113

443, (B as a function of medium characteristics: examples. . .. ...... ...ttt 2114

5. Interaction of particles in the near field as revealed by scattering properties of aggregates . ........................ 2116
5.1.  Effects of near-field interactions on scattering characteristics. ... ............ ittt 2117
5.1.1. Inhomogeneity of near-zone fields . ... ........ .. it e e 2117

5.1.2.  Mutual shielding of particles. . .. ... ... e e e e e 2118

5.1.3. Examples of near-field effects in aggregates. . . ........... ittt e e e 2119

5.2.  Coherent backscattering and near-field effects for ensembles of particles with varying packing densities. . ...... 2120
5.2.1.  Model desCription . .. ... ...ttt e e 2120

5.2.2.  Numerical TeSUIS. . . ..ottt et ettt et e e 2121

5.2.3.  DISCUSSION. .« o vttt ittt e e e e e e e e e e e e e 2121

6. ConCIUAING TOMIATKS . . . . ottt ettt ettt e et e et e et e et e et e et e e 2123
ACKNOWIBAZMENILS . . . . oottt ettt ettt et e et e e e e e e e e e e e 2123
Appendix A Spherical and helical basis VECTOIS . . . .. ... i et e ettt e e e 2123
Appendix B SPherical VeCtOrsS . . ... ..o e e e e 2124
Appendix C Wigner D fUNCHIONS . . ... ...ttt it e ettt e ettt e e e e e et e e e e e e e 2124
Appendix D Clebsch-Gordan coeffiCients . ... ... ... i et et et et e et et e e 2125

RO O ENICS . . ..ttt e e e e 2125

1. Introduction

Depending on the relation between the mean size of the
scatterers, the average distance between them, and the
wavelength of the incident light, scattering media can be
conventionally classified into two types: (i) continuous
media with fluctuations of the refractive index and (ii) media
with discrete heterogeneities (particulate or powder-like
media). The theoretical description of electromagnetic (EM)
scattering by these two types of medium requires noticeably
different approaches, although the main physical principles
remain the same. The scattering theory for continuously
inhomogeneous media is rather thoroughly developed
(see, e.g., Refs. [1-3]), while the progress in the theory
applicable to discrete media has been substantially
slower, especially for particles with sizes comparable
to the wavelength of the incident light A. In this size
range, the wavelength dependence of characteristics
of the scattered radiation is particularly strong, which

makes this case most important from the standpoint of
interpretation of observational data. In the case of visible
wavelengths, techniques dealing only with energetic and
polarization characteristics of radiation are traditionally
used [4].

The methods used in theoretical analyses of EM
scattering by sparse and densely packed particulate media
are substantially different. In the case of a sparse medium,
the analysis is relatively straightforward due to several
simplifications. If the distances between the scatterers are
much greater than their sizes and the wavelength, the
wave propagating from particle j to particle s can be
considered spherical. Furthermore, in the vicinity of
particle s this wave can be assumed to be a locally
homogeneous plane wave. When describing the scatter-
ing by particle s, the simplification of a plane wave allows
one to invoke such concepts of the single-scattering
theory as the scattering matrix, the extinction cross
section, etc. Moreover, if the scatterers are randomly



V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095-2127 2097

positioned throughout the medium, the scattered radia-
tion can be represented as a sum of two parts. One of
them corresponds to incoherent (diffuse) scattering and is
described by the well-known radiative transfer equation
(RTE) obtained by summing the so-called ladder diagrams
in the diagrammatic representation of the Bethe-Salpeter
equation. This part of the scattered radiation depends on
the properties of the medium relatively weakly. The
second part corresponds to the sum of cyclical diagrams
and arises from the interference of pairs of conjugate
waves scattered along the same string of particles in the
medium but in opposite directions [4-10]. Constructive
interference of the scattered waves manifests itself as a
narrow interference peak of intensity centered at exactly
the backscattering direction as well as causes a specific
behavior of polarization in the backscattering domain. In
the literature, this phenomenon is called weak localiza-
tion (WL) of waves in a particulate medium or coherent
backscattering (CB; see, e.g., Ref. [4]). One of potential
manifestations of WL in the case of unpolarized incident
light is a narrow branch of negative values of the degree
of linear polarization near the exact backscattering direc-
tion. It is currently believed that WL causes the opposition
effects in brightness and polarization observed for many
atmosphereless bodies of the Solar System [11].

The interference nature of the second part of the
scattered radiation implies that the coherent radiation is
much stronger dependent on the properties of the med-
ium (such as the packing density, sizes, shapes, and
refractive indices of the scatterers) than the diffuse
radiation. This factor allows one to interpret observational
data more reliably and thoroughly, provided that an ade-
quate theoretical model is available. Currently, however,
the theoretical analysis of the interference part of the
scattered radiation is still poorly developed, which hin-
ders the full extraction of the potential information
content of an optical observation.

In a densely packed medium, the sizes of the consti-
tuent scatterers and the distances between them can be
comparable to the wavelength /4. In this case, effects
caused by the near field can play an important role. The
radiation scattered by such a medium cannot be repre-
sented as the sum of only two parts, unlike the case of a
sparse medium. Moreover, on a A scale, the fields are
strongly inhomogeneous even in a statistically homoge-
neous and isotropic medium [12-16]. As a consequence,
the description of scattering becomes substantially more
involved than the approximation of a plane homogeneous
wave. All these phenomena are difficult to analyze, and
the existing analytical models of multiple scattering by
densely packed media do not account for them at all or
include them in a highly approximate way. The role of the
near field in forming the brightness and polarization
characteristics of the scattered radiation, especially the
opposition effects, has not been properly studied. This
complicates the interpretation of remote-sensing data for
various objects, in particular optical observations of atmo-
sphereless celestial bodies.

In this review, the theory of multiple scattering of EM
waves by discrete random media is considered in the
framework of statistical electrodynamics, the foundations

of which were established by Foldy [17], Lax [18,19], and
Twersky [20] (see also Ref. [4] and references therein).
The scattering particulate media are assumed to be statis-
tically homogeneous, isotropic, and non-chiral. To char-
acterize the radiation, the Stokes parameters are used
throughout.

2. Scattering of electromagnetic waves by a system of
particles

2.1. Statement of problem

The theory of EM scattering by a system (cluster) of
particles is most thoroughly developed for the case of
spherical components. A vast list of publications devoted
to the scattering of light by aggregates of spherical
particles can be found in Refs. [21-28]. Although the
T-matrix solution of the scattering problem is also known
for systems of non-spherical particles [24,29,30] and even
for aggregates of multilayer non-spherical particles [31],
it is much more involved than that for spherical compo-
nents and has not yet found extensive applications. There
is no doubt, however, that as a basis for modeling differ-
ent effects of multiple scattering and a framework for
developing the theory of multiple scattering by particu-
late media, the exact theory of EM scattering by systems
of arbitrary scatterers is utterly important.

Let us first specify the restrictions on the structure of a
cluster and its components adopted thereafter. It is
assumed that the constituent particles are homogeneous
and that their smallest circumscribing spheres do not
overlap. These assumptions allow us to calculate the
scattered field by applying the so-called superposition
T-matrix method ([23,24,32] and references therein).

To describe EM scattering by a cluster of N particles,
we use the coordinate system shown in Fig. 1. The
coordinates of the cluster components are defined by
their respective position vectors R; (j=1,..,N) in the
laboratory coordinate system np with axes (x, y, z).
Throughout the paper, a bold upright letter with a caret,

4
ZO
\k“.
P e}’n ezo
Zf r L ¢ %
J
€,
o)
i
RJ'
X; r, Yy

Fig. 1. Coordinate systems used to describe EM scattering by a cluster.
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Vv, denotes a right-handed coordinate system (x, y, z)
with the z-axis along the vector v while the symbol —
denotes the coordinate system with axes (x, —y, —z). The
origin of the laboratory coordinate system is near the
center of the cluster (or in the center of the smallest
circumscribing sphere of the cluster). The incident plane
wave propagates along the positive zg-axis of the coordi-
nate system f(o directed along the wave vector Kq (ko=27/1).
The wave scattered by the cluster propagates in the
direction of the observation point along the wave vector
Ksc (kse=Kkg) of the coordinate system f(sc. The rotation
from ny to Ko is determined by the Euler angles
®o, %o, and ¥, The Euler angles ¢, 3, and  specify the
rotation from ng to ksc Finally, the rotation from ko to ksc
is specified by the Euler angles ¢, 95, and . In addi-
tion to these reference frames, coordinate systems affixed
to each scatterer are introduced. The origins of these
coordinate systems are in the centers of the smallest
spheres circumscribing the scatterers, while their axes
are oriented parallel to those of the laboratory coordinate
system (Fig. 1).

EM scattering is conveniently described by using the
so-called circular-polarization (CP) basis [24]. Specifically,
the electric field of a circularly polarized incident plane
wave can be written as follows:

E? = e, (ko)exp(ikor—imt), (1)

where i=(—1)"? n= £ 1, w is the angular frequency, t is
the time, and e, (ko) is a covariant spherical basis vector
[34] in the coordinate system kp formed by the unit
vectors ey, and e,, (Fig. 1). If n=1 then the direction of
rotation of the vector (1) is clockwise when looking in the
direction of the vector Kq. If n=—1 then the direction of
rotation is counterclockwise. The resulting polarization is
called right-handed or left-handed, respectively [24].
(In optics, the reverse definition of right- and left-handed
polarizations is often used; e.g., Ref. [33].) The time
dependence of the scattered wave is described by the
complex exponential exp(—iwt). In what follows, this
time factor will be consistently omitted.

At any point outside the particles, the field scattered
by the cluster can be represented as a superposition of the
fields scattered by its components [4,23,24]

N
E=> EY, @

=1

where E? is the field scattered by particle j. Here, the field
EY does not represent only the single scattering of the
incident field by particle j and must be calculated with full
account of the interactions between the scatterers. Each
term in Eq. (2) satisfies the Helmholtz equation

AE? + K2E? =0, (€)

where k; = koth; and k; = ko for the fields inside and outside
the particle, respectively, and m; = Re(1h;)+ilm(f;) is the
complex refractive index of particle j.

In the spherical coordinate system, the solution of
Eq (3) can be expressed in vector Helmholtz harmonics
FJM =z (ki)Y M(9 .@;) [26,34]. Here, zL(kjrj) is a Bessel or
Hankel sphencal function and YJM(SJ ;) is the spherical

vector [34]. It is further assumed that the particles carry
no charge (i.e., the divergence A-E?” =0). In this case, at
any point P not occupied by the particles (see Fig. 1), the
field E¥ is expressed in one of the spherical vectors
Xm(3,0) EYjM(S,qo) as follows (see, e.g., Refs. [26,34,35]):

. —(1)
EV=>" nbihhy (kor) Xun(%, P+ LMV x hy (ko) Xim(%,9)) |-

LM
“)

Eq. (4) yields the wave scattered by particle j with respect
to the coordinate system affixed to this particle (Fig. 1).
Here, 9; and @, are the angular coordinates of the obser-
vation point P (i.e., of the vector r;) in the coordinate
system of particle j. The Hankel spherical function of the
first kind h;(x) is chosen as a radial function, since the
scattered field must evolve into a diverging spherical
wave at a large distance from the particle.

In the coordinate system of particle j, the incident
external field E? of Eq. (1) can be also expanded in a
series analogously to Eq. (4) [26,34,35]

, )T 1o .
EY=>"w), [nJL(korj)XLM(S-.ij 7o v < Jukor)Xu (55, 0y)|.
LM

where WLM = —4nit exp(lkoRj)\/((2L+1)/8n D,Lw“(no,l(o)
and DE, (g, Ko) = DY, (900, %0.%0) is the Wigner function
[34] describing the rotation of a spherical vector from the
coordinate system fig to the coordinate system Ko.

With respect to particle j, the external field is

EOinc — g0 ZE(S)' (5)
S#j

Each term in the sum (5) is described by an equation of
the type (4) in the coordinate system of particle s. To
apply the T-matrix method to each particle, the field
written in the coordinate system of particle s should be
expanded in vector harmonics in the coordinate system of
particle j. These transformations can be performed using
the addition theorem for the vector Helmholtz harmonics
[22,36,37]. This theorem should be applied to the field
scattered by particle s in order to write this field in the
coordinate system of particle j. Then, the field (5) is
expressed as follows [35]:

N N qWinc
EOinc _ Z {b%ﬂcﬁ(korpxm(s] (ﬂ])+ lkM \% X]L(korj)XLM(L‘)] ([)j):|
LM
(6)
where
' —(s) _
afi =wiy+ > (b Kuaim(rio)+ @ Hiam (o)), ()
s#j,Im
(yinc 0 7 —=(s)
biy" =nwiy+ Z (nblmHLMlm(rjs)+almKLMlm(rjs)>‘ 3
s#j,Im

Here Hjpim(xjs) and Kppym(rjs) are the coefficients of the
addition theorem for the functions hy(kor)Xim(3,¢) and
ky'V x hi(kon)Xim(3,¢0) [37,38]. On the surface of the
smallest circumscribing sphere of particle j, the following
conditions are met: r;=r;—I; and r; <rj. In this case,
the radial dependence of the coefficients Hjpym(rjs) and
Kimim(rjs) is determined by the Hankel spherical functions.
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If the cluster constituents are homogeneous isotropic

spherical particles, the coefficients @), and Ef,{/, can be
found from the boundary conditions (see, e.g., Ref. [26]).
For non-spherical particles, these coefficients are found
with the T-matrix method [21,23-25,27,28,32]. Since
Eq. (3) and the boundary conditions are linear, the

relations between the coefficients a’), and Bg,i/, on one
hand and those given by Egs. (7) and (8) on the other
hand must be linear and specified by the T-matrix as
follows [23,24,32]:

=0 11G) pGinc | +12G) G)inc

nbLM—Z<TMLmIbIm +TMLmlalm )' (9)
Im

=) _ 21(j) 1,()inc 22(j) ,(j)inc

Aim = (TMLmlblm + Tyimiim ) (10)
Im

The individual-particle T matrices can be determined
using the extended boundary condition method. Specifi-
cally, for homogeneous isotropic spherical particles

Ty = —Ommdub(, Tyl = —ommoual”, 11
12¢G) _ 21G) _
Tyim =0 Tymi =0, (12)

where a and b are the Lorenz-Mie coefficients of
particle j [24]. Computer codes for the calculation of the
scattering characteristics of particles of various shapes
can be found on the Internet (e.g., Ref. [39]). In what
follows, we assume that the T matrices of the individual
particles are known.

2.2. Scattering in the far-field zone

Quite often the characteristics of the scattered radia-
tion are considered in the far zone of the cluster. The
conditions for this zone can be formulated as follows:

ko(r—am)>1, 2kor> (ko@m)?, 1> am,

where a,, is the radius of the smallest circumscribing
sphere of the cluster and r is the distance to the observa-
tion point in the laboratory coordinate system [4,24].
From Eq. (4), the asymptotic formula

hx)~i 't Texp(x)/x x>L, x>1) (13)

yields the following expression valid in the far-field zone
(see, e.g., Ref. [35]):

i exp(ikor) s—._1 [2L+1/_ 0\ el A 1L r
EV = TCOT}Z] T (GLM+nprM>DMp(Hkasc)ep(ksc)-

LMp

(14)

where p= + 1.

Since the cluster size is much smaller than the distance
to the observation point, the direction to the observation
point is the same for all the particles in the cluster (Fig. 1).
Eq. (14) describes an outgoing spherical wave centered at
particle j. Since the projection of the field vector (14) onto
the unit vector eo(ksc) Eez(f(sc) is zero, this wave is trans-
verse. The wave amplitude decreases as rjfl. Unlike the field
(14), the field (4) is not a transverse spherical wave and
contains a radial component (along r;) and terms decreasing

faster than r;!. The latter statement follows from the
representation of the Hankel spherical function h;(x) as a
finite series containing powers x~™, where n; =1,2,3,...
[40]. The terms decreasing faster than r—! describe the near
field [41] and play an important role in defining the
scattering characteristics of the cluster [14-16,42].

Eq. (14) can be simplified. Let us denote

; o 1 i ()
Gpn) _ ;-L )
Ay =1 \/ 2n(2L+1)(aLM+PnbLM>- (15)

o) e 2141 /00) 21(j) 12) 11G)
KgMII)nZ =-1 m(TML(tfnl+nTML(rInl+pTML(rInl+pnTML(r,nl)’
(16)

and take into account that in the far zone of the cluster
korj ~ kor—KscR; (where r is the distance from the cluster).
Simple transformations yield the following expression for
the wave scattered by particle j [35]:

yexp(ikor .
EV = %02) exp(—ikgR))
2L4+1 .o ~
x Z TA%WDK}D (nO-ksc)e;;S) (Kse). (17)
LMp

Here, the coefficients A" as it follows from Egs.
(7)-(10), are determined from the system of equations

AR = exp(ikoR;) > KDy (o, ko)

Im
)l02e)] ()qn) 1 (q) L
+ ZKLMlm ZZAH my Hlmh my (no’rj5)' (1 8)
qlm s#jlmy
where g = =+ 1, Ijs is the coordinate system with the z-axis
directed along the vector rj (Fig. 1),

A e V2141
H(L‘}&lm(no,rjs) = ll L+2 W (HLMlm(rjs)+qKLMlm(er))

21+1 . A
= S5 D™y hy, (korjs)D}, o (o, )
hL

lymy 1,0
X CLMl—mCqu—q‘ (1 9)

m; = M—m, and the indexed symbols C are Clebsch-Gordan
coefficients (CGCs) [34].

For homogeneous isotropic spherical particles, Egs. (11),
(12), (15), (16), and (18) yield

AR — PP exp(ikoR;)DYy, (o, ko)
+> "y N AN T H D (o, E), (20)
q

s#j Im
where
al’® = a¥ 4 pnb?. 1)

Under the above-mentioned restrictions on the structure of
the cluster and its components (i.e., the components are
homogeneous and their smallest circumscribing spheres do
not overlap), the above formulas define completely the field
scattered by an arbitrary cluster. They yield all the scattering
characteristics of the cluster, in particular, the amplitude
scattering matrix relating the components of the scattered
and incident fields. In the literature, these field components
are determined relative to either the scattering plane (see,
e.g., Refs. [43-45]) or the meridional planes of the laboratory
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coordinate system (Fig. 1) formed by the z-axis and the
vectors Ko and K (see, e.g., Refs. [4,24,46]). In what follows,
we consider the field components with respect to the meri-
dional planes (z,kp) and (z,Kks.) of the laboratory coordinate
system. Then the amplitude scattering matrix S(kg,Ks) is
defined by the relation

Ep= ZSpn(kO,kSC)E (22)

kor
where n,p = + 1. Note that the matrix S(k,,K) in Eq. (22)
is dimensionless, unlike the amplitude scattering matrix
defined in Refs. [4,24].

In the CP-representation, the basis unit vectors in the
meridional planes (z,kg) and (z, ksc) are the covariant
helicity basis vectors e ’(ko) and e (ksc) respectively.
The helicity orts e(h’(ko) and el ’(ksc) are formed by the
unit vectors ey and e, of the spherical coordinate system
[34] in the given meridional planes. The rotation from the
vector e’(ko) to the vector en(ko) and from the vector

e (k) to the vector ep(ks) is described by the rotation
matrices depending on the Euler angles i/, and , respec-
tively (Fig. 1). After accounting for Egs. (2), (17), and (22),
we have

N
Spn(k(), Kso) = Z

=1

t9) (Ko, Ksc), (23)

where the amplitude matrix of a component particle is
given by [35,47]

tin (Ko, Kse) = exp(—iK,cR; +-inyo —ip)
5 Z 2L+1 ADPODL (fo, Ksc). o

These formulas will be used below both for the calcula-
tion of the scattering characteristics of ensembles of
particles and for the derivation of equations describing
the radiation scattered by a discrete random medium.

3. The effective refractive index

3.1. Calculation of the coherent field in the quasi-crystalline
approximation

One of the main quantities used to describe the
propagation of radiation in a discrete random medium is
the so-called complex effective refractive index meg (or
the effective propagation constant komeg). Its imaginary
part is directly related to the extinction coefficient of the
medium. For a sparse medium, mey is determined from
the optical theorem [3,23,24,43,45,48,49], while for a
densely packed medium it is found from the generalized
Lorentz-Lorenz law [3,50-55]. To derive analytical
expressions for the generalized Lorentz-Lorenz law and
the generalized Ewald-Oseen extinction theorem, the
point of departure is given by Eqgs. (6), (7), and (8). After
substituting Egs. (9) and (10) in Egs. (7) and (8), the latter
transform into a system of linear algebraic equations
determining the expansion coefficients of the field excit-
ing particle j. This system of equations, which is one of the
forms of the Foldy-Lax multiple-scattering equations (see,
e.g., Refs. [4,23,24], is used to calculate the so-called

average or coherent field. The latter calculation is reduced
to ensemble averaging of the coefficients " and b,
which is done in the framework of the quasi-crystalline
approximation [3,19]. Hereinafter, we assume that the
ergodic hypothesis [4] is valid. These transformations
result in two independent systems of equations
[3,19,50-55]; one of them is the analytical expression of
the generalized Lorentz-Lorenz law, and the other, repre-
sents the generalized Ewald-Oseen extinction theorem.

Unlike the above-described scheme, the derivation of the
equation for the effective refractive index given below is
based on ensemble averaging of the field (4). Since Egs.
(6)-(10) are linear, the averaging of this field yields the field
resulting from the scattering of the average field by particle j.
In the framework of this approach, the transformations
required for the analytical representations of the generalized
Lorentz-Lorenz law and the generalized Ewald-Oseen
extinction theorem are less cumbersome, since the system
of equations (18) determining the coefficients a and buvz
via Eq. (15) is more compact than the system of equations
for the coefficients al}i* and bY)™. Moreover, for a medium
composed of identical spherical particles, the analytical
expression for the generalized Ewald-Oseen extinction the-
orem is simpler than that derived in Ref. [3].

The field (4) depends on the coordinates and states of all
N particles. The distribution of the N particles and their
states can be described by the N-particle probability density
function P(Ry,...,RN, {1,...,{y), where R; is the radius-vector
of the origin of particle j in the laboratory coordinate system
(Fig. 1) and {; denotes its state. (The state of a particle
means a complete set of parameters defining its size, shape,
refractive index, orientation, etc.) The function

N
PRR;,.. Ry, (10.. .CN)HdRidc,- (25)

gives the probability of finding particle 1 within the volume
dR; centered at R; and with its state in the region d{;
centered at {4, particle 2 within the volume dR; centered at
R, and with its state in the region d{, centered at {,, and so
on, and particle N within the volume dRy centered at Ry
and with its state in the region d{y centered at {y. The
probability density function (25) is normalized to unity:

J R0 1] dRodz, =1,

i=1

where the integration is performed over the entire range of
particle positions and states.

Recall that the field equations (4) were derived by
assuming that the smallest spheres circumscribing the
particles do not overlap. In addition, in order to simplify
the calculation, we will assume that the radii of these
circumscribing spheres are the same, which means that
some of the spheres are not the smallest circumscribing
spheres of the respective particles. However, each particle
is located at the center of its circumscribing sphere. These
assumptions allow us to express P(Ry,...Ry, {4,...(y) as
follows:

PR;,.. Rn.{1o - {n) =P(Ry,.. Ry) H Pi(()), (26)

j=1
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“0

Fig. 2. Geometry of scattering by a semi-infinite medium. The contours
So and S, and the segment S,, depict, respectively, the sphere circum-
scribing particle j, the sphere of a larger radius also circumscribing
particle j, and the part of the boundary of the medium bounded by the
intersection of the contour S, and the plane xgy, (see text).

where P(R;,...,Ry) is the probability density function
depending on the particle coordinates and normalized to
unity, P;({;) is the probability density function depending
on the state of particle j and also normalized to unity.
The representation (26) makes the averaging over particle
positions independent of the averaging over their states.
Let us restrict the discussion to the simplest case of a
semi-infinite medium and assume that the incident radia-
tion propagates normally to the boundary of the medium.
The geometry of the problem is shown in Fig. 2. In the
coordinate system considered, the plane xyy, coincides with
the boundary of the medium, while the incident wave
propagates along the axis zy directed into the medium.
Assume that the number of particles N— oo and that all
of the particles are randomly positioned in the half-space
Z9 >0 as well as randomly oriented. The first step is to
average the field (4) over particle states. As seen from
Egs. (4) and (15), this averaging can be reduced to the
averaging of the coefficients A{,*™. Let us denote

Al R) = (AR = [ AQPVRG) s,

¢

o _ o\ [ 0enp e dr.
Kimim = <KLMlm > = / Kinim P16 ),

where the angular brackets indicate the averaging over
the state of particle j. Then the system of equations (18) is
reduced to

AfMﬂ) (R)) = exp(iko Rj)ZK;I;\Zl)m Omn
Im

(pq) (qn) (C)] s 4
+ZKLMImZZAllm1 (RS)Hlmllml (Ilo,l'js). (27)
qlm s#jlymy

Here, we took into account that the incident radiation
propagates normally to the boundary of the medium
(30 =0). In this case, one can assume that ¢,=11,=0,
which yields Dfm(ﬁo,f(o) = Omn. Further transformations con-
sist of the averaging of the coefficients A%)(R;) over the

particle coordinates. To this end, let us represent the function
PRy,...,.Ry) as

PR;,...Ry) = PR)PR;....R),...Ry|R;)
— P(R)P(R;|R)P(R1,...R),...R,,...Ry|R;,R)
(28)

[3,19,53], where P(R;) is the probability of finding a particle
at the point R;, P(Ry,...R},...Ry[R;) is the conditional
probability of finding the remaining particles at the corre-
sponding points (the primed R; means that the variable R; is
absent), P(R;|R;) is the conditional probability of finding a
particle at the point R; if it is known that there is a particle at
the point R;, and P(R;,...R;,.. ,Rj,...,Ry|R;R;) is the con-
ditional probability of finding the remaining particles at the
corresponding points. If N is large and the system of particles
is statistically homogeneous and isotropic, the function
P(R;|R;) depends only on the distance between the particles

P(R;|R;) = ng(|R;—R;|)/(N=1) = ng(ryj)/(N-1), (29)

where g(r) is the pair correlation function for the system of
identical solid spheres (see, e.g., Refs. [3,52]) and # is the
particle concentration (to be more specific, the concentration
of spheres circumscribing the particles). Note that g(r) =0 if
r < 2d, where a is the radius of the spheres circumscribing
the particles, while the integral of #g(r) over the volume
occupied by the scattering medium is equal to N—1. For
identical spherical particles, g(r) can be calculated using the
Percus-Yevick approximation [56].

Note that the above assumption of equal radii of the
spheres circumscribing the particles is of secondary impor-
tance. It only allows one to write the function P(R;|R;) in the
simple form (29). For a polydisperse ensemble of spherical
particles, this function is more complicated, which leads to
more convoluted final formulas (see, e.g., Ref. [3]).

Since the particles are randomly positioned and ran-
domly oriented (i.e., the medium is statistically homo-
geneous and isotropic), the averaging of the coefficients
(27) over particle coordinates while accounting for
Eq. (28) yields the following equation:

<A;"A§,’) (Rj)>j = exp(ikoR)> ki Smn+1>_Khd
Im qlm

xS [ (AT RD). STH, (o ki) dRs,

Limy #

(30

where <A(L’f\;;)(Rj) »j is the configurational average corre-
sponding to a fixed particle j, (A" (Rs)>j; is the average
corresponding to fixed particles j and s, and the integral in
Eq. (30) is taken over the medium volume excluding the
volume of the sphere with the radius 2a and centered at
the point R;.

The extension of expansion (28) to an arbitrary num-
ber of fixed particles supplements Eq. (30) with a hier-
archy of equations wherein the configurational average
for one fixed particle is determined by the configurational
average for two fixed particles. The latter, in turn, is
determined by the average for three fixed particles, etc.
In the quasi-crystalline approximation, the average for
two fixed particles is assumed to be equal to the average
for one fixed particle [3,19,50-55]. This assumption
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allows one to truncate the hierarchy of equations, which
transforms Eq. (30) into the system of equations

<A(p")(R )> = exP(lkoRJ)ZKL%)mém”

+nzx<g;z;mz/ AT R))gHY, (o) R,
qlm

Lmy

@31)

where (APP(R;)> is the average for one fixed particle at a
point R;.
To solve system (31), let ¢(APP(R;)> be represented as

(ARDR)) =B

where my is the complex effective refractive index of the
medium, and the coefficients By are already indepen-
dent of the position (coordinates) of the scatterer. The
approximation (32) is assumed to be valid for all zg >0,
including those in the near-surface layer of the medium
with a thickness of approximately several radii d, where
the depth dependence of (AP(R;)> is expectedly more
complex. Moreover, this approximation completely
ignores the details of the boundary of the medium,
including potential surface roughness. In spite of these
drawbacks, this approximation allows one to derive an
equation for obtaining m.s with accuracy acceptable in
many applications.

When the equality Rs =R;+rj and relations (32) are
taken into account, the system of equations (31) is
transformed into

B exp(imerkoRy), 32)

BHP exp(imegKoR;) = exp(il(oRj)ZK‘[,’\',},’mémn

+nexp(imerkoRy)> “wifl ZB}?;‘I)]

qlm Lmy
/ 8(rjs) exp(imerKotiHyh, . (o, Eje) djs.
(33)
The substitution of the coefficients (19) in the integral on
the right-hand side of Eq. (33) yields
/g(’}s)eXp(lmeffl(Ol']s) LMlm(kOi'js)drjs
21 + 1 -
(- 1)'“2 " g U1 +12), (34)

where m; = M—m,

= /(g(rjs)_])hh (korjs)Dg,lo(ﬁo,f'js)eXP(imeffkol'js)dl'js.
(35)

12: /hh(kOrjs)Dg,lo(ﬁvajs)exp(imeffkorjs)drjs~ (36)

The integral (35) can be calculated easily by assuming
that the point j is at least several radii d deep, so that
g(r)= 1. Then, after accounting for the representation

exp(imepkor) = > i1+ 1)j(megrkor)dho(Kob),
1

where ],(mefkor) is the Bessel spherical function and
oo(kol') is the Wigner d function [34], simple calculations

yield the following form of the integral (35):

47,

h=%

i 310 / (£(0—1)h, (), (Mygrx)? 37)
where p = 2kod.

Since the coefficients Hﬁ),,m(koi'js) and the function
exp(imgrKorj;) are solutions of the scalar Helmholtz
equation, the volume integral (36) can be transformed into
the surface integral with the help of Green’s theorem (see,
e.g., Refs. [3,50-52]). To this end, we write the integral J, in
the form

= W / hy, (kor)Dly, (o, i) A (exp(imerkorys))

—exp(imegKorjs)A (hh (korjs)Dm1 o(no-l'js)ﬂ drjs,

where A is the Laplace operator. With the help of Green’s
theorem, this integral is transformed into the integral over
the surface of the medium minus the integral over the
surface of the sphere having a radius 2d. The former integral
can be represented as the integral over a part of the sphere
Se of a large radius centered at the point R; and the integral
over a part of the surface S,; (Fig. 2). The contribution of the
integral over S, is zero if the radius of the sphere approaches
infinity. Then

n- |hy (kOrjs)nglqlo(ﬁOvi'js)

J2= k%(‘l—mgﬁ-)./;Ni»Sm*zSg [

x V(exp(imegKorjs))—exp(imegKorjs) V(hy, (I<0’}'s)DIrlr,]o(ﬁOvi'js))] ds

R
- kga-mZp)

Usp—J250)» (38)

where n is the upward normal along the integration surface.

The integral J,s, over the surface of the sphere with
a radius 2d is easily calculated and reduced to the
expression

2
Jasy = 4" S0 [, (P, (M)~ (0 (megrp) ], (39)

where the prime denotes the first derivative. To calculate
the integral Js,, over the surface Sy, we use the following
representation [57]:

. 10
yi(r) = hy(kr)P(cos 9) = (—i)'P, (1 T az) ho(kr),

where Pj(x) is the Ith degree Legendre polynomial. Then
we have [3]

oexp(imerKor r
Jsw =—0m,0 / ds {YII(I‘)M exp(imegKor) ——— yh()

z=-z

27" 15, 1+kmeff exp(—imgrkoR;)exp(ikoR;).  (40)
0

Upon taking into account relations (34)-(40) and the
unitary property of the CGCs [34], the system of equations
(33) takes the form

BYY exp(imegpkoR;) = exp(ikoR)> “kh Smn
Im

3
+ = P ¢ s exp(imerkoR)> K > " Smm, (- 1™ (2L +1)

qlm Iymy
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3i¢ .

xBIV F@D 2% exp(ikgR;)S kPP §

i Slhm 433 (1 _meg) P(iko ;)qim; LMim©mq

%> Smm, Omyg(— D™ L+ DB . (41)
lymy

Here & = 4nna? /3 is the filling factor of the circumscribing
spheres, X = kqd,

@ _ 1,0 10
Fim = ZCLMI—MCth—qfh-
kL

fi= / (€(X)—Dhy(x)ji(Megx)x? dx
p

2
- lf’—msz Mg hi(PYiiMeg )~ Mi(P)ji(Meg: )]
e
Equality (41) should be obeyed for any R; and m.g. Hence,
it can be represented by two independent equations, as
follows:

3¢ a) @ @
B — o S KBS Smm, (D™ 2L + DB B =0,

qlm lymy
(42)
(1=Meg)> " Kifyh Omn
Im
.3 .
= ITéB ZKEPI\?H)méquémml bmlq(fl)m] (211 + ])B;?;)l :
4x qlm lLymy
(43)

The former represents one of the versions of the general-
ized Lorentz-Lorenz law [3,50-55]. The linear homoge-
neous system of equations (42) has a non-trivial solution
if its determinant is equal to zero. This condition allows us
to determine the effective refractive index megs, which
depends on the properties of the medium: the shape,
sizes, refractive index, and packing density of the particles.

The second equation, (43), represents one of the
versions of the generalized Ewald-Oseen extinction the-
orem [3]. The first term in Eq. (43) describes the effect of
the incident external wave (1) on the particle centered at
R;. The second term describes the fields induced by the
particles located at the surface of the medium. Equality
(43) is obeyed for arbitrary particles (in the framework of
the above assumptions). This means that the sum of the
field of the incident wave and the fields induced by all the
particles at the surface of the medium is equal to zero. In
other words, the particles at the surface of the medium
produce the field that cancels the original incident wave.
As in the case of point-like Rayleigh particles [33], this
cancellation occurs at all points of the medium, including
those in the immediate vicinity of its boundary, since the
approximation (32) is rather rough.

3.2. Calculation of the coherent field using the Twersky
approximation for correlated scatterers

Analytical expressions for the generalized Lorentz-
Lorenz law and the generalized Ewald-Oseen extinc-
tion theorem can be obtained using another method of
ensemble averaging which provides simpler and more
instructive representations than that resulting from the

quasi-crystalline approximation. This method is based on
the formulation of the solution of the system of equations
(27) as an expansion in a series by iterations. This series
is conveniently interpreted as an order-of-scattering
expansion. It is worth noting, however, that such an
interpretation is purely mathematical [58] and does not
imply that multiple scattering is a real physical phenom-
enon. The expressions for the scattered field (2) and the
systems of equations (18) and (20) are time-independent.
These relations describe the radiation scattered by a
cluster of particles as if it is a unified, single object. There-
fore, the order-of-scattering interpretation does not cor-
respond to a real multiple-scattering process requiring
the lag of waves to be accounted for, when considering
their propagation between the particles. However, this
interpretation facilitates the use of diagrams in order to
analyze the resulting iteration series in a simple and
ostensive way [1-4,48,59]. In terms of multiple scattering,
this series describes all possible scattering schemes,
to which “Feynman diagrams” can be assigned. Some
of these schemes are shown in Fig. 3. The first diagram
corresponds to the first term on the right-hand side of
system (27) and, consequently, to single scattering by
particle j. After the substitution of this term in the second
one in place of A}?,':fl (Rs), the latter corresponds to double
scattering, first by particle s and then by particle j (the
second diagram), etc. The last diagram in Fig. 3 illustrates
a scattering sequence that goes through a particle more
than once. Such diagrams can also occur for all higher
orders of scattering.

The transformations required for ensemble averaging are
analogous to those used in the calculation of the coherent
field in a sparse medium [4,59]. Specifically, each term of the
series can be averaged using the Twersky approximation
[4,20,59], whereby all scattering schemes corresponding to
the scattering by the same particle more than once (e.g., the
last scheme in Fig. 3) are ignored. Unlike the case of a sparse
media, for closely packed media it is necessary to consider
the correlation in the particle distribution described by
Eq. (29) accounting for pair correlations. Finally, the trans-
formations yield a series that is convolved with the system
of linear equations congruous with system (31). In other
words, the quasi-crystalline approximation is equivalent to

Feynman diagrams Scattering schemes

Single scattering —_———— ‘b\/
Double scattering — o \&,a/

- W
Triple scattering

Fig. 3. Scattering schemes and the corresponding diagrams for the first
three orders of scattering.



2104 V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095-2127

the Twersky approximation if the pair correlations are
accounted for [53].

3.3. Random media composed of identical spherical particles

For a medium composed of identical spherical parti-
cles, the analytical representations of the generalized
Lorentz-Lorenz law and the generalized Ewald-Oseen
extinction theorem become much simpler than Eqgs. (42)
and (43). As follows from Egs. (11), (12), (15), and (16),
the indices in Eq. (41) take the following values: M =m =
mi =n, and in the last term, M=m=m; =q=n. This
results in the following form of Eqs. (42) and (43):

B<P”>+ 3 Za<m>2(2l+1)3<q" F? =0, (44)

Mgy =1 +1 > Z(le)B;;‘”’, (45)
where a’? is the linear combination of the Lorenz-Mie
coefficients (21). Eq. (44) (derived by Mackowski [60] and
Tishkovets and Jockers [61]) is essentially identical to the
effective propagation constant relations derived by
Varadan et al. [52] and Tsang and Kong [3] for a system
of identical spherical particles. With regard to the analy-
tical expression for the generalized Ewald-Oseen extinc-
tion theorem (45), it is significantly simpler than that
given by Tsang and Kong [3]. For sparse media, it yields
directly the effective refractive index of the medium.

3.4. Far-field approximation

Let the particles in the medium be in the far zones of each
other. Then, accounting for the asymptotic representation
(13) and the Clebsch-Gordan series (CGS; [34]), we obtain

HSh i) = 2L PO b i kD k). (46)
- Oer
Note that the Wigner D functions in Eq. (19) depend on the
Euler angles determining the rotation of the coordinate
systems fig — Ijs, while in Eq. (46) they depend on the angles
determining the rotation fig — —fjs (or fig — Iy;).

If the incident radiation propagates normally to the
boundary of the medium, the iteration expansion of
Eq. (20) yields the following expression:

A(I)(Pn) aU)(Pﬂ) exp(ikoR ')5Mn
+Zam"”Za<”<"")H‘L‘;;lm<ﬁofjs)exp(ikoRs)émn +oo

sim

47)

The first term on the right-hand side corresponds to single
scattering by a particle centered at R;, while the second one
corresponds to double scattering. This expansion can be
continued to an arbitrary iteration. For sparse media, one
may assume that the probability of finding a particle inside a
volume element dV is independent of the positions of all the
other particles and is given by P(R;) = dV/Vy, where Vj is the
volume of the scattering medium (see, e.g., Ref. [4]). Then, in
the framework of the Twersky approximation, the ensemble
averaging of the series (47) is reduced to the calculation of

integrals of the same type. One of such integrals results from
the averaging of the second term on the right-hand side of
Eq. (47). After substituting Eq. (46), the averaging of this
term is reduced to the calculation of the following integral:

/ dR, exp(lkor]s + 11(0R5)

R, F)D (o, By
_lkorjs q( 0 Sj) mq( 0 s;)

= _5Mq5mq gkoRj exp(ikoRj). (48)
The averaging of the other terms of the series (47) results in
a series representing the degree-of-argument expansion of

the exponential. Finally, for a medium consisting of identical
spherical particles, we obtain

<AgR/(,pn)(Rj)> =aPexp [ikoRj (1 +i % Z(ZH‘ 1)a;nn)>:| ‘
1

(49)
Comparison with Eq. (32) yields
B = g™, (50)
_ 3¢ (nn)
meﬁ_1+1FZ(2z+1)a, . (51)
X"

The substitution of Eq. (50) into Eq. (45) also yields an
expression for mey identical to Eq. (51).

3.5. Dependence of the effective refractive index on particle
concentration

According to Eq. (51), the imaginary part of the effec-
tive refractive index for a sparse medium depends on the
particle concentration linearly. For densely packed media,
this dependence is essentially nonlinear. Fig. 4 illustrates

T T T T

X=0.529

10 i L 1 1

0 ol 0.2 03 0.4 0.5
Concentration &

Fig. 4. Dependence of Im(mes) on the parameter ¢ for two media
composed of spherical latex particles suspended in water (after Ref.
[52]). The curves are labeled by the corresponding particle size para-
meters X = 0.681 and 0.529; the refractive index of the particles relative
to a vacuum is 1.588. The theoretical data are shown by curves, while
the points depict measurement data. The radiation source is a laser
beam with a wavelength of 1=632.8 nm.
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the dependence of Im(m.) on the concentration and sizes
of non-absorbing spherical latex particles suspended in
water [52]. It can be seen that with increasing particle
concentration, the extinction of radiation in the medium
first becomes stronger, reaches a maximum, and then
weakens. Such a non-monotonic dependence of the
extinction on concentration is typical of particles with
sizes comparable to or smaller than the wavelength
[54,55]. This phenomenon is explained by the fact that
the particulate medium becomes essentially continuous
in terms of its optical properties when the packing density
is sufficiently high. As a consequence, the extinction is
mostly determined by the absorption of radiation by the
particles and, for non-absorbing particles, Im(imggs) can
even tend to zero.

It is worth noting that the effective refractive index
Megy, strictly speaking, is not completely analogous to the
refractive index of a continuous medium determining the
propagation of a time-harmonic electromagnetic wave in
the medium [58]. However, the effective refractive index
introduced as the bulk characteristic of a particulate
medium substantially simplifies the derivation of equa-
tions describing multiple scattering. In the following
section, we will use this property to derive the RT and
WL equations.

Another important aspect should also be noted. The
above relations were derived under the assumption that
the approximation (32) is valid for all zy > 0. However, in
a strongly absorbing medium, this approximation can be
violated because the effect of mutual shielding of particles
plays an important role and, consequently, the scattering
characteristics of the medium are primarily determined
by the upper layer of particles [16]. Therefore, the struc-
ture of the surface of the medium should be taken into
account. This subject, however, is beyond the scope of
this review. In the following sections, we assume that the
absorption in the medium is not very strong, so that the
effects of the surface structure can be ignored.

4. Electromagnetic scattering by discrete random media
4.1. Ladder and cyclical diagrams

For many applications related to remote-sensing
studies of different object, especially in planetary astro-
physics, the scattering into the backward hemisphere
(9> m/2) is mostly important and interesting; it will,
thus, be our main focus. As a rule, in studies of this kind,
the detector receives a collimated beam of radiation. We
will, therefore, assume that the receiver is in the far-field
zone of the entire system of particles (or the medium),
i.e.,, the scattering angles for all the scatterers in the
system (or the medium) are the same.

In the backscattering domain, the coherency (density)
matrix p (or the Stokes parameters) [3,4,24,46] are deter-
mined only by the scattered radiation [4]:

puvoc<EﬂE>\k'>’ (52)

where p,v= +1, E,E, are the components of the field
(2) in the CP-representation, the asterisk denotes the
complex-conjugate value, and the averaging over the

ensemble is denoted by angular brackets. The dimension
of the proportionality constant in Eq. (52) depends on
the system of physical units used [3,4,24,46]. The 2 x 2
coherency matrix and four Stokes parameters can be
grouped into a 4x1 coherency column vector and a
4 x 1 Stokes column vector, respectively [4,24].

One of the main characteristics of the scattering object
is the 4 x4 coherency phase matrix Z’(ko,Ks) [3,4,24],
which transforms the coherency column vector of the
incident radiation, J™, into the coherency column vector
of the scattered radiation, J* [4]

J = (kolr)z Z° (Ko, ks )J™. (53)
The explicit form of the matrix 2’ (Ko,Ksc) follows from the
representation (22). Substituting Eq. (22) into Eq. (52) and
accounting for Eqgs. (23) and (24), we can see that the
elements of the matrix Z’(Ko,Ks) are determined by the
relations

<Sp,1 (Ko, Ksc)S;,, (Ko, ksc)>

= <Ztg,)1 (l(o,l(sc)f;g)(ko, ksc)> + < Z tgﬂ,(ko, ksc)t;(j)(km kSC)>v
J

JiS #J

(54

where p,n,u,v= +1.

A relation similar to Eq. (53) can be also written for the
Stokes column vector. The matrix Z(ko,Ks) transforming
the Stokes column vector of the incident radiation into
that of the scattered radiation is called the Stokes phase
matrix [4]. The formulas relating the coherency matrix
and the Stokes parameters as well as the formulas
describing the requisite transformations for representing
the phase matrices in the linear-polarization (LP) basis
can be found, for example, in the books by Dolginov et al.
[46] and Mishchenko et al. [4].

For the random non-chiral (i.e., macroscopically
mirror-symmetric) media considered here, the matrix
Z(Kko,ksc) written in the LP basis contains only eight non-
zero elements [4,24]. Specifically, if the Stokes parameters
are defined in the same way as by Mishchenko et al. [4],
these elements can be written in the following form
[4,24,42,61]:

Zy = Z<\Spn|2>. Zy=Zp = —Z<Spn3fpn>.

pn <
Zyp = %’:<Spn8’ipin>' Z33 = ;<Spnsip,n>ip’",

(35

Here, for brevity, we omitted the dependence of the
matrix (54) on the vectors Kq and K.

Our main objective now is to derive equations for the
elements of the matrix (54). The most developed and
efficient technique is based on the expansion of the
matrix (24) in an order-of-scattering series (recall that
the term “order of scattering” is a purely mathematical
concept). The substitution of this series in Eq. (54) yields a
series containing all possible schemes of scattering to



2106 V.P. Tishkovets et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 2095-2127

2 3 4
fv d
o N PR

R
——e-———

b - -4

=== r===1
1 i L - i ' ' ' _.T'.T._
5 6 74 8

Fig. 5. Scattering schemes and the corresponding diagrams.

which the corresponding Feynman diagrams can be
assigned, in analogy to the calculation procedure for the
average field. Examples of such scattering schemes and
the corresponding diagrams are depicted in Fig. 5. For the
sake of definiteness, we will assume that the upper (solid)
and lower (dashed) lines in the scattering schemes corre-
spond to the direct (i.e., involving the matrix S(k;,Ks))
and complex-conjugate (i.e., involving the matrix
S*(K,,Ksc)) wave paths, respectively. Diagrams 1, 3, and
7 correspond to single, double, and triple scattering; the
direct and complex-conjugate waves propagate in the
same direction and along the same string of particles.
Diagrams 4 and 8 correspond to double and triple scatter-
ing of the direct and complex-conjugate waves propagat-
ing along the same string of particles but in opposite
directions.

Using the diagram representation, the set of scattering
schemes in the order-of-scattering series can be efficiently
summed up while avoiding complicated and cumbersome
analytical calculations. Let us exemplify this process by
calculating the sum of diagrams of types 1 and 2, i.e., all
diagrams containing one vertical line. First, we calculate the
sum of all similar diagrams containing an arbitrary number
of points, for example, in the upper horizontal line on the left
of the vertical line. In the summation and averaging over
the ensemble of such diagrams, we can use the method
described in the preceding section, when summing the
diagrams shown in Fig. 3. In analogy with the calculations
of the average field, the Twersky approximation is used
[4,20]. The result of the summation and averaging can be
shown by a diagram of type 1 in Fig. 5, in which the upper
horizontal line on the left of the vertical line corresponds to
the average field. According to the preceding section, this
means that the field exciting a given particle, which is the
ensemble-averaged sum of the external incident wave and
the waves coming from the other particles, is analytically
expressed by the wave corresponding to the propagation
constant megko.

An analogous procedure applied to the same diagrams,
but with an arbitrary number of points in the lower
horizontal line on the left of the vertical line, yields a
diagram of type 1, in which the lower left horizontal line
corresponds to the complex-conjugate average field. This
procedure can be applied to the waves propagating from a

given particle to the observation point (or to other particle),
i.e., to diagrams containing points lying on the right of the
vertical line. This results in a diagram of type 1 in which all
horizontal lines correspond to the average field. A similar
procedure is applicable to diagrams with two vertical lines,
three vertical lines, etc. Its result is a set of diagrams of types
1, 3, 7, etc., where the horizontal lines show the average
field. Because of their specific appearance, these diagrams
are called ladder diagrams [2-4]. They correspond to the
incoherent (diffuse) scattering of radiation by the medium.
For a sparse medium, the analytical summation and ensem-
ble averaging of the ladder diagrams leads to the classical
vector RTE (VRTE) [4].

The above-described procedure of summing and aver-
aging over the ensemble can also be applied to all diagrams
of types 4 and 8. Such diagrams are called cyclical diagrams.
They correspond to the interference of a pair of waves pro-
pagating along the same string of particles but in opposite
directions. In the angular range close to the exact back-
scattering direction, the interference of such waves is
constructive and results in CB[4-10,62-65].

For sparse discrete random media, the methods of sum-
ming the ladder and cyclical diagrams are currently rather
well developed [2-4,47]. It is assumed that in such media
the particles are in the far-field zones of each other, which
allows one to ignore other classes of diagrams. However,
the approximation of ladder and cyclical diagrams can mis-
represent optical effects typical of closely packed media, for
example, those related to the near field [12-16,42]. These
effects will be considered in the following sections.

Although the diagrammatic method described above is
applicable to media of rather complex shapes, we will limit
ourselves to a homogeneous isotropic plane-parallel layer.
Then the resulting equations are rather simple in appear-
ance, which allows one to solve them numerically and to
analyze the dependence of the matrix 2’ (Ko,Ks) or Z(Ko,Ks)
on the properties of the medium. The corresponding scatter-
ing geometry is depicted in Fig. 6. The z-axis of the labora-
tory coordinate system is directed inside the medium, while
the xy plane represents its upper boundary. The incident
radiation propagates in the meridional plane (kqz) deter-
mined by the azimuth angle ¢, while the scattered radia-
tion propagates in the meridional plane (ks.z) determined by

Fig. 6. Scattering by a layer of discrete random medium.
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the azimuth angle ¢. The layer thickness is Zp, and the
coordinates of the centers of identical spheres circumscrib-
ing the particles are defined by the radius-vectors R;.

The ladder-cyclical approximation allows us to write
the elements of the matrix (54) as
(56)

<Spn(konksc)sz\;(ko,ksc)> = Spnuv = S;)Ln)uv + S;,f.,)w.

where the matrices S and S© correspond to incoherent
(the sum of the ladder diagrams) and coherent (the sum
of the cyclical diagrams) contributions, respectively. Let
us first consider the equation for the sum of the ladder
diagrams.

4.2. Equation for the incoherent part of the scattered
radiation

4.2.1. The ladder approximation for densely packed media
The starting point in the derivation is the matrix (24) and
the system of equations (18). To proceed from these rela-
tions directly to the calculation of the sums of the ladder and
the cyclical diagrams, it is necessary to replace the propaga-
tion constant kg by megko, i.e., to characterize the medium by
the effective refractive index mes From simple geometrical
considerations, it follows that the changes in the amplitude
and phase of the incident wave as it propagates from the
entrance point to particle j will be taken into account if the
following substitution is made in Eq. (18) [35,47,61]:

koR; = KoR;, (57)
where

. mejf—l
Ko =Ko +kong 059 (58)

Here np is the unit vector along the z-axis. A similar
consideration of the wave propagating from particle j to an
exit point shows that the changes in the amplitude and
phase will be accounted for if the following substitution is
made in Eq. (24):

ksch = I(R], (59)
where

Mer—1
K = Ky +kong C‘Zf)fs T (60)

Then the product of two elements of the amplitude matrix is
tgr)z (ko, ksc)t;v') (Ko, Kse)
= exp(iR;(K* —K))exp [—iyso(v—1) +iY) (11—p)]
2L+ 1D)2I+1) Kl o T .
x Z % AP 470X D,pr(no,ksc)D&,l(no,ksc).
LMIm

(61)

To obtain the equation for the coefficients AZPPA*V4 let us
expand the solution of system (18) into the following order-
of-scattering series:

AUPY — exp (iKoR;) ZK%?,Z)Dfnn (R0, ko)
[

m
(0)(pg) (@) oo
+ ZKLMIm Z Hlml1 my (no,l‘]s)

qlm slymy
x Zkfﬂiﬁ’zmz D' (fio,Ko)exp(iKoRy)+ - -- (62)
lym;,

where the coefficients H’) = (fi,f;) describe the propaga-
tion of waves between the particles. In these coefficients,
the propagation constant ko should also be replaced by megko.
The Hankel functions in the coefficients H}J) = (fo,fj)

(Eq. (19)) are represented as follows [40]:

exp(ikox)

hy(kox) = Kox

Si(koX). (63)
The function ¢;(kox) describes the near field between the
particles. It is a finite series that can be calculated using a
recurrent relation analogous to that for the Hankel function,
with initial values

Co¥)=—i and ¢ (x)=— (1 + ;)

The changes in the amplitude and phase of the wave
propagating between particles can be taken into account if
ko is replaced by megko in the exponential of Eq. (63) and
the latter is substituted in the coefficients Hy) = (fio,i;)
(Eq. (19)).

A series similar to Eq. (62) can be written for a wave with
initial and final polarizations v and p, respectively. We then
multiply the first series by the complex conjugate of the
second one. In the resulting series, we keep only the scatter-
ing schemes that represent the propagation of both waves
along the same path, i.e, those corresponding to ladder
diagrams (see Fig. 5). This series can be transformed into the
following system of equations [35]:

AP AT — expliR;(Ko—Kp))

G)pn), () (pv) [N L A- Te
+ Z KLMlm KL] M;lymy Dmn(“kaO)D:fn]] v (no vl(O)

Imlymy

(NP ;-+0G)(1g1) (s)(gn)
+ Z Kivim Ko, My 1ym, Z Alm,
qq;Imlymy slomylsms

*#(8)(q1V) 13(q) oo *(q1) -y
XA Hiygl,m, M0, Tio)H) 1 (g, Fs).

(64)

To average relations (61) and (64) over configurations,
the quasi-crystalline approximation can be used. The
system of equations (64) also contains, of course, the
propagation schemes corresponding to the scattering of
both waves, direct and complex-conjugate, by the same
particle two and more times. As mentioned above, these
schemes are ignored in the quasi-crystalline approxima-
tion. Thus, only the scattering schemes corresponding to
ladder diagrams are kept.

Let us introduce the notation

B = explin-vova) (AR A

(pn)  (jav) — [ 4-0om), #G)(pv)
Kimim® L, my1ym, = <KLMlm KrMytym, >[-

Then, after averaging over configurations, the following
relation for the matrix S per unit area of the upper
boundary can be obtained [35]

b n Z(2L+121(2[+1)

b = ko D;fi(¢,9,0)D}, (,9,0)

LMIm

koZo
(2)(pr)(uv) 1z
X /0 Bivim | €Xp (cos 9) dz, (65)

where 7 = 2Im(mg).
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The coefficients B%P"*" can be found from the

following system of equations:
@(Pn)(uv) _ .z
Bimi,m, = eXp ( cos .90)

(pn) (uv) ! 1
XY K KT vty Dinn(©0,90,00D3! (06, 90,0)

Imlymy

(g x(uq1) .
D K E M D /g(rjs)
qq:Imlymy Lmylyms
(¥)(@n)(q1V) (@) - +(q1) - .
XBlzmzl3m3 Hlmlzmz (no’r]S)Hllm113m3 (no'rJS)erS'
(66)

where y =z +korjs cos 9s.

Eqgs. (65) and (66) describe the incoherent (diffuse)
part of the radiation scattered by a densely packed
random medium composed of arbitrary particles provided
that the spheres circumscribing the particles have the
same radius and do not overlap. Under these conditions, it
is still problematic to simplify these equations substan-
tially. Even for a medium composed of identical spherical
particles they are still too complex, although it is possible
to reduce them to a form suitable for numerical analysis
[61]. The equations become much simpler under the
assumption that the waves propagating between the
particles are spherical (implying that the particles are in
the far-field zones of each other). This approximation is
valid, strictly speaking, only for very sparse media. How-
ever, it can be applied, at least for the sake of qualitative
analysis, to rather closely packed media provided that the
particles are non-absorbing or weakly absorbing. As is
evident from Egs. (19), (63), (64), and (66), the influence
of particle s on particle j decreases with increasing the

distance between these particles as r]gz. However, the

number of such particles s increases as r3. The influence of
particle s on particle j also decreases due to extinction;
however, extinction can even decrease with increasing
concentration of particles (see Fig. 4) if the medium is not
strongly absorbing. As a result, close neighbors may
contribute to the radiation exciting a given particle less
than the remote particles do. If this is the case then the
far-field approximation is justified. In particular, for such
media, the approximation based on the classical VRTE,
wherein the extinction coefficient and the phase function
are calculated by accounting for the correlation between
the particles, can be used [3,66].

4.2.2. The ladder approximation for sparse media

We will now derive the equation for the incoherent
part of the reflected radiation under the assumption that
the particles are in the far-field zones of each other. To
avoid cumbersome calculations, we will first obtain the
equation for the model of spherical particles and then
generalize it to the case of arbitrary particles. In the
far-field approximation, the coefficients H{%), (fio, ;) are
determined from Eq. (46). The product of two such
coefficients can be represented with the use of Clebsch-
Gordan series (CGS; [34]) in the following way:

Q) N *(q1) N oo
Hypim (Mo, Ti)H] 1y 1, (Mo, )

_ (214+1)(2l + 1) exp(—tkorjs)
B 4 (korjs)®

M+m LM, Laqo L3M3 L3qo
x Z =1 CL—ML1M1 CL—qLﬂh lemhml Cl*qllql
LMz L3 M3

x D2, (B0, E5)D 4 (o, Ey), (67)

where qo =q1—q.

We now take into account Egs. (11), (12) and (16),
substitute Eq. (67) in Eq. (66), and expand the products of
two Wigner D functions into a CGS. Denote
Xgan)(;w) _ < xf”"””""’}, (68)
where the angular brackets indicate the averaging over
the particle sizes and refractive indices,

e _ 3 2L+ 121(21 +1 af POl clite
[

Mo =v—n, No = ji—p, and the coefficients a”’®™ are deter-
mined from Eq. (21). Since we assume that the influence of
the close neighbors on a given particle is weak relative to
that of the distant particles, g(x)=1 can be assumed. Note
that the latter assumption is not necessary, and all the
transformations can also be made with g(x)# 1. Accounting
for the unitary property of the CGCs yields [47]

Tz

L K% e
DMNU((p_QDong'O)/O e exp <7> dz,

w _ N
S cos 9

pnuwy — 1,
ko ™
(69)
where the coefficients o3P *" can be determined from the
system of equations

@Pm)(v) _ ., (o)) gL 1z
o =y dMMO(SO)exp (— m)

27 . (pay :

nqr) W@m(q1v)

oSy [ e
kO qq: 1

xeXp(—Tp)dyyg, (@)dly, () sinwdwdp. (70)

Here, p,w are the polar coordinates of the integration point
relative to the point z, the angle o (0 < w < 1) is measured
from the direction of —ng (Fig. 7), y = z—p cosw, and d, ()
is the Wigner d function [34]. The upper limit of integration
over p is z/cosw if w < /2 and (z—koZy)/cosw if v > 1/2,

Z=Zg

Yz

Fig. 7. Explanation of the coefficients appearing in Eq. (70).
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i.e., the integral in Eq. (70) stands for

/2 z/cos @ T (z—koZp)/cosm
/:/ sinwdw/ dp+/ sinwdw/ dp
0 0 /2 0

(71)

Relations (69) and (70) represent one of the forms of
the classical VRTE for a plane-parallel medium in the CP
basis. The coefficients (68) are those in the expansion of

the scattering matrix tg,),,t u(‘l) (not the phase matrix [24]) of

an isolated particle j in Wigner d functions:

£0) 70) Z},(I)(P")(M)dL ().

pn ,m

They play an important role in the radiative transfer
theory (RTT) [3,4,67]. (More specifically, in the RTT the

matrix tg;t u(i) is expanded in generalized spherical func-

tions, which are closely related to the Wigner d functions
[34].) To generalize Eqgs. (69) and (70) for the case of an
arbitrary statistically isotropic medium, one should sim-
ply replace the coefficients (68) by the corresponding
coefficients for randomly oriented arbitrarily shaped par-
ticles. A more general approach to the derivation of the
VRTE in the case of arbitrarily shaped and arbitrarily
oriented particles is given in Refs [4,68]. Methods for
finding the numerical solution of the classical RTE are
well developed [4,67].

4.3. Equation for the coherent part of the scattered radiation

4.3.1. Reciprocity relations

The equation for the coherent (interference) part of the
reflected radiation is also derived by using the expansion
of the system of equations (18) in the corresponding
order-of-scattering series. However, the derivation proce-
dure differs significantly. Each cyclical diagram corre-
sponds to the interference of two waves propagating
along the same path, but in opposite directions. In the
series (62), the wave is first scattered by particle s and
finally by particle j. It is easy to write the series corre-
sponding to the wave that is scattered first by particle j,
propagates along the same string of particles, but in the
opposite direction, and finally is scattered by particle s.
However, the direct multiplication of these series yields a
series to which the existing methods of ensemble aver-
aging cannot be applied. This problem could be solved if
one of the original series were transformed in such a way
that the wave propagation direction is reversed, i.e., if the
reciprocity principle were applied to one of the series. Let
us exemplify this problem by considering double scatter-
ing (the second term in Eq. (62)).

From the symmetry relation for the T-matrix (see, e.g.,
Refs. [3,24])

Ty =DM wr=1.2),

it follows that

2l+1
i = (DM Tk 72)

Symmetry relations for the CGCs and Wigner functions
[34] result in the following symmetry relation for the

coefficients H\%), (fo,1js) :
21+1
2L+1

Substituting the second term of Eq. (62) in Eq. (24) and
accounting for Egs. (72) and (73) yields

H()

D L+M-+1
LMlm(HO-rjs):(_l) M

S H? L (Ro,—F). (73)

2L + 1
exp(—iksR; +iny,—ipy) Z E’,{,,(’l’,fl)D*L (g, Ksc)

LMgqlm
(q (s)(qn) I I ;
x lz:Hlml] m (HOvIUS)ZKll my Lym, Drf—un(nOka) eXP(lkoRs)
1My Lm,

=exp [ikoRs—in(ﬂ—Q//O)+ip(n_lp)]
212 +1 (s)(nq) <l ~
) Z TKlijLl]]mlezzn(no.*ko)
qlymylymy
XZH’ im0, —15) > K Dl (o, —Ksc) exp(—ikscR).
l,m;,

74

Any higher scattering order can be handled analogously.

Let tg,?(ko,ksc) be the amplitude scattering matrix for the
radiation with the initial polarization n propagating along
the vector kg, scattered first by particle s, then scattered
by particle j in the direction Kk, and having the final
polarization p. Then, for any scattering order, Eq. (74) can
be written in a compact form as

tgy?(kOyksc) = t(sj)( ksc,_ko) (75)

4.3.2. Cyclical diagrams for densely packed media

When the reciprocity relations (74) and (75) are taken
into account, the equation for the interference part can be
derived in the same way as that for the incoherent part.
Let us write the series analogous to that of Eq. (62) for the
polarization of the incident and scattered waves u and v,
respectively. After Eqs. (74) and (75) are applied to each
terms of this series, we form the complex-conjugate series
and multiply it by the series (62). In each term of the
resulting series, we keep only the schemes that corre-
spond to cyclical diagrams (see Fig. 5). The resulting series
can be transformed into the following equation [35]:

Z tg% (Ko, ksc)t:f;f) (Ko, Kse)+ t(oj) (Ko, ksc)t*(oj) (Ko, Kse)
T#]

= exp[—iR;(K+Kp)|exp[iyy(v—p)—ipyo(u—n) +im(u—v)]

(2L+1 i(ZlJrl) ADPD AU DL ksc)Dm,u(no ko),
LMIm

(76)

where the matrix tg,’{)(ko,ksc)zexp[iRj(l(o—l()]fg,)l(ko,ksc)
corresponds to single scattering and the product
AVNPD A=DU) s determined from the following system of
equations:

Ao)m”)AzY,{;“" expliR;(Ko+K*)] > AN z%’l‘[‘l’ml

Imlymy
x DL (fig,ko)Dz (i
mn\110» 0) x( 0, — SC)
+ Z K(} PQ)K*U)(,UQH Z A(S)(QH)A*(S)(%V

LMIm ™ LiMylimy lhmy “Tlsms
qq,Imlym, slymylzms

(q) = *(qy) N
XHlm12m2 (no'rJ'S)Hh m11 lsms (no'rJS)' (77)
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The propagation and extinction of the waves between
the scatterers is described here by the coefficients

Hﬁ\;’lm(ﬁg,i’]‘s), analogously to the system of equations
(64). Like Eq. (64), the system (77) contains scattering
schemes corresponding to direct and complex-conjugate
sequences involving the same scatterer more than once.
After omitting these schemes, the system (77) corre-
sponds to the sum of cyclical diagrams only.

Let us now average the expressions (76) and (77) over

the ensemble. Denote
FiAb ) = expivy—ive+imo)
xexp[—iRj(ko+l(sc)]<A§",{,?’")Azg)(”v)> ,

¢

where the angular brackets indicate the averaging over
the orientations and microphysical properties of the
particles. Applying the quasi-crystalline approximation
yields

0 | CL+1)21+1)
S;Jnv,u +Spnv,u - EL%: 4
m

xDii(,9,0)D}, (T + g, —30,0)

-koZo
x /0 F2Pm0) exp(—ifz)dz, (78)
where the matrix S! corresponds to single scattering, the
matrices $© and S' are per unit area of the upper bound-
ary of the medium,

m.r—1 mie—1
g (Mer—1  Mer— 1)
cos 9 cos 9o

and the coefficients FP"* are determined from the

following system of equations:

(2)(pn)(uv) i
Fi = exp(i&*2)
(pn) () I |
<Y KK my Dinn(90,90,0)Djt (T1+ @, 1—9,0)
Imlymy
(Pg) +(ur) N\ EO@)@v)
+n Z KLMlmKL,MII,m, Z g(rJS)Flzmzbnu
qqiimlymy Lmalzms ©
@ (e BOH A (fe f :
XH,fnlzmz (nO-rjs)H?l g{l I3ms (nO-rjs) eXP[ll’js(ko +Kso)] drjsv
(79)

where y =z +kgrjs cos 9s.

Egs. (78) and (79) describe the sum of the cyclical
diagrams for a plane-parallel layer of densely packed
discrete random medium. Like the equation for the sum of
the ladder diagrams, they become substantially simpler
only under the assumption that the waves propagating
between the particles are spherical. As follows from the
preceding section, the far-field approximation can be
applied to moderately and weakly absorbing media, at
least for a qualitative analysis of the multiple-scattering
effects. In the next subsection, we will use this approx-
imation and the model of spherical particles to derive an
equation describing the WL effect. As was the case with
incoherent scattering, the final equations will be general-
ized to the case of arbitrary particles.

4.3.3. Cyclical diagrams for sparse media
As a first step, we exclude from the consideration the
single-scattering contribution, i.e., the first term on the

right-hand sides of Eqgs. (77) and (79). To this end, we
substitute Eq. (79) in Eq. (78) and use the following
representation:

Diip(¢,8,00Dy (T + 0o, 7—5,0)
= (=) exp(—ipy—iupo)Dj, (flo,Kse) Dy, _ (o, Ko)
= (=1)" exp(—ipy—izufg) > Diin(fio, ko)
m

x Dy, (Ko, Rsc)Df, _,, (o, ko). (80)

In Eq. (80), we expand the product of two Wigner D
functions of the same argument in the CGS and substitute
it in Eq. (78). Accounting for relations (11), (12), (16), and
(46) and the expansion analogous to Eq. (67),

i B0, 55)HL 31 1, (B0, i)
QI+1)21 +1) exp(—Ttkorjs) LM
- 4 KT B DM
(korjs) L,M,

Lyqo *L. PN L T IR B | S
X C)__quq1 DMZZqO (novrS])qu(nOvrSj)Dr;hq] (nOvrSJ)v

yields
2mn? . .
Silcn)v,u = k—Z] Z (—1)’“ exp(lM(pl)(-)u(\Zlﬂ)(QP)
0 qqLM
% / o2 BRI ax (17 dz &)
0 LM 1 .
Here,

00D — exp(ipy—iguho) SO DL ),
M

(82)

o 3" L+ D2I+1) <ag’(p”)a;‘(i)(”v’ >é

Ll 4

(=1 rmeph  Ct Dl (ko Jese),

m=—M-n, the coefficients ) and a*" are defined
by Eq. (21),

L[ Meff— 1 msz_] 95c
&1 =i 2cos—cosd |,
1 ( cosg T cosdy T 2 !

, K3 . .
plaxam@y) _ ;_%(—1)‘7 exp (122cos % cos Y —1M(/)1)

@y Cl+HDE2H+1)
x Z F%hq’#l) q”’)ﬁ
Imlymy
% €Xp [irjs(ko +Kso)— ko r]s}
(korjs)?

x Dik.. (o, F)Dih (o, Bl o (Ro, By)drjs,  (83)

and 94,¢p; are the spherical angles of the vector
k; =Ko +K, in the coordinate system ny.

The system of equations for the coefficients (83)
follows from system (79). After simple, though cumber-
some transformations, it is reduced to the system of
equations [47]

Z)(pn)(1v) (@) (pn)(uv)
PP — exp(—&52)B]y

2my eoua):M-m [ pean@ v
T3 ZXL i /Blm 1 exp(—1p)
0 gqilm
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s dyn, ()b, (O)m-m <2p sin 9 cos % sin w)

xsinwdwdp. (84)
Here Ny = u—p, Jm(x) is the Bessel function, the angle w is
the same as in system (70), and the integral in Eq. (84) is

defined according to Eq. (71) (see Fig. 7).

The coefficients By "

ing and take the form

B = S exp(—im o [ exp(~2p)
Im

correspond to double scatter-

xdiyn, (@) ()m-m (Zp sin9; cos % sin w)

xsinwdwdp, (85)

where T = 2Im(mgg)—e&} cos w.

The coefficients 07" given by Eq. (82) are indepen-
dent of the angles /o and . With the use of the addition
theorem for the Wigner D functions and the CGS, they can
be expressed as [47]

, _ 2L+ 1D21+1 ; My
g =~ §° (2L, Z( )<a§’j‘p")a,(’)("‘)>

L MyIm ¢

< (=D)'CEY 1 - G0t (©0:90,0) D1y (0,9,0).

WL manifests itself in a narrow range of angles close to
the exact backscattering direction. If in this range the
elements of the scattering matrix of an individual particle
(averaged over the particle characteristics) depend
weakly on the scattering angle then the coefficients
OPPH) can be simplified. In the limit ky——ko the
approximate equality D! (¢,%,0)~(=1)'D.,_,(¢¢,%.0)
holds. Then the coefficients 03" take the form

0;5\2)(#\1) ~ (7 1 )MﬁnDI;M_vfn (QDO'SO'O)XEPH)(H")
=(=1)"Djf (9, %0,0) ™. (86)

Egs. (81)-(85) describe the interference part of the
scattered radiation. They can be generalized for the
media composed of non-spherical randomly oriented
particles in the same way as the equations for the
incoherent part. Specifically, the coefficients y{"™*" and
0FM*) should be replaced by the corresponding coeffi-
cients for non-spherical particles. Relation (86) can be
used in this generalization.

Eqgs. (81)-(85) are valid under the same conditions as
the RTE. However, the equations for the interference part
are much more complex than the RTE. Unlike Egs. (69)
and (70), the system of Fredholm equations (84) has an
oscillating kernel and an oscillating external term. Equa-
tions of this kind are very difficult to solve numerically.
Below, we will consider one of the approximate methods
for solving the equation for the coherent part of the
reflected radiation. It is based on certain relations
between the elements of the matrices for the coherent
and incoherent components in the exact backscattering
direction.

4.3.4. Exact backscattering direction
The direction of exact backscattering (ks = —Kg) is of
particular interest for the interpretation of radar and lidar

observations of different objects. In this direction, the
coherent intensity is maximal and can be comparable to
the diffuse (incoherent) intensity [3,4,8,62,65,69,70].

For ks = —kg, comparison of Eqgs. (78) and (79) with
Eqgs. (65) and (66) yields

sb _ gO + st

pnuy pnvu pnvi: 87)

In the LP basis, these relations become more complicated.
Recalling Egs. (54) and (56), we obtain from the matrices
(55) and (87):

270 +22y) = 21 + Z 23+ 2y, (88)
275 +224) = 71 + 23 + 253~ 2y, (89)
273 +274) = 21+ Zy3+ 253+ Zyg, (90)
2740 +274) = 711 -2y + 253+ Zy, oD

where the matrices Z© and Z® correspond to the coher-
ent and incoherent parts of the reflected radiations,
respectively, and the matrix Z" represents single
scattering.

Equalities (88)-(91) were initially derived for sparse
media by Mishchenko [70] with the use of the Saxon’s
reciprocity relation [71]. However, as one can see, they
are also valid for densely packed media. Relations (87)
and (88)-(91) are important, since they allow one to
calculate all the observable characteristics of WL for the
direction ksc = —Ky directly from the solution of the RTE.

It is worth noting that equalities analogous to Eqgs. (87)
and (88)-(91) are valid for any system of particles, as is
seen from Egs. (61), (64), (76), and (77). They follow from
the reciprocity relation (75).

4.4. Approximate method for solving the equation for the
coherent part of radiation reflected by a semi-infinite
discrete random medium

4.4.1. Basic equations

The equations describing WL are very difficult to
analyze. In Refs. [72-75], they were solved using the
double-scattering approximation, which allows one to
analyze WL as a function of medium properties. The
quantitative description of the angular dependences of
WL characteristics is a real challenge even in the frame-
work of the far-field approximation (i.e., for sparse
media). This problem has been fully solved only for a
semi-infinite medium composed of non-absorbing Ray-
leigh scatterers provided that the incident radiation
propagates normally to the boundary of the medium
[76,77]. Therefore, numerical modeling of CB is some-
times based on Monte-Carlo methods [78]. Unfortunately,
this requires considerable expenses of computer time and
becomes impracticable in the case of a medium composed
of polydisperse and/or non-spherical particles. Below we
consider a simple approximate method for the numerical
solution of the equation for the coherent part of the
reflected radiation in the case of a semi-infinite medium
illuminated by external radiation propagating perpendi-
cularly to the boundary of the medium.
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If the radiation propagates perpendicularly to the
boundary of the medium, the angles defining Egs.
(81)-(85) are as follows:

90 :0, \91 - %, lgs(‘:lg, (Pl,)l :¢'

while the coefficients ¢""*" take the form

HLG’AZ)(W) = exP(in((p_Q’o)+iM¢)@;p£)(“v)'
where
HEne _ =~ QLA T)
o =y A D
Lim
<A "a ) D G )

and m=—-M;—n.
Then Eq. (81) can be reduced to read [47,79]

2mn? . = +(q11)(P)
St = - explin—(@—pg)] > (1 05"
0 qq1LM
koZo
x / BNV exp(—§;2)dz, 92)
JO
where

Re(mer)—1 41 ) '

. 1 .
&= Im(meff)(l— m) +i(1 +c058)( c0s 9

and the coefficients A" are determined from the
following system of equations:

. ) o\ 5@ENEY)
B  exp(— 2B

27y (P9(g1);M— )@n)(g1v)
+3 SO o m/ﬁl%(qn @Y exp(—1p)
0 qqqlm

X dLMNO(a))d;NO () m_m(psindsinw)sinwdwdp. 93)

The coefficients By’ """

ing take the form

& @ (pm)(uv) & (p)() . M — ~
Bim => O i m/eXP(—PT1)
Im

corresponding to double scatter-

xdipy (@) () m-m(psindsinw)sinwdwdp,
(94)

where %; = 2Im(m,f)—&] cosw. Recall now that the inte-
grals in Eqgs. (93) and (94) are defined according to
Eq. (71). In Egs. (93) and (94), the upper limit of integra-
tion over p is z/cosw if w <m/2 (for downwelling radia-
tion) and approaches infinity if w > n/2 (for upwelling
radiation) (see Fig. 7).

The azimuthal dependence in Eq. (92) is caused by the
definition of the Stokes parameters of the incident and
scattered radiation with respect to different meridional
planes. If the radiation propagates perpendicularly to the
boundary of the medium then the Stokes parameters can
be defined with respect to the planes going through the
vectors Ko and K. Then exp[i(n—u)(¢p—¢,)]=1, and the
azimuthal dependence disappears.

Let us denote

7)(LpMn)(uw:2Re(g1)/0 BEPEY) exp(—§12) dz. (95)

Then the matrix Eq. (92) becomes

2
(©) n

L 2 *(d110(qp) ,,(qn)
v = —kgRe(él) Z (=1 @u\;lllu (qp) /L%; (q1v) (96)

qq:1LM

To derive an equation for the coefficients y{%""" appear-
ing in Eq. (96), we multiply the coefficients of Eq. (93) by
2Re(&1)exp(—&1z) and integrate over z. The integration of
the first term on the right-hand side of Eq. (93) yields the
following result [72-74]:

Q" = 2Ret@) | B exp(-12)dz
0
& enen [T i
=> 0 m/o i, (@), (O _pr (€.f) sin d>.
Im

Here,
Cm

VLA + /2 fHm

c=sinfsinw,

Im(c, f)=1"" 97

and

1
f=2Im(mgg)+ |cos w|Im(meg) (1 - @)

Re(megy)—1 1) .

+icosw(1+cos 3)( P

The integration of the second term on the right-hand
side of Eq. (93) corresponding to the radiation coming to
the point z “from above” (see Eq. (71) and Fig. 7), is not
very complicated and yields [80]

2Re(.§1)iM‘m/ exp(—&,2)dz
0

z/cosw XA Y)
X/O ﬁlm i exp(—tP)m-m(cp)dp
R (M (Y5)

The main complexity lies in the integration of the term
corresponding to the radiation coming “from below”
(Fig. 7). We will calculate it approximately, assuming that

ﬁ%)(qn)(ql V) ~ ﬁgfr)l(qn)(m v)exp(—W‘cp l cosw ‘ ) (98)

In other words, we assume that the coefficient g @
at a point y can be approximately represented as the
value of this coefficient at the point z multiplied by
exp(—wrp|cosw|), where w is a parameter whose value
can be determined from a certain condition. In the RT
theory for a semi-infinite atmosphere, a representation
similar to Eq. (98) is applied in order to describe the
radiation field at large optical depths [81]. However, the
corresponding equation is valid only for very large optical
depths and cannot be used directly to determine w in our
case since the characteristics of the reflected radiation are
controlled primarily by the upper layers of the medium.
Therefore, to determine w we will invoke the condition
considered below (see Eq. (101)).

The integration of the last term, upon taking full
account of Eq. (98), yields the following expression:

2Re(E )" /0 exp(—&12)dz /o pYan@)

xexXp(=1P)m-m(cp)dp
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ylgnn)(01»)1‘m7M‘ (C,E),
where
e = 2Im(my)(1+w|cosw)). (99)

Thus, the approach considered results in the following
system of linear algebraic equations for the coefficients of
Eq. (95):

) 2m1
V(LI;\Z)(W) :szn)(w) + 21 Z l{(pq)(uql)y(qn)(qu)GLM’m, (100)
0 qq:Im

where

n/2 .
Givim = /0 (1 My | (€ N )dMN0 (@)dyp, ()

+1jp, (C0)(— 1LHIEMEmgh N ()b, No(w)) sinwdw

& Lo M 1,0
— 2M> 2 _1ym
- Z CLMI mCLNgl Ng( 1)
Ly = |L—I|

/2

X/ (T @D +12 2l (o))
0

xdy o()sinwdo,

and M, =M—m.

The solution of the system of equations (100) can be
obtained, for example, by the method of iterations. Then
the LP reflection matrix R can be calculated using Eqgs.
(55) and (56):

R=RY RO = > (Z(L) +z(C))

2k
where RY is the diffuse reflection matrix and R© is the
reflection matrix for the interference component. It is
assumed that the incident flux per unit area perpendicu-
lar to the incident beam is proportional to 7.
In the case of the exact backscattering (3 = 180°), the
matrix R© is related to the matrix R" via the simple

O
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formulas (88)-(91). In particular,
ZR(L) R(l?-FR(O R(C)-|—R£8—|—R(1)+R(1)—R(313)+R$2,
(101)

where RV is the single-scattering reflection matrix.

We use the latter formula to determine the parameter
w in Eq. (99). Specifically, having solved the RTE for given
parameters of the medium, we determine the element
R(lL]’. Then, when solving system (100), we select the value
of the parameter w such that equality (101) is satisfied.

Thus, in the framework of the above approach, the
contribution of the double-scattering component is cal-
culated exactly, while the contribution of the higher
orders of scattering is calculated approximately. Below
we will evaluate the accuracy of this approximation by
using exact numerical results computed for a medium
composed of non-absorbing Rayleigh scatterers [4,82] as
well as experimental data by Wolf and Maret [8].

4.4.2. Robustness of the approximation

We compare first the results of calculations for a semi-
infinite medium composed of non-absorbing Rayleigh
scatterers. Figs. 8a and b show the dependence of the
enhancement factor

= RO R
Ri{(0)
and the degree of linear polarization
Py = D
RHO)+RT@)

on the parameter q = kolexcot, where oo = 1—39 is the phase
angle and

1
2koIm(meg)

lext =

The expression for the effective refractive index is given
by Eq. (51). The microphysical parameters of the particles

1 (rrrrrrrrrrrTTT T T
0t -
-1 § _
o[ b
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- . ~
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Fig. 8. Enhancement factor ¢,(4) and degree of linear polarization P(§) as functions of the parameter ¢ for a semi-infinite medium composed of non-
absorbing Rayleigh particles with ¥ = 0.01 and m = 1.5. The solid curves depict the exact results [82] while the dots show the result of using approximate

formulas.
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are as follows: ¥ =0.01 and m =1.5+i0, where % is the
size parameter and 1 is the refractive index. In Fig. 8, the
solid curves depict the numerically exact results [4,82],
while the dots show the result of using the approximate
equations derived above, with the value w= —0.21 calcu-
lated from equality (101). This particular value implies
that

(RG+RG—RY +RY +R}, + R, —Ri; +Rl,)/2 =1.149,
whereas the solution of the RTE yields R} = 1.147.

It should be noted that a negative value of w results in
an increase in the coefficients of Eq. (98) with increasing
depth z. This behavior can be explained by the increasing
radiation density in a non-absorbing (or weakly absorb-
ing) medium with increasing optical depth [67].

Fig. 8 demonstrates a high accuracy of the approximation
as applied to the medium composed of non-absorbing
Rayleigh scatterers. We will now analyze the robustness
of the approximation as applied to a medium composed of
wavelength-sized particles. In Fig. 9 the dots show the
results of laboratory measurements of co- and cross-polar-
ized components of light reflected by monodisperse sphe-
rical polystyrene particles suspended in water [8], ie,
Rw = (R11 +Rx2+2R12)/2 and Ryy = (R11—R22)/2, respec-
tively. The diameter of the particles is 460 nm, the wave-
length of the incident light is 515 nm, and the particle
volume concentration is £=0.1. The solid curves depict
the results of theoretical computations. The refractive index
of the polystyrene particles is taken to be i = 1.59, and the
value of the parameter w calculated from Eq. (101) is
—0.0796. This value corresponds to

(RQ+RSG RS +RY +RY + R, —RY: +Rl,)/2=1.173,

whereas the respective solution of the RTE gives
R =1.176. The calculated co- and cross-polarized compo-
nents are normalized to the experimental data at o =0.6°.
The effective refractive index of the medium is calculated
using Eq. (51).

0.35 : | : , :

0 0.2 04 06
Phase angle (deg)

Fig. 9. Comparison of experimental (dots; adapted from Ref. [8]) and
theoretical (solid curves) results for a semi-infinite medium composed
of monodisperse spherical polystyrene particles suspended in water.

As seen from Fig. 9, the approximation provides a good
accuracy also for the case of a medium composed of
wavelength-sized particles. The relative accuracy of the
calculations is better than 10%, which should be accep-
table in many applications. Unfortunately, we have no
reliable experimental or theoretical results which would
allow us to test the proposed technique for larger parti-
cles and other values of the parameters characterizing the
scattering medium. Note, however, that the comparison of
the experimental and theoretical results was made with-
out invoking any free model parameters: only the actual,
independently measured physical parameters (particle
size, refractive index, and concentration as well as the
wavelength of light) were used in the calculation. The
approximation can easily be extended to the case of
oblique illumination and to media consisting of non-
spherical particles (see Section 4.3.3).

It should be noted that such a simple theoretical tech-
nique can be developed only for a semi-infinite medium.
In the case of a medium of finite optical thickness, the
analytical integration in Eqgs. (92) and (93) results in very
complex formulas and does not yield a system of alge-
braic equations similar to that in Eq. (100).

4.4.3. CB as a function of medium characteristics: examples

Theoretical examples of the interference peak
R11(®)/R11(0) and the degree of linear polarization
P(2) = —R12(2)/Ry1(20) as functions of the parameters of
the semi-infinite scattering medium are presented in
Figs. 10-12a. The effective refractive index was calculated
according to Eq. (51) for all the models; the constituent
particles are assumed to be identical spheres a size
parameter of X =2 and a refractive index of m =1.5.
Fig. 10 shows how the intensity and polarization change
with particle packing density (concentration) &. It is
evident that the half-width of the interference intensity
peak grows linearly with increasing concentration, which
has been discussed extensively in theoretical (e.g., Refs.
[9,10,63,73,74]) and experimental (e.g., Refs. [8,65])
studies. The same linear dependence is also typical of
the phase angle of minimal polarization (Fig. 10b) pro-
vided that the polarization of the incoherent component
is small [74]. The inversion angle (the phase angle at
which polarization switches sign from negative to posi-
tive) also increases with increasing ¢&; in other words,
the range of phase angles affected by WL broadens. This
behavior of polarization is caused by the increase of the
imaginary part of the effective refractive index (i.e.,
extinction) with increasing concentration.

In Fig. 11, the interference peak and the degree of
linear polarization of the reflected radiation are depicted
for three values of the imaginary part of the particle
refractive index Im(m). As before, X =2 and Re(i) =1.5.
It is seen that increasing Im(/) leads to an increase of
the half-width of the intensity peak and the angle of
minimal polarization. These traits are also explained by
the increase of Im(m.y) with Im(/1). The deepening of
the polarization minimum with Im(r) is caused by the
strengthening of the positive polarization branch for the
radiation singly scattered by the particles.
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Fig. 10. (a) The interference peak Rq;()/R11(0) and (b) the degree of linear polarization for unpolarized incident light P(x) = —Ry2(0)/Ry1 () for ¥ =2,

m = 1.5, and three values of the packing density ¢&.
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Fig. 11. As in Fig. 10, but for Re(m)=1.5, £ =0.01, and three values of the imaginary part of the particle refractive index.

The dependence of WL characteristics on the particle
size parameter X is illustrated in Fig. 12a (the particle
refractive index is fixed at m =1.5). For all the models
considered, the imaginary part of the effective refractive
index is assumed to be the same: Im(m,g) = 0.00403. It is
seen that the interference intensity peak and the degree of
linear polarization vary with particle size in a rather
complex way. The behavior of polarization is especially
noteworthy: depending on X, P can be either negative or
positive. Recall that in the laboratory measurements for
powder-like samples [83] and observations of atmo-
sphereless celestial bodies [11], only negative polarization
has been detected at small phase angles. The “optical
mechanism” of its formation has been discussed in many
papers (e.g., Refs. [84-86]). The WL explanation is based

on the assumption that the degree of linear polarization of
singly scattered radiation is positive in the whole range of
scattering angles. However, the degree of linear polariza-
tion for particles with X >2 and m = 1.5 depends on the
particle sizes and the scattering angle in a complex way
and can be both positive and negative. In such cases, the
interference may result in a positive degree of linear
polarization of radiation scattered by the particulate
medium or in a more complex phase-angle dependence
of polarization [72-75]. For the model results shown in
Figs. 10-12a, the common feature of the polarization
curves is their asymmetry. Specifically, the minimum (or
maximum) of polarization is closer to exact backscatter-
ing than to the inversion angle. This trait is explained by
weak extinction in the media considered: for the particles
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Fig. 12. (a) As in Fig. 10, but for Im(m,g) = 0.00403 and five values of the particle size parameter X. (b) Scattering characteristics of a X =40 scattering
volume randomly filled with a number N of X =2 spherical particles (after Ref. [110]). The packing density ¢ varies between 1.5% (N=100) and 11.7%
(N=800). The particle refractive index is fixed at m = 1.31. (c¢) Scattering characteristics of random particulate volumes with size parameters in the range
30 <X < 60 (after Dlugach et al. [110]). The particle refractive index and size parameter are fixed at fi1 = 1.31 and % = 2, respectively. The values of the
packing density & are given in the legend. (d) Scattering characteristics of a X =30 random particulate volume composed of N identical spherical particles
with Re(ri1)=1.5 and % = 1.76. N=100 and & =2.4% in the upper row; N=600 and & =14.5% in the lower raw. The imaginary part of the particle refrac-
tive index varies in the range 0 < Im(h) < 0.3 according to the color legend (after Ref. [110]). (e) Optical characteristics of a X =20 random particulate
volume composed of N identical spherical particles with i =1.5 and =2 (after Ref. [110]). The packing density & varies between 7% (N=50) and 47%

(N=345).

with ¥=2 and m=1.5, min(Im(m.s))=0.00169 if
¢=0.005 and max(Im(m.q)) =0.00674 if ¢=0.02. For
such values of Im(mgy), the influence of distant particles
on a given particle is stronger than that of neighboring
particles (see the discussion in Section 4.2), which leads to
the asymmetry in the negative polarization branch.

5. Interaction of particles in the near field as revealed by
scattering properties of aggregates

As we could see in the preceding sections, the problem
of describing the scattering properties of a particulate
random medium becomes extremely complicated when
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the distances between the particles are not much greater
than the particle sizes and the wavelength, i.e., when the
particles are not in the far zones of each other, so that a wave
propagating from one particle to another cannot be consid-
ered spherical. In this case, the equations derived are much
more complicated than those for a sparse medium since they
do not involve the conventional single-scattering character-
istics of individual particles. Moreover, for a densely packed
medium, effects caused by the contribution of the interfer-
ence of waves scattered once and twice, twice and three
times, etc. can be observed, unlike the case of a sparse
medium wherein only the ladder and cyclical diagrams
contribute to the scattered light.

The purpose of this section is to demonstrate how the
interaction of particles in the near-zone affects the charac-
teristics of light scattered by a particle ensemble. Since only
approximate analytical solutions of the problem are cur-
rently available for densely packed random particulate
media, we will use particle ensembles with a limited number
of components and a limited volume. In order to perform
computer simulations of electromagnetic scattering by a
finite volume filled with randomly positioned particles, one
can use one of the currently available techniques based on
the direct numerically exact solutions of the macroscopic
Maxwell equations (MMEs). We use one of these solutions,
the so-called superposition T-matrix method [24,87], to
compute the scattered intensity and degree of linear polar-
ization for complex ensembles of particles. Within the range
of its numerical convergence, the corresponding public-
domain T-matrix computer code [88] yields results with a
guaranteed accuracy, which makes it numerically exact.
Although the computer resources available to us do not
allow computations for realistic particulate targets such as
particulate planetary surfaces, the results obtained for
ensembles containing a limited yet large number of particles
do reveal trends in the light-scattering characteristics caused
by increasing packing density.

5.1. Effects of near-field interactions on scattering
characteristics

5.1.1. Inhomogeneity of near-zone fields

In order to explain the way in which the near-field
components affect the characteristics of the reflected
light, it is necessary to consider the field structure in the
vicinity of the particles. Everywhere in space, only the
total field, i.e., the sum of the incident and scattered
components, is a real physical field [58]. If the scattered
wave contained only components decreasing as 1/r then
the wave leaving the particle would be spherical at large
as well as at small distances from the particle. Then, in the
close vicinity of the scatterer, the propagation directions
of the scattered and incident waves would not coincide
(except for the forward-scattering direction k. = Kg), and
these waves would not be connected. However, the real
scattered field near the particle contains components
decreasing faster than 1/r (compare Egs. (4) and (14)).
These terms describe the near field [14,35,41,42] which
causes a connection of the incident and scattered fields to
some distance from the particles. This connection causes
inhomogeneity of the total field in the particle’s vicinity.

This effect is most pronounced if the particle size is
comparable to the wavelength. Direct calculations using
the Lorentz-Mie theory for spherical particles show that
the constant-phase surface of the total field near the
particle is funnel shaped (Fig. 13). Consequently, the field
inhomogeneity near the particle causes a rotation of the
total electric field vector relative to the incident field
vector. As a result, E; #0 (see also Refs. [13,15,89,90]).
Under such conditions, neighboring particles experi-
ence the influence of the inhomogeneous field and, con-
sequently, scatter light in a different way than that
predicted by the theory considering only plane waves.
To examine the influence of the field inhomogeneity in
the vicinity of particles on the characteristics of light
scattered by a particle ensemble in more detail, let us
consider Rayleigh test particles placed on the surface
kozo ~ 7 in Fig. 13. Fig. 14 shows the scheme illustrating
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Fig. 13. Constant-phase surfaces and local directions of the total electric
field (i.e., the sum of the incident and scattered waves) in the close
vicinity of a particle with a size parameter X =4 and refractive index
m = 1.32+1i0.05. The incident wave propagates along the wave vector ko
and is polarized in the xyzo plane.

a b

Fig. 14. Scattering of (a) homogeneous and (b) inhomogeneous waves
by Rayleigh test particles. Particles 1 and 3 are in the Xozo plane, while
particles 2 and 4 are in the yozo plane. The incident wave E© propagates
along the positive zp-axis (along the vector Kp) and is polarized in the
XoZo plane. The scattered wave propagates in the direction of the phase
angle o (along the vector Ky.). The vectors centered at the Rayleigh
particles show the directions of the dipole moments induced.
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the conditions of the light scattering by four test particles
located in the homogeneous field (a) and in the inhomo-
geneous zone near the larger particle (b).

Let us first analyze the case when the incident field is
polarized in the scattering plane xyzp as shown in Fig. 14.
If the test particles are far from each other and from other
particles, i.e., they are subjected to a homogeneous field
(Fig. 14a), their dipole moments are parallel to the xp-axis.
In this case, the intensity of the scattered light is deter-
mined by all four test particles-dipoles in the directions
oo=0° and 180° and it is zero in the direction ot=90°.
However, if the test particles are in the inhomogeneous
zone near a wavelength-sized particle (Fig. 14b) then
the dipole moments induced in particles 1 and 3 have a
non-zero component in the direction of wave propaga-
tion, i.e., along the zp-axis. This results in a decrease of the
intensity of the scattered light in the directions o=0° and
180°, and the intensity in the direction «=90° becomes
non-zero. In both cases, the scattered wave is polarized
in the same way as the incident one in the scattering
plane.

If the incident wave is polarized perpendicularly to the
scattering plane then, in the case of the homogeneous
field, the scattered radiation is also polarized perpendi-
cularly to the scattering plane and the intensity does not
depend on the phase angle. In the inhomogeneous field,
particles 1 and 3 produce radiation that is polarized
perpendicularly to the scattering plane and does not
depend on the phase angle. While the radiation scattered
by particles 2 and 4 has a component parallel to the z,-
axis (i.e., polarized in the scattering plane) which depends
on o, the intensity decreases in the directions «=0° and
180° and increases in side directions. So, for any polariza-
tion of the incident wave, the field inhomogeneity in the
vicinity of the scattering particle induces a rotation of the
field vector and leads to the appearance of a component
of the total field E,;#0, which, in turn, diminishes the
intensity of the light and causes negative polarization (see
also Refs. [13-15,42,89,90]). This effect should depend on

log(Z,/2%)

Scattering angle (deg)

log(Z,,/2%)

|
0 60 120 180

the sizes of the particles and can be expected to be most
pronounced for wavelength-sized particles since the spa-
tial scale of field inhomogeneities is comparable to the
wavelength (Fig. 13).

5.1.2. Mutual shielding of particles

One more manifestation of near-field effects is the
shielding of particles by each other [16]. The scheme with
the test dipoles (Fig. 14) can help us to estimate qualita-
tively the result of the shielding of, for example, dipole 1
by the large particle for the specified direction of observa-
tion. For the sake of simplicity, let us assume that for the
given polarization of the incident radiation, the dipole
moment of particle 1 is oriented exactly opposite to the
vector K. In this case, particle 1 does not radiate in the
direction K. It is of no importance whether we take the
shielding into account or not. If the incident radiation is
polarized in the ygzg plane then particle 1 radiates as
particle 3 (or as all the particles in the homogeneous
field), provided that the shielding is ignored. However,
when the large particle shields particle 1 then the latter
does not radiate in this direction (i.e., does not contribute
to the positive polarization). In other words, the shielding
diminishes the contribution of the positively polarized
scattered radiation and reduces the intensity in the o
direction. However, in the backscattering direction, dipole
1 contributes to the scattered radiation, which causes an
increase in the intensity with respect to that in the «
direction. In this regard, we note that the geometric-
optics description of the shadowing effect does not lead to
negative polarization [83,91,92]. Unlike the field inhomo-
geneity in the near zone, which is most pronounced for
wavelength-sized particles, the mutual shielding effect is
independent of the sizes of the particles located in the
near field.

It is convenient to illustrate the effects of mutual
shielding of wavelength-sized particles by considering
light scattering by bispheres with touching components.
Fig. 15 depicts the intensity of light scattered by such

0 60 120 180
Scattering angle (deg)

Fig. 15. The angular dependence of the intensity of light scattered by a bisphere having its axis in (a) the scattering plane and (b) in the perpendicular
plane. The solid and dashed curves correspond to the calculations accounting for the near-field components and ignoring them, respectively. The

calculated values of the relative intensity are normalized in the same way.
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bispheres in two orientations relative to the scattering
plane given, in this case, by the plane of the page. The size
parameters of the bisphere components are X =4 and
their refractive indices are m = 1.32+0.05i. The incident
quasi-monochromatic beam is unpolarized, and its pro-
pagation direction is indicated by the vector Ko. The
results are shown for two models. The first one accounts
for all the components of the scattered field including
those decreasing faster than 1/r, i.e., including the near-
field components (solid curves). In other words, the
coefficients H{%), ~in Eq. (20) are given by their most
general form, Eq. (19), wherein their radial dependence is
determined by the Hankel spherical functions. The second
model accounts for only the components decreasing as
1/r, i.e., ignores the near-field components (dashed
curves). In other words, the second model is based on
Eq. (46) implying the far-zone assumption.

The comparison of the model results shown in Fig. 15
reveals that when the bisphere axis lies in the scattering
plane then the intensity of the scattered light along the
axis («=90°) calculated with full account of the near field
is substantially smaller (by approximately one order of
magnitude) than that calculated by ignoring the near
field. However, if the bisphere axis is perpendicular to
the scattering plane then there is no difference between
the model results for the intensity of light scattered in
side directions. Hence, in the case of the bisphere axis
lying in the scattering plane, the cause of the intensity
decrease is the mutual shielding (shadowing) of the
bisphere components. In other words, each sphere acts
as an obstacle for the propagation of the radiation
scattered along the bisphere axis.

As was noted in Section 2, Eq. (20) provides a complete
description of all the details of the field surrounding the
particles which, in particular, result in the mutual shielding
of particles [16]. In fact, if the field components decreasing
faster than 1/r are ignored by using Eq. (46) then Eq. (20)

2119

describes spherical waves, i.e., the particle sizes are ignored
in comparison with the distances between them. In other
words, under the far-zone assumption, the shielding concept
becomes irrelevant. Therefore, for the scattering direction
parallel to the bisphere axis, the intensity calculated in the
far-field approximation far exceeds that calculated with full
account of near-field interactions. Calculations show that in
this case the shielding effect is noticeable for interparticle
distances up to several times the particle diameters.

5.1.3. Examples of near-field effects in aggregates

The influence of the near field on the intensity and
degree of linear polarization of the scattered light can also
be illustrated with a more complex example. Fig. 16
displays the scattering characteristics of a partially
oriented cluster consisting of one relatively large particle
with a size parameter of X =4 and a refractive index of
m =1.32+1i0.05 and eight small particles, each having a
size parameter of X=1.5 and a refractive index of
m =1.5+1i0.1. The coordinates of the cluster components
are detailed in the figure caption. The incident light
propagates along the positive z-axis. The scattering char-
acteristics of the cluster are averaged over all rotations of
the cluster about the z-axis and over variations of the
angles 3; of small particles within the + 5° interval. The
relatively strong absorption and the random positioning
of the particles in the cluster were used in order to
diminish the contribution of interference effects resulting
from a regular arrangement of the particles.

The comparison of the model results calculated with the
near-field components accounted for and ignored shows
that the interaction of particles in the near field suppresses
the intensity in a wide angular range and induces negative
polarization in backscattering directions. It is worth noting
that the intensity, at least for the given cluster, is mostly
affected by shielding, since it is the shielding that sup-
presses the intensity in the side-scattering directions.

80 T T l T l T l T
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Fig. 16. The phase-angle dependence of (a) intensity and (b) linear polarization of light scattered by the cluster shown in the left-most panel. The
coordinates of eight small particles in the spherical coordinate system centered at the large particle (see the scheme on the left) are R;=5.5, 6.5, 5.8, 6.7,
6.2,5.9,7.1, and 6.8 (in units of size parameter), 9;=75°, 70°, 65°, 60°, 55°, 65°, 75°, 55°, and ¢;=0°, 45°, 90°, 135°, 180°, 225°, 270°, and 315°. The results
calculated with the near-field components accounted for and ignored are shown by solid and dashed curves, respectively.
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The influence of the shielding and the near-field inhomo-
geneity on the polarization is difficult to distinguish,
because in this case both effects have the same sign.

For the interpretation of astronomical observations
and laboratory measurements, it is especially important
to distinguish the manifestations of different scattering
mechanisms in the range of small phase angles, where a
nonlinear increase of brightness and a narrow minimum
of negative polarization, the so-called brightness and
polarization opposition effects (BOE and POE), are often
observed (e.g., Refs. [11,83,93-95] and references
therein). Both effects have been attributed to CB caused
by scattering in particulate media (see, e.g., Refs. [4,11]
and references therein). However, one should keep in
mind that the CB concept is strictly applicable only in the
limit of very small packing density [4,11]. In the case of
densely packed media, the interaction of particles in the
near field may distort the influence of CB [15].

An example demonstrating the near-field effects on
the scattering characteristics of a densely packed cluster
is presented in Fig. 17. The results calculated by account-
ing for the near-field components and by ignoring them
are shown. It is clearly seen that the contribution of the
near-field interaction smoothes the opposition enhance-
ment of intensity and shifts the polarization minimum
and the inversion angle away from the exact backscatter-
ing direction. For this particular cluster, the near-field
contribution also makes the negative-polarization branch
deeper. However, as numerous model calculations show,
the latter effect depends strongly on the size parameter
and refractive index of the constituent particles.

It should be noted that the artificial removal of the near-
field components from the scattering computation can also
strengthen the contribution of coherent and diffuse scatter-
ing. Therefore, a more correct way to study the conse-
quences of the near-field interactions on the scattering
properties of random particulate media is to examine the
characteristics of aggregates with varying porosities.

a b

20

5.2. Coherent backscattering and near-field effects for
ensembles of particles with varying packing densities

5.2.1. Model description

Recently, a number of papers devoted to the para-
metric analysis of the scattering characteristics of particle
aggregates and particulate volumes have been published
(see, e.g., Refs. [96-103] and references therein). Their
main objective has been to explain the results of photo-
metric and polarimetric observations of various comets,
atmosphereless celestial bodies, and laboratory samples.
However, from the standpoint of the analysis of pack-
ing density effects, the most robust method has been
that proposed by Mishchenko et al. [96] and later adopted
in Refs. [97,104-110]. To examine whether all backscat-
tering effects predicted by the low-density theory of CB
also take place in the case of densely packed media,
the model of a random particulate medium in the form
of a macroscopic spherical volume randomly filled with
N identical non-overlapping spherical particles has been
used.

This approach is based on using only one multi-
particle configuration, with particle positions inside the
spherical volume prescribed by a random-number gen-
erator. Although the mutual positions of the N particles
with respect to each other remain the same, they are
sufficiently “random” from the outset. Therefore, aver-
aging over all orientations of this configuration yields, in
effect, an infinite continuous set of random realizations of
the scattering volume while enabling one to apply the
efficient orientation averaging technique afforded by the
superposition T-matrix method [87]. Of course, this scat-
tering model cannot be expected to reproduce exactly the
great diversity of morphologies of discrete random media
encountered in laboratory and natural settings. However,
it is sufficiently representative to permit a meaningful
analysis of the effects of packing density on EM scattering
by discrete random media.
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Fig. 17. Intensity normalized to its value at zero phase angle and polarization versus phase angle calculated for the cluster shown in the right-most
panel. The parameters of spherical particles constituting the cluster are X = 1.5 and m = 1.55+10.1. The results calculated with the near-field components
accounted for and ignored are shown by solid and dashed curves, respectively. The dotted curves show the results for a single particle.
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In the framework of this approach, it is assumed that
the statistically random particulate volume is illuminated
by a parallel quasi-monochromatic beam of light. The
observer is located in the far-field zone of the entire
spherical volume. Since all scattering and absorption
properties of the particulate volume are averaged uni-
formly over all orientations of the N-particle configura-
tion, they depend only on the phase angle.

Mishchenko et al. [96,97,104], Mishchenko and Mack-
owski [69], Mackowski and Mishchenko [108,109], and
Dlugach et al. [110] performed extensive computations of
the scattering characteristics of particulate volumes with
size parameters X =koR (where R is the radius of the
volume) ranging from 20 up to 60, filled with non-absorbing
spherical particles with real-valued refractive indices m
ranging from 1.194 to 1.6. Depending on X and 1, the
number of monomers N was varied from 1 up to 1875.
Some numerical data were obtained for absorbing particles
with the imaginary part of the refractive index Im(11)=0.01,
0.1, or 0.3. The values of the particle packing density in a
finite volume depend on the way the particle volume
fraction is defined. In the papers by Mishchenko et al.
[97,104] and Dlugach et al. [110], the packing density is
defined as & = Na&® /(R—a)*, where (R—a) is the radius of the
sphere enclosing all constituent-particle centers.

To control the behavior of the negative polarization
branch at small phase angles with increasing number of
interacting particles, it is convenient to use constituent
particles causing neutral single-scattering polarization in
a sufficiently wide range of backscattering angles [97]. To
ensure that, proper {refractive index, size parameter}
combinations for the constituent spheres were selected.
For example, the refractive index of ice, m = 1.31, dictates
the monomer size parameter X = 2.

5.2.2. Numerical results

Representative examples of the results obtained by
Dlugach et al. [110] for the case of unpolarized incident
light are shown in Fig. 12b-e. The phase-angle depen-
dences of the intensity and polarization for volumes
containing ice particles with packing densities less than
30% (Fig. 12b and c) show perfect qualitative agreement
with the predictions of the low-density theory of CB.
Indeed, the normalized scattered intensity exhibits back-
scattering peaks which rapidly grow with N but have
virtually the same angular widths. In the phase-angle
range from 0° to 30°, linear polarization rapidly develops
a pronounced minimum of negative values. The phase
angle of minimal polarization is essentially independent
of N and decreases with increasing X approximately as
1/X. The angular position of the polarization minimum
is comparable to the angular semi-width of the BOE.
Furthermore, the phase-angle profile of the negative
branch is asymmetric, so that its minimum is significantly
closer to zero phase angle than to the inversion angle. This
means that the polarization minima in Fig. 12b and c have
the same basic morphology as the POE predicted by the
low-density theory of CB [4,82]. Moreover, T-matrix
calculations for different real refractive indices show that
the angular widths of the backscattering intensity peaks

are virtually independent of i1, while the negative-polar-
ization features are almost identical.

Since non-zero absorption can weaken various manifes-
tations of multiple scattering significantly, it is important to
verify whether the WL interpretation of the backscattering
features identified previously for non-absorbing particles is
consistent with the expected behavior of these features with
growing Im(ii1). The results of extensive computations for
absorbing particles [110] (sample results are presented in
Fig. 12d) have revealed a rather complex behavior of the
opposition features in this case. The changes in the ampli-
tude and width of the backscattering intensity peak as well
as in the depth and width of the negative-polarization
branch with increasing absorption can be non-monotonic.
One has to conclude that increasing absorption can either
enhance or suppress various manifestations of CB depend-
ing on the particle packing density and the real part of the
refractive index [110]. This is not surprising, since increasing
Im(m) modifies not only the absorptivity of the constituent
particles but also their single-scattering properties.

The optical effect of increasing the number of particles
in a volume can be expected to be twofold [97]. At the
outset, it facilitates multiple scattering and thus enhances
the classical RT and CB features. Eventually, however, it
causes scattering patterns not predicted by the low-
packing-density theories of RT and CB. This implies that
the RT and CB interpretation of the T-matrix results may
fail if the packing density becomes exceedingly large.

Fig. 12e shows one example illustrating the effect of
increasing packing density in ensembles of non-absorbing
particles. Indeed, starting from packing densities ~30%,
the phase curves develop high-frequency interference
ripples typical of a single spherical particle with a size
greater than the wavelength [24]. This behavior is
obviously inconsistent with the RT and CB predictions.
To better distinguish packing-density effects in closely
packed aggregates, the interference features can be
smoothed by distorting the regular spherical shape of
the particulate volume [107], as shown in Fig. 18. It is
seen that for such non-spherical volumes, the BOE
becomes wider and the polarization minimum moves
away from opposition when the packing density grows.
Moreover, depending on the size parameter of the con-
stituent particles and the real part of the refractive index,
the negative branch of polarization may become wider
and deeper, while the BOE is weakened in more closely
packed absorbing aggregates. Evidently, this behavior of
the phase-angle curves does not follow from the low-
density theory of CB. Similarly to the case with a spherical
volume [110], the modeling with absorbing distorted
spherical volumes also shows that changes in the back-
scattering features are not completely monotonic when
the absorption and/or packing density increases [107].

5.2.3. Discussion

In an optically thick non-absorbing or weakly absorbing
particulate layer, the interference base is controlled by the
transport mean free path, while in a finite and relatively
small volume randomly filled with particles it is controlled
by the volume size parameter. Therefore, numerically exact
computations for finite particulate volumes cannot always
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Fig. 18. Optical characteristics of the scattering volumes randomly filled with a number N of spherical particles with parameters indicated in the plots.
The numbers of particles in the volume and the corresponding values of the packing density defined as §=N€13/R3 are also shown in the legends. The
shape of the volumes is a “distorted” sphere, as illustrated by the inset showing an aggregate of 300 particles with X=1.7 filling a X=17 volume.

reproduce the behavior of the scattering characteristics
typical of natural particulate media. However, the model
of a finite scattering volume allows one to obtain direct
computer solutions of the MMEs without making the
simplifying yet questionable assumption of a small packing
density. Consequently, the evolution of multiple-scattering
effects, especially for CB and near-filed interactions, in
complex ensembles of particles with increasing packing
density can be traced unequivocally.

The results of extensive numerically exact computer
simulations described above imply that:

(1) For ensembles of non-absorbing or weakly absorb-
ing particles, the backscattering effects such as the
BOE and POE predicted by the low-density theory of

(2)

CB also take place for densely packed media. If the
packing density exceeds ~25-30% (depending on
the particle refractive index and size parameters),
the backscattering characteristics start to exhibit
behavior deviating from the classical low-density
predictions. Nevertheless, we may conclude that the
CB features still survive packing densities typical of
particulate surfaces and particle suspensions encoun-
tered in natural and artificial environments.

For ensembles of absorbing particles, the changes in
the behavior of the backscattering features with
increasing packing density are not monotonic and
do not always obey the low-density CB theory. In
general, the opposition intensity surge becomes wider
and the negative-polarization minimum shifts away
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from opposition with growing packing density. In
addition, depending on the particle size parameter
and real part of the refractive index, the negative-
polarization minimum can become more pronounced.
This behavior of the backscattered intensity and
polarization is consistent with the increasing contri-
bution of the near-field effects (see Section 5.1 as well
as Refs. [14,15,42]).

The rapidly growing body of evidence appears to
corroborate the conclusion that CB is the likely cause of
the remarkably narrow BOE and POE observed for high-
albedo objects of the Solar System and bright laboratory
samples (e.g., Refs. [11,111]). The explanation of the
robustness of the typical manifestations of CB can be as
follows: the waves that are multiply scattered by widely
separated particles in a rather closely packed medium still
provide a significant cumulative contribution to the
scattered radiation [96]. In an absorbing densely packed
medium, the near-field effects play a significant role and
weaken the manifestations of CB. Moreover, depending on
the properties of the constituent particles, the near-field
interactions may strengthen the negative polarization at
small phase angles. The latter effect may explain the
negative-polarization branch observed for dark objects
exhibiting no opposition effect in the scattered intensity
(e.g., Ref. [107]).

6. Concluding remarks

This review was focused on certain aspects of the
theory of EM scattering by systems of particles and
discrete random media. All equations and numerical
results were obtained from the MMEs either directly or
by using a well-defined and reproducible approximation.
Phenomenological and approximate theories and meth-
ods with poorly defined accuracies and ranges of applic-
ability were intentionally left out (cf. Refs. [58,112]).

Special attention was paid to EM scattering by densely
packed discrete random media. The particular importance
of this subject is explained by the need for an adequate,
physically based interpretation of remote-sensing data
obtained for different objects, including data of ground-
based observations of atmosphereless celestial bodies,
optical studies of the terrestrial surface and atmosphere
from spacecraft, etc. Unfortunately, a complete and prac-
tically usable theory of EM scattering by densely packed
media is still not available, while the scattering theory
for sparse particulate media is rather advanced. The
optical characteristics of sparse discrete random media
are determined by only two types of scattering: diffuse (or
incoherent) scattering and CB described by the RTT and
the theory of WL, respectively. Although these theories
are based on the far-field assumption (i.e., the constituent
particles are assumed to be in the far-field zones of each
other), the results of numerically exact computer solu-
tions of the MMEs for macroscopic volumes filled with
randomly positioned spherical particles show that the
actual range of applicability of the RT and CB concepts can
be significantly wider. In particular, observations can be
correctly interpreted even if the particle packing density

reaches 20-30% provided that the particles are non-
absorbing or weakly absorbing.

To calculate the characteristics of radiation reflected
from a densely packed medium, it is insufficient to solve
the RT and WL equations, even if they are written in the
form based on the neglect of the far-field assumption. In
these media, the incident and scattered fields are related in
the vicinity of a particle. Consequently, effects caused by the
interference, such as that of waves scattered once and twice,
can be observed that do not exist in sparse media. The
results of multiple-scattering calculations for ensembles of
randomly positioned particles show that a considerable
increase of packing density changes significantly the
phase-angle dependences of the scattered intensity and
polarization at backscattering geometries. This allows one
to estimate the contribution of the near-field effects and,
consequently, the packing density of particles and their
absorption properties. However, the quantitative interpreta-
tion of measurements of radiation reflected by a densely
packed medium in terms of particle sizes, refractive indices,
and packing densities still remains problematic. That is why
direct computer solutions of the MMEs have recently been
used with great success for the study of scattering char-
acteristics of large, though still limited, multi-particle
systems. It is not claimed that such modeling can reproduce
exactly the scattering properties of natural particulate
media. However, its critical advantage is that it permits a
thorough qualitative and semi-quantitative analysis of the
effects of packing density on multiple scattering. This
analysis allows one not only to determine the range of
applicability of the low-density RT and WL theories, but also
to understand the complex scattering mechanisms acting
in density packed media. The latter is important for the
development of improved theories of EM scattering by
realistic particulate surfaces and dense particle suspensions.
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Appendix A. Spherical and helical basis vectors

Covariant spherical basis vectors are defined as follows
[34]:

1 .
e, = —nﬁ(eﬁ—mey), ey =e,.
Here, n= +1 and eyeye, are unit vectors along the
corresponding axes of a Cartesian coordinate system.
Contravariant spherical basis vectors e" can be expressed
in the covariant ones as follows: e" =e}. Spherical basis
vectors form a complex orthonormal basis:

eel =eqe; =dgp (p.q= £ 1,0).
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Any vector can be decomposed as follows:
A=) APe,=> ApeP,
b p

where A, and AP are the covariant and contravariant
components, respectively:

1
An=-A"T"=-n——=(Ac+inAy),
n ﬁ( X y)

Ag=AC=A,.

Covariant helical basis vectors are determined as follows:
1
h ; (h)
e; )=—n NG (eg+iney), e;’ =ey,

where n= +1, and e;,ey,e; are the corresponding unit
vectors of the spherical coordinate system. Contravariant
helical basis vectors are defined as complex-conjugate
covariant helical vectors.

Appendix B. Spherical vectors

Spherical vectors (or irreducible spherical tensors of
rank 1) can be represented in the form [34]:

Yiu(3.0) = Cln Yim(9,0)ep.
p

Here, Cf};, , are CGCs [34] (see also Appendix D), m = M—p,
Yin(3,¢) are scalar spherical harmonics [34], and e, are
covariant spherical basis vectors (p =0, + 1). The indices |
and L are non-negative integers, —J<M<]J,—L<m<L.
For a fixed J, L takes the values L =J,L =] + 1. Three such

vectors with identical ] and M form an orthogonal basis:
Yiu(9.0) Y (9,9)=0, (L#L).

The representation of the spherical vectors in terms of
helical basis vectors has the form

Yiu(%.0) = Y& @)Prey,
p

where the contravariant components [Y}M(S,go)]p of the

vector YJLM(S,qo) are given by

2L+1
Y4, (9. 0)P = \/%C{%WD’_;:—M(O'&‘P)

2L+1 .
= /FC{‘(’HPD,\},IJ((/),.‘),O).

Here D} (¢,9,0)=D",_,(0,9,¢) is the Wigner D function
[34] (see also Appendix C). The covariant and contra-
variant components of the spherical vector Y]LM(.Q,(,D) are
related:

Y (3.0)], = (= 1P [y (3,0)] P

The expansion of a plane wave in spherical vectors
Yj1(9.) has the form [34]

e(kyexp(ikr) = 41> iy (kr)[e®)- Vi (90, o) Yy (3,0).

JM
Here, 39,¢, and 3,¢ are spherigal angles of the vectors k
and r, respectively. A vector g(k) determines the state of
wave polarization. If £(K) is a helical vector then the above
expansion can be rewritten as follows:

eﬁlh)(f()exp(ikl‘) = ZWLM |:njL(kr)xLM('9v(p)+ %V x JL(kn)Xpm (3, @) |,
™

where  wyy = —4ni'\/2L+1)/87Dk, (%,0,,0)  and
Xm(3,0) = Yy (3,0).

The vectors Fjy,(r) = z,(kr)Yjy,(3,¢) are solutions of the
vector Helmholtz equation

AF+k*F=0

and are known as the vector Helmholtz harmonics [26].
Here z;(x) = \/7/(2X)Z; 1 1,2(x) and Z; 1 »(x) is any cylind-
rical function of order L+1/2. If V-F=0 then the solu-
tion of the vector Helmholtz equation can be expressed in
the vectors z (knXim(3,0) and (1/k)V x z (k)X m(3, @)
only. These vectors are closely related to the trans-
verse vector spherical wave functions Mpy(kr,3,¢) and
Non(kr,3,¢) [24]:

hn(kr)Xpm(3,@) = iMpu(kr,3, @),
V5 X (3, 9) = N kT, 5,00,
Jn(kN)Xnm (3, @) = iRgMn(kr, 3, ),
1
k
where hy(kr) and j,(kr) are Hankel and Bessel spherical
functions, respectively. Let us denote My (z;(kr),r)=
z1(knXim(8,¢) and Niy(zi(kr),r) = (1/k)V x zi(kr)Xim (3, @),
where z; (kr) is the Bessel or Hankel spherical function. Let a
vector r be represented as r=r;—r,. Then the translation
addition theorem for vectors Mjy(zr) and Niy(zr) in a
compact notation of functions z; (kr) reads as follows [22,38]:

Muy(z0) = [Himm (02)Min (V,81) + Kiniag (02)N i (1,111,

V x ju(kN)Xum(3, @) = iIRgNpa(kr,9,0),

Im

Nim(zr) = Z[KlmLM(rZ)Mlm . r1)+Hpmm ()N (v,11)],
Im

where

Hinpu(12) M .
= (- \/m

Kinm(12) } =1 @J+DEL+1) 2131] gi(krz)

I+

i
XD£n10(¢2"92'O)leﬁffmcjl?Lq { Iy’
y=jitkry), gkry))=z(kry) if ry <y,
y=z(kry), gkry)=jikry) if r4>ry,

my =N-M, I; =[1+ (=1)!*t*+1/2, and ¢,,9, are spheri-

cal coordinates of the vector r,.

Appendix C. Wigner D functions

Wigner D functions represent the matrix elements of
the rotation operator and are defined as follows [34]:

Dy (fg,1) = Dk (, B,7) = exp(—iMaydlyy (B)exp(—iNy).

Here L=0,1,...,—L <M <L,—L <N <L, and the Euler angles
o, f3, and y determine the rotation from a coordinate system
My to a coordinate system fi;. The Wigner d functions d¥y (x)
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are closely related to the generalized spherical functions
rn(X)
P (x)=i"""d! (x).

Spherical functions Yy (9,¢) are a particular case of the
Wigner D functions

2L 2L
Vir(9,0) =\ 21 Dh 1y (0.5.0) =/ 2t Do (9.5,0).

The addition theorem for the Wigner D functions reads

Djjj (01y,113) = ZDf'v]ml (11, fig)D}, (g, Ry)

—ZD (g, Ay)DL (g, ).

A direct consequence of the addition theorem is the
unitarity condition

z:D%\/[m1 (ﬁ] vﬁZ)D;"I;m1 (ﬁl vﬁz) = 5Mm~
m

The D functions have many symmetry properties; several
are listed below:

Diy(fi1,01z) = (=1)M""Dh, (g, f1p),

Dk/[m(ﬁl vﬁz) = D*mLM(ﬁZ-ﬁl)v

Diyn (g, 2) = (=DM ™Dl (—hy,—iy),

D%/Im(ﬁl vﬁz) = (_1)LDk/1_m(ﬁ1 v_ﬁz)'

A product of two Wigner D function can be decomposed
into a CGS:

Dl (A1, 012)D (g, 1) = % Cratn, ClaL my D, (011, 102),
where the symbols C with indices are CGCs (Appendix D).
The orthogonality property of the D functions reads as
follows:

2n 2n bid
/O dot /0 dy /0 Dl (e Bo)Dik (e B.y)sin B

8m?
= m 5L15Mm 5Nn~

In the particular case of one D function this formula takes
the form

2n 2T T
/ doc/ dy/ Dy (o, B,y)sin fd = 87%5109mo0no-
0 0 0

Appendix D. Clebsch-Gordan coefficients

Explicit forms of the CGCs can be found in many
publications (see, e.g. Ref. [34]). The CGCs Cji are
real-valued coefficients which are non-zero only when
[I-L| <Ly <I+L, Mj=m+M, L> > and
1> |Mi|. The indices L,L,,l are non-negative integers or
half-integers, while M,M;,m are integers or half-integers.
The unitarity relation for the CGCs reads

LiM; LM,
ZCLMlm CLMlm 5L1 Ly 5M1 M, -

The CGCs have many symmetry properties, in particular,

L1 M, Li+L+1,-L—My Li+L+1,-L M,y
Cuvum—(_l)1 CL Ml—-m =(=D" ClmLM

/2L1+1
:(_I)H—m 2L+1 C M]lm
_ 2L1+1
=DM S Gl

Explicit forms of the CGCs for some frequently encoun-
tered combinations of indices are given below:

\/7C{0+11+1=\/;’ \/@LO]O__@' L=J+1,
VERGL = T B A, =0, a=)),
\/*C{(;—l1+l = \/;v \/-7C{(())10 = \/%, (L=J-1).
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