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Broadband electromagnetic scattering by particles
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The so-called sum rule for the extinction cross section has been the subject of several publications. However, it
has not been obtained directly from the macroscopic Maxwell equations but rather follows from heuristic cau-
sality considerations. It is argued that these causality considerations are, in fact, questionable and do not fol-
low from the fundamental concept of electromagnetic scattering by a particle. Therefore, the resulting sum rule
should be considered an unproven hypothesis rather than an outcome of a rigorous derivation from first prin-
ciples.
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. INTRODUCTION
urcell [1] appears to be the first to introduce the so-
alled sum rule for the extinction cross section by express-
ng the integral of the extinction cross section over all
avelengths in terms of a simple product of the particle
olume and a coefficient depending on the particle shape
nd static dielectric function. This result was rederived in
2] and generalized in [3,4] (see also [5–12]).

Unfortunately, the final results of [1–4] have not been
btained directly from the macroscopic Maxwell equa-
ions but rather are based on heuristic causality consid-
rations. In the following I argue that the causality argu-
ents used in [1–4] are, in fact, quite questionable and

re inconsistent with the fundamental concept of electro-
agnetic scattering by particles. The main objective of

his paper is not to disprove the extinction sum rule but
ather to demonstrate that the existing derivations of this
athematical theorem are inadequate.

. ANALYSIS
he derivations presented in [1–4] essentially use as a
emplate the Kramers–Kronig relations. The latter are a
irect consequence of postulating appropriate constitutive
elations, which state that the electric displacement D,
he magnetic induction B, and the macroscopic charge
ensity J at a point r and at a moment t depend on the
alues of the electric and magnetic fields, E and H, at this
ame point but over the entire time interval �−� , t�. Note
hat D, B, J, E, and H are actual coexisting physical
elds and depend explicitly on time and spatial coordi-
ates.
It is very important to recognize that the constitutive

elations are indispensable axioms of Maxwell’s macro-
copic electromagnetics intended to ensure that the num-
er of unknown fields does not exceed the number of in-
ependent equations from which the fields are
etermined [13,14]. It can then be shown that the set of
quations of macroscopic electromagnetics has a unique
1084-7529/08/122893-3/$15.00 © 2
olution provided that initial and boundary conditions are
ppropriately formulated. From the perspective of electro-
agnetic scattering, this solution is fully defined by de-

ermining E�r , t� and H�r , t� everywhere in space and at
ll moments in time. One can then use this solution to cal-
ulate any observable quantity.

The constitutive relations are often characterized as
epresenting physical causality by expressing an outcome
the local response of the medium) in terms of an income
the local electric and magnetic fields). After this causal
elation has been established (in fact, postulated), the
emporal evolution of the entire system �field+matter�
ully and uniquely follows from the macroscopic Maxwell
quations supplemented by appropriate initial and
oundary conditions.
Of course, it can also be said that the resulting solution

f the Maxwell equations is the causal outcome of the ini-
ial conditions. The mathematical expression of this over-
rching causality can be very complex. However, in the
ramework of the standard frequency-domain electromag-
etics this latter causality becomes tautological because
he fields do not change in time except for the time har-
onic factor exp�−i�t�, where � is the angular frequency

nd i= �−1�1/2.
Purcell [1] derived the sum rule for the extinction cross

ection directly from the Kramers–Kronig relations by ap-
lying them to the so-called effective dielectric constant of
discrete random medium populated by sparsely and

andomly distributed particles. The medium is assumed
o be illuminated by a plane electromagnetic wave, and
his wave is assumed to be exponentially attenuated in-
ide the random medium due to the fact that the imagi-
ary part of the effective dielectric constant is nonzero
wing to the presence of the randomly positioned par-
icles. The finite size of the particles is neglected and the
edium is assumed to be continuous.
It should be recognized, however, that the incident

lane electromagnetic wave is not attenuated exponen-
ially inside the discrete random medium but rather re-
ains unchanged, as it should be with any incident field
008 Optical Society of America
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see below). What is attenuated exponentially according
o the effective dielectric constant with a nonzero imagi-
ary part is the time-independent so-called coherent field
c�r� [15–17]. The latter is obtained by

• writing the total electric field inside the medium as
0�r , t�exp�−i�t�, where the electric field amplitude
0�r , t� is a “slowly varying” function of time provided

hat significant changes in particle positions occur over
ime intervals much longer than the period of time-
armonic oscillations 2� /�;
• artificially neglecting the time-harmonic factor

xp�−i�t�;
• expressing the random amplitude E0�r , t� as a sum of

he time-independent coherent (average) field Ec�r� and a
uctuating field Ef�r , t� caused by random changes in par-
icle positions; and

• calculating Ec�r� as the average of E0�r , t� over a
ime interval long enough to establish full ergodicty of the
edium.

We thus see that the coherent field is an artificial
athematical construction rather than an actual time-

ependent physical field [17]. In particular, it is not a
ime-harmonic plane electromagnetic wave. The only rea-
on to even consider this purely mathematical quantity is
hat it turns out to be useful in the derivation of formulas
or certain optical observables in the context of the radia-
ive transfer theory [17].

Therefore, we must conclude that the effective dielec-
ric constant is not a physical dielectric constant appear-
ng in expressions for actual time-dependent physical
elds, and there is no reason whatsoever to state that it
atisfies the Kramers–Kronig relations. This argument
ompletely negates the derivation of the sum rule in [1].

The derivations in [2–4] are essentially based on an al-
eged causal relation between the incident and scattered
elds formulated as follows: the scattered field cannot
recede in time the incident field that excited it. This cau-
ality is obviously assumed to exist in the time domain
5], which makes the first unnumbered formula in [4] [or
he unnumbered formula between Eqs. (2.1) and (2.2) in
3]] the very basis of the derivations of the extinction sum
ule in [2–4]. This formula (hereinafter referred to as
GK) is intended to relate the electric field of the outgoing
pherical scattered wave and the electric field of the inci-
ent plane wave. Both waves are not, in general, time
armonic.
Let us analyze the alleged causal relation between the

ncident and scattered fields from the perspective of what
lectromagnetic scattering actually is in the framework of
acroscopic electromagnetics. It should be recognized

hat the solution of the Maxwell equations is always for-
ulated in terms of the total electric and magnetic fields.
ny measurement of electromagnetic scattering is always
educed to the measurement of certain optical observ-
bles first in the absence of the scattering object and then
n the presence of the object. It is the fact that the two

easurements yield, in general, different results that is
sually referred to as the “phenomenon of electromag-
etic scattering.” Therefore, in order to facilitate the the-
retical interpretation of such measurements, the Max-
ell equations are solved twice. The first solution,
E1 ,H1�, corresponds to the situation with no scattering
bject, e.g., to free space. The second solution, �E2 ,H2�,
orresponds to the situation with a scattering object
resent and is intentionally sought in the form {E2=E1
E3, H2=H1+H3}, where the fields E3 and H3 are re-
uired to satisfy certain radiation conditions at infinity. It
s understood that the difference between the solutions
E1 ,H1� and �E2 ,H2� is caused by the differences in the
orresponding initial and boundary conditions.

It is now clear that the fields E3 and H3 are obtained by
eans of a purely mathematical subtraction of electric

nd magnetic fields corresponding to two quite different
hysical situations: E3=E2−E1 and H3=H2−H1. Calling
E1 ,H1� the “incident field” and �E3 ,H3� the “scattered
eld” is a matter of convention and does not mean that
he scattered field actually exists and is caused by the in-
ident field. Indeed, there can be no temporal causal rela-
ion between two separate solutions of the Maxwell equa-
ions �E1 ,H1� and �E2 ,H2�. Therefore, there can be no
emporal causal relation between �E1 ,H1� and �E3 ,H3�.
e thus have to conclude that SGK cannot be a direct and

nequivocal consequence of verbally formulated physical
ausality.

To emphasize the alleged causality of the “scattering
rocess,” it is often said that the incident field is trans-
ormed into the scattered field upon its interaction with
he object (e.g., [18]). However, the very representation of
he total field in the presence of the object as the super-
osition of the incident and scattered fields implies that
he incident field remains unchanged rather than is
ransformed into the scattered field.

. CONCLUSION
t should be recognized that the extinction cross section
ppearing in [2–4] is defined in the framework of macro-
copic Maxwell’s electromagnetics and that the latter is
athematically self-contained and self-sufficient. In other
ords, after the Maxwell equations and the appropriate

onstitutive relations have been formulated and supple-
ented by appropriate initial and boundary conditions,
o further postulates are required in order to obtain a
nique solution for the electric and magnetic fields at all
imes and everywhere in space and, thus, to calculate any
bservable quantity, including the extinction cross sec-
ion. In particular, all physical causality contained in
acroscopic electromagnetics is fully defined by the ini-

ial conditions and constitutive relations. There is no need
o postulate any additional causality that may, in fact, im-
ly results inconsistent with the direct solution of the
axwell equations.
Thus the argument for SGK appears to be based on

ome intuitive picture of a preceding incoming wave, an
nteraction of this wave with the particle, and a subse-
uent outgoing scattered wave, thus allowing for the de-
cription of the process by two separate, causally related
elds. However, this picture is misleading because it sug-
ests that the incident and scattered fields are what we
ould observe in the physical world. There is, however,
nly one observable electromagnetic field in the physical
orld, which is the total field. Its dynamical behavior is

ully described by the Maxwell equations and
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onstitutive/boundary conditions that automatically en-
ure causality. The incident and scattered fields are only
ormally defined quantities with no direct counterparts in
he physical world. It is, therefore, not self-evident that
here must exist a causal physical cross correlation be-
ween these two constructed fields.

It is, of course, likely that there is a mathematical re-
ation between �E1 ,H1� and �E3 ,H3�, the general time-
omain form of which, to the best of my knowledge, is yet
o be derived. This relation would be a time-domain ex-
ension of the frequency-domain formulas (2.17) and
2.18) in [19] and would require proving mathematically
hat the Lippmann–Schwinger equation for the time-
omain dyad transition operator has a unique solution. It
s even conceivable that for some special cases of the in-
ident field this relation may be reduced to SGK. How-
ver, the correctness and range of applicability of SGK
ust be established by deriving it from time-domain mac-

oscopic electromagnetics rather than by postulating it on
he basis of alleged causality. Until and unless this has
een done, the sum rules presented in [1–4,6–12] should
e considered unproven hypotheses rather than an out-
ome of a rigorous derivation from first principles.
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