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We use the current advanced version of the T-matrix method to compute the optical cross sections, the
asymmetry parameter of the phase function, and the scattering matrix elements of ice spheroids with
aspect ratios up to 20 and surface-equivalent-sphere size parameters up to 12. We demonstrate that
platelike and needlelike particles with moderate size parameters possess unique scattering properties:
their asymmetry parameters and phase functions are similar to those of surface-equivalent spheres,
whereas all other elements of the scattering matrix are typical of particles much smaller than the
wavelength ~Rayleigh scatterers!. This result may have important implications for optical particle
sizing and remote sensing of the terrestrial and planetary atmospheres. © 2000 Optical Society of
America
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1. Introduction

Several recent publications have taken advantage of
the improved version of the T-matrix method1 and
presented an extensive survey of light-scattering
properties of polydisperse, randomly oriented sphe-
roids with moderate aspect ratios ~see, e.g., Refs. 2
and 3 and references therein!. However, the results
from Refs. 4–6 indicate that spheroids with extreme
aspect ratios may have scattering properties dramat-
ically different from those of moderately aspherical
particles. Therefore, in this paper we calculate the
optical cross sections, the asymmetry parameter, and
the scattering matrix for randomly oriented ice sphe-
roids with aspect ratios up to 20 and equivalent-
sphere size parameters up to 12 and compare them
with analogous results for surface-equivalent spheres
and spheroids with an aspect ratio of 2. Because
needlelike and platelike particles can be abundant in
various natural and artificial environments, we con-
clude the paper by a discussion of potential practical
implications of our results.
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2. Computations

We performed calculations for five particle shapes:
spheres, prolate spheroids with semiaxis ratios ayb 5
0.5 and 0.05, and oblate spheroids with ayb 5 2 and
20, where b is the rotation ~vertical! semiaxis and a is
the horizontal semiaxis of a spheroid. The size of a
spheroid was specified in terms of the radius of the
surface-equivalent sphere rs ~or, equivalently, the ra-
dius of the sphere having the same projected area7!.

o suppress the interference structure in light-
cattering patterns ~Refs. 2, 3, and 8!, the computa-
ion results for spheres and spheroids with ayb 5 0.5

and 2 were averaged over a narrow gamma distribu-
tion of equivalent-sphere radii given by8

n~rs! 5
1
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with an effective variance of neff 5 0.05. Table 1 lists
the surface-equivalent-sphere size parameters xs 5
2prsyl ~for monodisperse spheroids with ayb 5 0.05
and 20! and effective surface-equivalent-sphere size
parameters xs,eff 5 2prs,effyl ~for spheres and poly-
disperse spheroids with ayb 5 0.5 and 2! used in our
computations, where l is the wavelength of the inci-
dent light. The maximal values of xs for spheroids
with ayb 5 0.05 and 20 were limited by the growing
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Table 1. Equal-Surface-Sphere Size Parameters x ~or x !,
numerical instability of T-matrix computations
caused by a finite number of decimals in the computer
representation of real variables.1 For comparison,
Table 1 also lists the corresponding values of the
equal-volume-sphere size parameters xv 5 2prvyl
and xv,eff 5 2prv,effyl, as well as the respective size
parameters along the horizontal and the vertical
spheroid axes xa 5 2payl, xa,eff 5 2paeffyl, xb 5
2pbyl, and xb,eff 5 2pbeffyl. The refractive index
was fixed at 1.311, which is a typical value for water
ice at visible wavelengths.9

Figure 1 shows the efficiency factor for extinction
Qext 5 ^Cext&y^G&, the asymmetry parameter of the
phase function ~or average cosine of the scattering
angle! ^cos Q&, and the efficiency factor for radiation
pressure Qpr 5 Qext~1 2 ^cos Q&!, where ^Cext& is the
nsemble-averaged scattering cross section per par-
icle and ^G& is the average area of the particle geo-

metric projection. Because the imaginary part of
the refractive index is zero, the efficiency factor for
scattering is equal to Qext and the single-scattering
albedo is identically equal to unity.

Figures 2 and 3 show the phase function a1~Q! and

s s,eff

Equal-Volume-Sphere Size Parameters xv ~or xv,eff!, and Size
Parameters along the Horizontal, xa ~or xa,eff!, and Vertical, xb ~or xb,eff!,

Spheroid Axes Used in the T-Matrix Computations

xs xv xa xb

ayb 5 0.05
0.1 0.0684 0.0252 0.5043
1 0.6845 0.2522 5.0432
2 1.3690 0.5043 10.087
3.5 2.3957 0.8826 17.651

ayb 5 20
0.1 0.0519 0.1408 0.0070
1 0.5186 1.4077 0.0704
2 1.0372 2.8155 0.1408
3.5 1.8151 4.9271 0.2464
6 3.1117 8.4464 0.4223
9 4.6675 12.670 0.6335
12 6.2233 16.893 0.8446

xs,eff xv,eff xa,eff xb,eff

ayb 5 0.5
0.1 0.0964 0.0765 0.1530
1 0.9637 0.7649 1.5298
2 1.9274 1.5298 3.0596
3.5 3.3730 2.6771 5.3543
6 5.7823 4.5894 9.1788
9 8.6734 6.8841 13.768
12 11.565 9.1788 18.358

ayb 5 2
0.1 0.0955 0.1204 0.0602
1 0.9554 1.2038 0.6019
2 1.9109 2.4076 1.2038
3.5 3.3441 4.2132 2.1066
6 5.7327 7.2227 3.6114
9 8.5990 10.834 5.4170
12 11.465 14.445 7.2227
20
he normalized elements of the Stokes scattering ma-
rix10

3
a1~Q! b1~Q! 0 0
b1~Q! a2~Q! 0 0

0 0 a3~Q! b2~Q!
0 0 2b2~Q! a4~Q!

4 , (2)

where Q is the scattering angle. The phase function
satisfies the normalization condition

1y2 *
0

p

dQa1~Q!sin Q 5 1. (3)

ote that for spheres a2~Q!ya1~Q! [ 1 and a3~Q! [

4~Q!.

3. Discussion

Figures 2 and 3 show that needlelike and platelike
particles with moderate equivalent-sphere size pa-
rameters possess unique scattering properties. In-
deed, their phase functions are similar to those of

Fig. 1. Extinction efficiency factor, asymmetry parameter, and
radiation pressure efficiency factor versus surface-equivalent-
sphere size parameter for spheres and randomly oriented sphe-
roids with various semiaxis ratios. Note that the asymmetry
parameter curves for spheroids with ayb 5 0.5 and 2 almost coin-
cide.
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equivalent spheres and spheroids with moderate as-
pect ratios and have a pronounced forward-scattering
lobe, whereas all other elements of the scattering

Fig. 2. Phase function and normalized elements of the scattering m
with size parameters ranging from 0.1 to 12 ~see color legend! and
2 ~fourth row!, and 20 ~fifth row!.
054 APPLIED OPTICS y Vol. 39, No. 27 y 20 September 2000
matrix closely resemble those of particles much
smaller than the wavelength ~Rayleigh scatterers!.
n particular, all linear polarization curves ~2b1ya1!

x for spheres and surface-equivalent, randomly oriented spheroids
iaxis ratios ayb 5 0.05 ~first row!, 0.5 ~second row!, 1 ~third row!,
atri
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for the spheroids with ayb 5 0.05 and 20 have a
haracteristic bell-like shape with a maximum reach-
ng nearly 100% at scattering angles close to 90°.

Fig. 3. Normalized elements of the scattering matrix for spheres
eters ranging from 0.1 to 12 ~see color legend! and semiaxis ratios
and 20 ~fifth row!.
20
The ratio a2~Q!ya1~Q! is close to unity, and the ele-
ents a3~Q! and a4~Q! are nearly the same. The fact

that a2~p! ' a1~p! and a4~p! ' 2a1~p! makes the

surface-equivalent, randomly oriented spheroids with size param-
5 0.05 ~first row!, 0.5 ~second row!, 1 ~third row!, 2 ~fourth row!,
and
ayb
September 2000 y Vol. 39, No. 27 y APPLIED OPTICS 5055
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linear, dL 5 @a1~p! 2 a2~p!#y@a1~p! 1 a2~p!#, and the
circular, dC 5 @a1~p! 1 a4~p!#y@a1~p! 2 a4~p!#, depo-
arization ratios11 close to zero. In contrast,

wavelength-sized spheroids with ayb 5 0.5 and 2
cause significant backscattering depolarization.
This demonstrates once again that the magnitude of
the depolarization ratios is not a universal indicator
of the degree of particle asphericity ~see Refs. 11 and
12!. The extinction and radiation pressure effi-
ciency factors for the highly aspherical spheroids are
significantly smaller than those for spheres and mod-
erately aspherical spheroids having the same area of
geometric projection, whereas the values of the asym-
metry parameter are similar. This is another indi-
cation that the scattering properties of platelike and
needlelike spheroids with moderate size parameters
resemble those of Rayleigh particles as well as
surface-equivalent spheres.

The linear polarization curves for spheres show
that the regime of Rayleigh scattering breaks at size
parameters close to 1. According to Table 1, the size
parameter along the shorter semiaxis of the sphe-
roids with ayb 5 0.05 and 20 is smaller than unity
even for the largest xs values used. Therefore, our
computations might indicate that the asymmetry pa-
rameter and the phase function are determined
mostly by the value of the size parameter of the
sphere having the same projected area, whereas all
other elements of the scattering matrix and the op-
tical cross sections are more sensitive to the value of
the size parameter along the smallest particle dimen-
sion. It is interesting to note in this regard that
West13 found similar features in light scattering by
low-density aggregates of spheres with outer diame-
ters comparable to the wavelength and monomer
sizes much smaller than the wavelength. He con-
cluded that the forward-scattering lobe of the phase
function was representative of the mean projected
area of the cluster, whereas the angular dependence
of the linear polarization depended on the monomer
diameter.

Our results may have important ramifications for
optical particle sizing, remote sensing of the Earth’s
and planetary atmospheres, and astrophysics. For
example, the fact that the size-parameter depen-
dence of the extinction efficiency factor for platelike
and needlelike particles is significantly different
from that for spherical and moderately aspherical
particles ~upper panel of Fig. 1! could influence the
esults of particle sizing by use of spectral measure-
ents of extinction. The much lower values of the

fficiency for radiation pressure for highly aspheri-
al particles ~lower panel of Fig. 1! could affect the
agnitude of the radiation force exerted on inter-

tellar and interplanetary grains by starlight. The
eak depolarization capability of highly aspherical
articles should be taken into account during anal-
sis of lidar depolarization measurements.12,14

Another example is the well-known observation
that the degree of linear polarization of visible sun-
light scattered by noctilucent particles at scattering
angles close to 90° often reaches nearly 100%.15,16
056 APPLIED OPTICS y Vol. 39, No. 27 y 20 September 2000
This observation was traditionally interpreted in
terms of an average cloud particle size less than 0.1
mm, but this conclusion might need to be revisited
in view of our results ~see Ref. 4!. Haze particles in
he stratosphere of Titan are also known to possess
nusual scattering properties. They produce
trong linear polarization at side-scattering angles
haracteristic of spherical particles with radii
maller than 0.1 mm, whereas the angular distri-
ution of scattered intensity at forward-scattering
ngles is typical of significantly larger particles.17

A similar problem exists for Jupiter’s stratospheric
haze.18,19 West and Smith17 concluded that
spheroids with aspect ratios less than 4 could not
possess such scattering properties. Our calcula-
tions for significantly larger aspect ratios show that
wavelength-sized spheroids can possess these prop-
erties and can be used as candidate particles in
analyses of the observations of Titan and Jupiter.

This research was sponsored by the NASA Radia-
tion Science Program managed by Robert Curran.
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