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We describe a simple yet efficient numerical algorithm for computing polarized bidirec-
tional reflectance of an optically thick (semi-infinite), macroscopically flat layer composed
of statistically isotropic and mirror symmetric random particles. The spatial distribution of
the particles is assumed to be sparse, random, and statistically uniform. The 4 x 4 Stokes
reflection matrix is calculated by iterating the Ambartsumian’s vector nonlinear integral
equation. The result is a numerically exact solution of the vector radiative transfer
equation and as such fully satisfies the energy conservation law and the fundamental
reciprocity relation. Since this technique bypasses the computation of the internal
radiation field, it is very fast and highly accurate. The FORTRAN implementation of the
technique is publicly available on the World Wide Web at http://www.giss.nasa.gov/staff/
mmishchenko/brf. It can be combined with several existing computer programs providing
the requisite single-scattering properties of spherical or morphologically complex parti-
cles and applied to a wide range of optical characterization problems. Benchmark results
obtained with this program can be used for testing alternative solvers of the vector
radiative transfer equation.

Published by Elsevier Ltd.

1. Introduction

research community to compute the bidirectional reflec-
tion function of optically thick particulate layers. The

In a 1999 paper [1], we described an efficient numerical
solution of the Ambartsumian’s nonlinear integral equa-
tion satisfied by the reflection function of an optically
semi-infinite, homogeneous layer of sparse discrete ran-
dom medium. The corresponding FORTRAN implementa-
tion of this solution [2] has been used extensively by the
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crmim2@gmail.com (M.I. Mishchenko).
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obvious limitation of the computer program [2] is its
reliance on the scalar approximation [3] and the resulting
inability to compute the polarized bidirectional reflection
function. Therefore, the main objective of this paper is to
describe in detail a natural extension of Ref. [1] wherein
the scalar nonlinear integral equation is replaced by its full
vector version as well as to serve as a step-by-step user
guide to the corresponding computer programs. While the
amount of new science in this user guide (similar in style
to Refs. [4-11]) is by definition limited, the development of
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a numerical algorithm that is both straightforward, user-
friendly, and robust is always non-trivial and deserves a
thorough discussion. We expect that the resulting compu-
ter programs [2] will be used both as an efficient analysis
tool and as a source of benchmark numerical results
suitable for testing alternative computer solvers of the
vector radiative transfer equation.

To make the discussion in this paper more compact, we
will use throughout the terminology and notation adopted
in the monographs [3,12,13]. Note that Refs. [3,12] are
available on-line as PDF files at http://www.giss.nasa.gov/
staff/mmishchenko/books.html as well as at https://www.
researchgate.net/profile/Michael_Mishchenko.

2. Vector nonlinear integral equation

Let us consider a semi-infinite, plane-parallel, statistically
uniform layer of sparse discrete random medium extending
in the vertical direction from z=0 to z= — oo, where the
z-axis of the laboratory right-handed coordinate system is
perpendicular to the boundary of the medium and is
directed upwards (Fig. 1). This implies that the particles
constituting the layer are imbedded only in the lower half of
the infinite homogeneous host medium. The host medium is
assumed to be nonabsorbing.

A propagation direction n at a point in space will be
specified by a couplet {u, ¢}, where u= — cos e [—1, +1]
is the direction cosine, while # and ¢ are the corresponding
polar and azimuth angles with respect to the local coordinate
system having the same spatial orientation as the laboratory
coordinate system (Fig. 1). As usual, the polar (zenith) angle
0 €[0,7] is measured from the positive z-axis and the
azimuth angle ¢ €[0,27) is measured from the positive x-
axis in the clockwise direction when looking in the direction
of the positive z-axis. A positive u always corresponds to a

Fig. 1. Spherical coordinates used to specify the direction of light
propagation.

downward direction, whereas a negative u always corre-
sponds to an upward direction. It is also convenient to
introduce a nonnegative quantity y=|u | e [0,1].

The random particulate layer is illuminated from above
by a plane electromagnetic wave or a parallel quasi-
monochromatic beam of light propagating in the direction
Ny = {Uo, o} = {Hg, Pp}- The uniformity and infinite trans-
verse extent of the wave or the beam combined with the
statistical uniformity of the particulate layer ensure that all
parameters of the diffuse radiation field are independent
of the coordinates x and y.

We assume the exp(—iwt) time-harmonic dependence
of the electromagnetic field, where t is the time, @ is the
angular frequency, and i = (— 1)!/2. This assumption implies
a non-negative imaginary part of the particle relative
refractive index. In accordance with Refs. [3,12,13], the
four-component Stokes column vector of the incident light
is defined as

Io ((EopEg9+EopEgy))

Ip— Qo _ 1\/5 ((Eerge —EO¢E§¢>> 1
Uo | 2V o | ({—EopES, —EopEge)) |
Vo i((EoyEgy — EagEgy))

where £ is the real-valued electric permittivity of the
infinite host medium; g, is the permeability of a vacuum
(not to be confused with the direction cosine g = ug); ((-+)
denotes averaging over a “sufficiently long” period of time;
Egp and Ey, are the 6- and ¢-components of the electric
field vector, respectively; and the asterisk denotes a
complex-conjugate value. Note that the longitudinal com-
ponent of the incident electric field is equal to zero since
the electromagnetic field of the incident light is transverse.
The same conventions as in Eq. (1) are used to define the
4-component diffuse specific intensity column vector
I4(z, ) =14(z, u, ). The dimension of I is w m~2, while that
of Iy iswm™sr .

We assume that the random particles forming the
scattering layer are statistically isotropic and mirror sym-
metric [3,13]. This allows one to fully characterize the
optical properties of the particulate layer by the ensemble-
averaged single-scattering albedo w and so-called normal-
ized 4 x 4 Stokes scattering matrix F(@) with real-valued
components. The latter has the well-known block-diagonal
structure:

a1(®) b(O) 0 0

- b1(®) ay(O) 0 0

FO=1"09" 0o x®© bO]| @
0 0 —by® a6

where @ [0, 7] is the angle between the incidence and
scattering directions (i.e., the scattering angle). The (1,1)
element (often called the phase function) is non-negative
and satisfies the normalization condition:

T
: / dO sin Oa;(0) = 1. 3)
0
The assumption of low packing density of the particles

forming the scattering slab allows one to compute the
diffuse specific intensity column vector I4(z, ) by solving


http://www.giss.nasa.gov/staff/mmishchenko/books.html
http://www.giss.nasa.gov/staff/mmishchenko/books.html
https://www.researchgate.net/profile/Michael_Mishchenko
https://www.researchgate.net/profile/Michael_Mishchenko

M.I. Mishchenko et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 156 (2015) 97-108 99

the standard vector radiative transfer equation [3,13].
However, the problem can be substantially simplified if
one is interested only in radiometric and polarimetric
characteristics of the “outgoing” diffuse light at the bound-
ary of the slab, ie, in the quantity 14(0, —u,¢). This
happens, for example, when the detector of electromagnetic
radiation (such as a well-collimated radiometer [13,14]) is
placed outside the particulate medium. Indeed, then the
linearity of the vector radiative transfer equation allows us
to write

- 1
14(0, — 1, ) :;ﬂOR(ﬂ’(/);ﬂO’(pO)lOa 4)
where R(u, @; g, o) is the 4 x4 so-called reflection
matrix with real-valued elements. This matrix satisfies the
vector Ambartsumian’s nonlinear integral equation
W~
(H+ Ho)R(W, @3 Ho, Po) = 5 Z(— 1 @ Ho, Po)
w, 2m ’ ! / ’ INT (14! /
+4—f;/ de / du’ Rip, 3 ', @ VZ(W , @' o, Po)
Jo Jo

T, 27 , 1 ;7 ’o A
4’7‘[0/ dg / A’ Z(— .z — 1. @ RU @' o, o)
JO JO

27 1 2 1
WU 0 / / / ’ / ” / ”
+ d d d d
an? Jo P S My VS A

<R, @ .0 VL( . p's — ", 0" R, " o, o) (5)

+

[3,15], in which the 4 x 4 real-valued matrix Z(u, p; u’, ¢') is
the so-called normalized phase matrix; its elements can be
linearly expressed in terms of the elements of the normal-
ized Stokes scattering matrix (2) (see, e.g., Section 11.10 of
Ref. [3]). By solving Eq. (5), one completely bypasses the
calculation of the internal radiation field, which helps make
the corresponding numerical algorithm more computation-
ally efficient and accurate.

In the rest of this paper we will discuss the numerical
computation of the reflection matrix by solving the vector
nonlinear integral equation (5) for a specific model of
particles populating the semi-infinite scattering layer.

3. Fourier decomposition of the vector nonlinear integral
equation

Although Eq. (5) can, in principle, be solved by itera-
tions, the necessity of calculating four-fold integrals makes
this solution quite time consuming. The calculation can be
optimized by recognizing that the reflection matrix
R(u, @; g, @) depends on the difference ¢—¢, rather
than on each azimuth angle separately and expanding
R(u, ptg, @ — o) in a Fourier series. An important prelimin-
ary step is to expand the elements of the normalized
scattering matrix (2) in so-called generalized spherical
functions P ,(cos ©) [12,15]:

Smax

a1(0)= > a;Pyy(cos O), (6)
s=0
0(@)+a30) = (@ +a5)Piy(cos O), %
s=0

Smax

ax(0)—a3(0) = s;«xé —a3)P5 _5(cos O), ®)
as(0) = :"gowil’éo(cos 0), ()
b1(©) = Eﬁil’az(cos ), (10)
ba(®) = Eﬁé%z(cos ), (m)

where the upper summation limit sp.x depends on the
requisite numerical accuracy. Note that these expansions
can also be written in terms of real-valued so-called
Wigner d-functions:

(@) =1""TP5, (cos O) (12)

(see Ref. [16] and Appendix F in Ref. [3]). One can then use
the so-called addition theorem for the generalized sphe-
rical functions to show that the Fourier decomposition in
azimuth of the reflection matrix has the following form
[15,17,18]:

Mmax

1
R(u. po- 9 = Po) =5 D _ (2= 6mo)
m=20

X{[(A+Az)R™ (1, o) (A + Asy)
+(A = Asp)R™ (U, o)A — Azy)] cosm(p— @)
+[(A — As)R™ (1, po) (A + Azyg)

—(A+Asg)R" (1, po)(A — Asg)] sinm(e — o)}, 13)
where §;; is the Kronecker delta;
1 000
0100
A= 001 o0l (14)
0 0 01
10 O 0
01 0 O
As=l9 0 —1 o | 1>
00 0 -1

the upper summation limit mmax < Smax is defined by the
requisite numerical accuracy of computations; and each
matrix R™(u, ) satisfies a separate nonlinear integral
equation:

(U po)R™ (p. o) = %im(—/wo)

1
w, , N ,
+7”/0 du'R™ (., fVZ" (W o)

-1
, ~ , ,
+ 2”0/0 dp' 2" (— . —pOR™ (' )

-1 1 -
+w,uﬂ0/0 dﬂ//o dlu// Rm(ﬂ,ﬂ/)zm(ﬂ/, _”//)Rm(ﬂu,luo).
(16)

The Fourier components of the normalized phase matrix
are given by
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Z"wu)=(-1" Z PSP, W), wu'e[-1,1], (17)

where
Pow O 0 0
. P (u) P, (u) 0
Py (w) = 0 P _(u) P, (u) 0 ’ (18)
0 0 0 P,
11
P s (W) =3[P o) £ Php(@)]. (19)
and
@ 0 0
> 5 0 0
§_ B 20)

S

0 0 o B

0 0 —f5 o

For actual computer calculations, it is convenient to
rewrite Eq. (13) in an explicit form, as follows:

Mmax

R(p, pro, = o) = Z (2—6mo)
m=0

RT1 (i o) Ri3 (1, po) 0 0

R (1. o) R33 (1, pg) 0 0 oS M@ — @)
0 0 Re3(p. po)  R34(1, po) 0
0 0 Rgg(ﬂ»llu) RT4(/L.“0)
0 0 —RU5(4 o) — R4, o)

L0 0 “RaGpo) —Rauo) | Lo
RE (. o) RS (s o) 0 0 el
Ri(u.po) Ry (p. po) 0 0

21

An important property of the azimuthal components of
the reflection matrix is the symmetry relation

R™ (4, pto) = As[R™ (g, p)]" A, (22)
where T stands for “transposed” and

10 0 O

01 0 O

00 0 1

By default, nmax = Smax. However, significantly smaller
values may be sufficient depending on the actual illumina-
tion-reflection geometry. For example, only one (with
m=0) or two (with m=0 and 2) Fourier terms are required
in the case of normal incidence and/or reflection [19].

4. Numerical aspects and computer codes

According to the preceding sections, the computer
calculation of the reflection matrix R(u, @; p¢y, o) consists
of an iterative solution of Eq. (16) for 0<m < mMmax
followed by the use of Eq. (21). In this section we discuss
numerical aspects and a FORTRAN implementation of the
iterative solution of Eq. (16). The corresponding computer
programs are openly available on-line [2].

4.1. Angular discretization of Eq. (16)

In order to become solvable on a computer, Eq. (16)
needs to be discretized. Specifically, using a quadrature
integration formula on the interval yu € [0, 1] with N¢ divi-
sion points y, and weights wy, the nonlinear integral
equation (16) is converted into a system of Nf; nonlinear
algebraic equations

W
(b HOR™ (Ui ) = ZZm( —Hi Hy)

Ng
T, ~m
+—2”" > WaR™ (s )2 (b 1)

n=1

Ng
T, ~
+% > waZ" (=, — )R s 1))
n=1

N¢ Ng

+ WM Z Z Wan’Rm(ﬂknun)im(ﬂn’ 7ﬂn')Rm(Mn”ﬂ1)

n=1n=1

(24)

for the N2 unknown matrices R™ (1. ;) with 1 <k, 1< Ng.
The iterative solution of this system of equations yields the
numerical values of the matrices R™(u,p,) at pairs of
quadrature division points. To find the matrices R™(u, 41)
for ;4 and/or u, not coinciding with any of the quadrature
division points, one needs to use an interpolation or
extrapolation procedure.

As discussed in Section 3.5 of Ref. [1], the Gaussian
quadrature formula [20] has the highest algebraic degree
of precision (i.e., a formula with N nodes is exact for all
polynomials of degree 2Ng—1 and lower) and is widely
used in radiative transfer calculations to numerically
evaluate integrals on the interval [0, 1]. An obvious draw-
back of this quadrature is that the largest division point is
always smaller than unity, and if the values of R™(u, u,) for
normal incidence and/or reflection are required then one
must use an extrapolation procedure. This often results in
poor numerical accuracy and dictates the use of the
Gaussian quadrature formula with an excessive number
N of quadrature nodes. A more efficient approach is to
use the so-called Markov quadrature formula [20] with
one predefined node py_=1. This formula still has the
highest possible algebraic precision (i.e., is exact for all
polynomials of degree 2Nz —2 and lower) while eliminat-
ing the need for extrapolation to g =1 andfor u,=1.
Another efficient way of avoiding excessive N values in
radiative transfer computations is to apply the Gaussian
quadrature to the interval [0, /2] of arccos u values [1].
The respective division points and weights in Eq. (24) are
given by
U, = €OS (%X,H—;—r), Wp =%Wn sin (%Xn+%), (25)
where X, and W, with n=1, .., N¢ are the Gaussian
nodes and weights, respectively, on the interval [—1,1].

4.2. Fourier components of the phase matrix

The numerical solution of Eq. (24) must be preceded by
the computation of the matrices Z" ( + My, + ) according
to Egs. (17)-(20) and, thus, by the computation of the
coefficients entering the expansions (6)-(11). Fig. 2 shows
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Fig. 2. Spherically symmetric and nonspherical particle morphologies.

examples of spherically symmetric and complex particle
morphologies for which the a and f coefficients can be
calculated numerically using the Lorenz-Mie theory or the
(superposition) T-matrix method. In particular, the com-
putations can be performed for

® monodisperse of polydisperse homogeneous spherical
particles (Section 5.10 of Ref. [12]);

® monodisperse or polydisperse, randomly oriented
homogeneous spheroids, circular cylinders, and Cheby-
shev particles (Ref. [4] or Section 5.11 of Ref. [12]);

® monodisperse bispheres [21];

® clusters of separated, externally touching, and/or
nested spheres [7,22,23].

The corresponding FORTRAN computer programs are pub-
licly available on-line [24]. Other nonspherical shapes
shown in Fig. 2 can be handled using the T-matrix
code described in Ref. [10] and also publicly available
on-line [25].

To compute the generalized spherical functions enter-
ing Eqs. (18) and (19), we use Eq. (12) in combination with
the following recurrence relation for the Wigner d-func-
tions:

1
s \/(s+1)2—m2\/(s+1)2 —n2
x {25+ D[s(s+ Dx—mn]d;,,(6)
—(s+1Vs2—m2V/s2—n2d, (O)), (26)

where s > Sy, and

&' 0) =

Smin = Max(imj, |n)). 27)

Note that in general, d;,,(0)=0 for s <spy,. The initial
values for the recurrence relation (26) are given by

dmn (@) =0, (28)

S, —Smi (zsmin)! 12
d min 9 — 2 ‘min
i (€)= Eon {(Im—nl)!(|m+n|)!

x(1=x)M=M/2(1 4 x)lm+ni/2, (29)
where

1 for n>m, 30

S = (=™ " for n<m. 30

Theoretically, the (1,1) element of the zeroth compo-

nent of the phase matrix must satisfy the normalization
condition

1 ! ;50 /
E/_1du Zj(uu)y=1 31

for any u. However, the use of a quadrature formula in the
actual numerical integration can yield u-dependent values
deviating from unity, which can cause a significant viola-
tion of the energy conservation law [26,27]. To enforce the
normalization (31), we use a numerical renormalization
procedure described in Section 3.6 of Ref. [1].

4.3. Iterative solution of Eq. (24)

Eq. (24) is solved by iterations, i.e., the improved Lth
approximation [R™(yu,, y))I" is obtained by substituting the
previous approximation [R™(u,, )I* ! into the right-hand
side:

[Rm(/"kv/"l)}’- = [%Zm(_ﬂk’/"l)

1
Hi+H
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w
T an R (o )]~ 2" (s i)

n=1

’lﬂ'
” —-t ZWnZ (—Her — ) R™ G )]~
n=1
Ne Ne

T W Z Z WaWn [R™ (s, p) ] -
n=1n=1
<2 (s — ) R Gt i)', (32)
The initial approximation is given by
w
R™ 7 (— Uy, H)- 33
R™ (s p)]° = =30, +/4) "™~ e ) (33)

To reduce the computer time, the right-hand side of
Eq. (32) is evaluated only for [ < k. The remaining matrices
[R™(uy, u)I- with [>k are found from the reciprocity
relation (22). The iterations stop when [R™(u,,u)I" and
[R™(uy, upI- =1 differ (in the absolute-value sense) by less
than a prescribed accuracy parameter:

1;}3‘2(N l[R aHie ”’)]L_[qu(ﬂkaﬂl)]L lI<e. (34)

1<p.q<4

For large values of m, the initial approximation (33) can
already be sufficiently accurate so that no further itera-
tions are needed. Numerical experiments have shown that
this happens when

< max |a§|) max
m<S < Smax m <S5 < Smax

Note that this criterion is less conservative than that
suggested by de Rooij [17].

When m =0 and w =1, the iterative process diverges
owing to non-uniqueness of solutions of the nonlinear
integral equation [28]. In this case we enforce convergence
using the approach developed by de Rooij [17]. Further-
more, for m<2 and w > 0.8, we accelerate convergence
by using a linear improvement of the Lth approximation
according to

[Rm(ﬂk’m)]L,improved — [Rm(/lk,/ll)]l' +7{[Rm(/‘kaﬂl)]’_
~[R™ (g )l ). (36)

The default value of the coefficient y is 0.8w, although it is
not inconceivable that in some cases it will need to be
reduced to ensure convergence of the iterations. In all
other cases even the simple iterations converge very fast
and require no acceleration.

*
2s+1]

(35)

! ‘

4.4. Supermatrices

Following Refs. [18,29], let us introduce the KNg x KNg
so-called supermatrices

[R ]K(k D+pKl-1)+q = VW qu(/"lo/"l) (37)
V4 ++]I<(k 1+pKd—1)+q = v WkW qu('"/lk’ + uy), (38)
[C™lk— 1)+ pukcd—1)+q = Hic Okt Spgs (39)

where by default, K=4, 1<k I<Ng, and 1<p,q<K.
In other words, each supermatrix is an Ng x Ng array of
K x K blocks. Then the nonlinear integral equation (24)

can be re-written in a very compact supermatrix form:

CR™ 4+ R™C = %Z"f N 4—%CR’"1'Z+
TWsm ~m
+ 72" R"CHwCR™Z]_R™C. (40)

As a result, each combination {matrix multiplication, y-integ-
ration} has been replaced by a single matrix multiplication,
which is highly advantageous for computational purposes.

4.5. Type of output and useful simplifications

The default value K=4 implies the computation of
the full 4 x 4 reflection matrix. An important advantage
of the supermatrix approach is that by specifying K values
smaller than 4, one can easily implement three widely
used simplifications and thereby reduce the computer
time. First of all, it is well known that the zeroth compo-
nent of the reflection matrix R, ) is block-diagonal,
the upper right and lower left 2 x 2 submatrices being zero
[17,29]. Therefore, if it is known beforehand that only the
first two components of the Stokes column vector of the
incident light (1) can be nonzero, then one can specify
K=2 for m=0 without any loss of accuracy.

Second of all, let us assume that the incident light is
unpolarized, while the 4th Stokes parameter of the
reflected light is expected to be negligibly small and does
not affect significantly the other Stokes parameters. This is
the gist of the 3 x 3 approximation [26]. In this case one
can specify K=2 for m=0 and K=3 for m > 0.

Finally, by specifying K=1 for all m, one implements the
scalar approximation. Now the underlying assumptions are
that the incident light is unpolarized, only the first Stokes
parameter (i.e., the specific intensity) of the reflected light is
sought, and all elements of the scattering matrix but the
(1,1) element can be neglected without significant loss of
accuracy in the computed intensity [3,30].

4.6. Computer programs

The computer solver of the nonlinear integral equation
(5) is implemented in the form of the FORTRAN programs
pbrf.f and pbrf.par.f. The latter includes the following user-
specified input parameters:

® NG=Ng;

® NQUADR specifies the type of quadrature integration
formula used: the special formula given by Eq. (25), the
Gaussian formula, or the Markov formula;

® NCASE specifies the type of output in terms of the
parameter KONTR=K according to Section 4.5; and

® EP=¢in Eq. (34).

The program pbrf.f also reads in the single-scattering
albedo ALB=, the parameter LMAX1=smax+1, and the
expansion coefficients entering Eqs. (6)-(11).

The output of the program pbrf.f consists of

® the parameter NG = Ng;
® the quadrature division points X(I)=p;, 1 <I<NG;
® the parameter LMAX1=smax+1; and
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® the sequentially stored converged values of the spax+1
Fourier components of the reflection matrix R(K,L,1])=
Rﬁ(yi,yj), 0<mM<Smax, 1<K L<4, 1<LJ<NG.

Note that certain Rjj(;, y;) values can be zero depending
on the output type specified by the parameter NCASE.
The program pbrf.f has been tested against numerical
data documented in Table 4.18 of Ref. [17]. In all cases, our
results agreed with those in Ref. [17] to within 2 x 107>
Note that the use of the exp(iwt) time-harmonic depen-
dence of the electromagnetic field in Ref. [17] results in the
opposite sign of the reflection matrix elements in the
fourth row and the fourth column, except the R44 element.

5. Benchmark results

The actual numerical accuracy of the final output in
terms of the matrices R™(u, o) depends on many input-
parameter choices that one needs to make in the compu-
tation of the single-scattering quantities entering Eq. (24)
and then in the numerical solution of this equation. To
generate benchmark results with a guaranteed number of
exact decimals, all input parameters affecting the final
numerical accuracy need to be appropriately varied until
the results no longer change by more than a prescribed
uncertainty. Importantly, this uncertainty is not necessa-
rily equal to a formal accuracy parameter such as ¢ in
Eq. (34). Indeed, if the convergence of the iterations is slow
then two sequential iterations may differ by less than &
and yet deviate from the exact result by a much larger
amount. Therefore, one may need to specify an & value
equal to one-tenth or one-hundredth of the requisite final
uncertainty.

Benchmark numbers are invaluable in testing newly
developed radiative-transfer software but are scarcely
available. Therefore, below we present a set of benchmark
values of the matrices R™(u, 11,) and describe in detail how
they have been generated.

Our model of the scattering object is a homogeneous
semi-infinite slab composed of polydisperse, homoge-
neous, spherical particles representative of the cloud
particles in the atmosphere of Venus [31]. Specifically,
the relative refractive index of the particles is 1.44 and the
dispersion of their radii is described by the gamma size
distribution

n(r) = constant x r1 =3/ exp ( 7£>, refminTmax]  (41)

with a=1.05 pm, b=0.07, ryjn=0, and rmax=5 pm. The
constant is defined by the normalization condition

/’rmax drnr)=1. 42)

min

The effective radius and effective variance of a size
distribution are defined as

Tmax

1
et = 1y . dr n(ryrar? (43)

min

and
Ve =k /rm dr n(r)(r—reg)’ar? (44)
eff = <G>T§ff - eff 5
respectively, where
*'max
(G = / dr n(ryzr? 45)
Tmin

is the average area of the geometric projection per particle
[32]. For the gamma size distribution considered,
Tesf = 1.0500000 pm and veg = 0.0700000. In other words,
the effective radius and effective variance essentially
coincide with the parameters a and b, respectively, which
implies that our “truncated” size distribution is virtually
indistinguishable from that with ry.x =oc. The wave-
length of the incident light is set at 0.55 pm.

To generate the expansion coefficients entering Eqs. (6)-
(11), we used the program spher.f [2] (see also Section 5.10 of
Ref. [12]) with the following input parameters:

AA=1.05D0
BB=0.07D0
LAM=0.55D0
MRR=1.44D0
MRI=0D0
NDISTR=4
NK=600
N=500
R1=0D0
R2=5D0
DDELT=1D-7

In other words, the integration interval [0,5]pm was
subdivided into 500 equal subintervals, and a Gaussian
integration formula with 600 division points was applied
to each subinterval. Also, we kept only the expansion
coefficients with an absolute value greater than or equal
to 1077. The resulting output is partially illustrated by
Table 1. By increasing N and NK, we have verified that the
above input parameters guarantee the validity of all the
digits given. The corresponding nonzero elements of
the normalized scattering matrix (2) are listed in Table 2
and visualized in Fig. 3. Note that in the case of
homogeneous spherical particles, a;(®@)=a(®) and
a4(0) = a3(O). Again, the accuracy of all the numbers in
Table 2 is expected to be better than one unit in the last
decimals given. Since the imaginary part of the relative
refractive index is zero, the extinction cross section
Cext = 6.634121 pm? is equal to the scattering cross sec-
tion, while the single-scattering albedo is equal to unity.
We then used the program pbrf.f [2] to compute the
Fourier components of the reflection matrix using the
input parameters NCASE=4 and EP=1D-7. To tabulate
maximally accurate results, we avoided the use of an
interpolation procedure and calculated the matrices
R™(0.5,0.5) by using the Gaussian quadrature formula
(NQUADR =2) with NG=49 division points, which ensured
that the 25th division point y,5 was identically equal to 0.5
(this is true of the central quadrature point of the Gaussian
quadrature formula with any odd NG). Similarly, we
calculated the matrices R™(1,1) by using the Markov
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Expansion coefficients.

s @ @ a @y A )
0 1.0000000 0.0000000 0.0000000 0.8646237 0.0000000 0.0000000
1 2.1539916 0.0000000 0.0000000 2.2364652 0.0000000 0.0000000
2 3.1924464 4.0624621 3.7389742 3.0176502 -0.0635903 0.0993650
3 3.3489548 3.8176284 3.8851805 3.4284891 -0.0277256 -0.0302883
4 40711985 42722405 4.0656001 3.9144360 -0.0238844 0.0995472
5 42075358 43992879 4.4249308 42253032 0.0330322 -0.1742546
6 46650816 48255510 47450788 46272864 0.0487216 0.0998173
7 4.8580255 49521780 4.8726160 4.8099060 0.0213805 -0.2628473
8 5.0138968 5.2221526 5.2008052 5.0411050 0.0507196 0.0493398
9 5.1618856 51917857 5.0830935 51121738 -0.0170025 -0.3064218
10 5.0699649 5.3340874 5.3181143 51229466 0.0399854 -0.0289850
11 5.1251999 5.1101453 5.0071562 5.1085322 -0.0378515 -0.3204297
12 4.8590337 5.1661379 5.1236353 49101188 0.0151606 -0.1113303
13 48124876 47656681 4.6808215 4.8364599 -0.0458112 -0.3247146
14 4.4346709 4.7668527 46937932 44766728 -0.0136849 -0.1868049
15 42932504 42282350 41606320 43519012 -0.0442579 -0.3183069
61 0.0000196 0.0000184 0.0000174 0.0000220 -0.0000022 -0.0000024
62 0.0000319 0.0000357 0.0000194 0.0000182 0.0000001 -0.0000121
63 0.0000090 0.0000084 0.0000080 0.0000102 -0.0000011 -0.0000011
64 0.0000153 0.0000171 0.0000091 0.0000085 0.0000000 -0.0000057
65 0.0000041 0.0000038 0.0000036 0.0000047 -0.0000005 -0.0000005
66 0.0000073 0.0000081 0.0000042 0.0000039 0.0000000 -0.0000026
67 0.0000018 0.0000017 0.0000016 0.0000021 -0.0000002 -0.0000002
68 0.0000034 0.0000038 0.0000020 0.0000018 0.0000000 -0.0000012
69 0.0000008 0.0000008 0.0000007 0.0000010 -0.0000001 -0.0000001
70 0.0000016 0.0000018 0.0000009 0.0000008 0.0000000 -0.0000005
71 0.0000004 0.0000003 0.0000003 0.0000004 -0.0000001 -0.0000001
72 0.0000007 0.0000008 0.0000004 0.0000004 0.0000000 -0.0000002
73 0.0000002 0.0000001 0.0000001 0.0000002 0.0000000 0.0000000
74 0.0000003 0.0000004 0.0000002 0.0000002 0.0000000 -0.0000001
75 0.0000001 0.0000001 0.0000001 0.0000001 0.0000000 0.0000000
Table 2 below:
Elements of the normalized scattering matrix.
1.054548  —0.005217  0.000000  0.000000
o (deg)  a@(®) a3(6) b1(6) b2(6) RO(05.05) | ~0.005217 0262763 0000000 0.000000
0 96402333 96400333 0000000 0.000000 0.000000  0.000000  0.146687 0.032284
10 20785319  20.349041  0.179854 1.647124 0.000000 ~ 0.000000  —0.032284 0.208790
20 3.622231 3442629  -0.098971 0.089643 (46)
30 2.068018 1951312 -0.028020  -0.016245
40 1.308097 1.218481 0.033648  -0.055846
50 0.849585  0.769638 0.064140  -0.062030
00 0555747 0479211 0067571 0059261 0.039998  0.007864 —0.014080 —0.000034
70 0371607 0292706 0053323  —0.055422 R1(05,0.5) = 0.007864  0.045349  0.035117 —0.019115 ’
30 0257313 0170601 0034408  -0.049382 0.014080 —0.035117 0.164078  —0.032249
90 0.184696 0.090538  0.021518  -0.041143 —0.000034 —0.019115 0.032249  0.114666
100 0.137025 0.040962  0.016616  -0.033059 (47)
110 0.106302 0.012803 0.016565  -0.027428
120 0.090714  -0.001991 0.019198  -0.026973
130 0.096743  -0.009754  0.025391  -0.040007
}‘5‘8 31350100137? _8'8:@17?; g-ggggg —gggfgg‘f 0087256 0011310 —0.008222 0.000056
160 0629565  0.032510  -0.073537  -0.515500 R2(0.5,0.5) = 0.011310 0092563 —0.027371 0003109 ,
170 0608692 0375344  -0.038232  —0.310203 0.008222 0.027371  0.014167  0.005293
180 0.708431  -0.708431 0.000000 0.000000 0.000056 —0.003109 —0.005293  0.043888
(48)
quadrature formula (NQUADR=3) with NG=50 division
points, which ensured that the 50th division point y5, was —0.000602  0.000035  0.000458  0.000016
identically equal to unity. By increasing NG (while keeping R5(0.5.0.5)— 0.000035  0.001571  0.001828 —0.001839
it odd for the Gaussian quadrature formula) and decreas- o —0.000458 —0.001828 0.004221  0.009451 |
ing EP, we have verified that these input parameters 0.000016  —0.001839 —0.009451  0.001123
guaranteed all decimals in the benchmark numbers given (49)
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Fig. 3. Nonzero elements of the normalized scattering matrix (2).
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1.231449 0.000000 0.000000 0.000000
Ro(l N 0.000000 0.000000 0.000000 0.000000
D= 0.000000 0.000000 0.000000 0.000000 |’
0.000000 0.000000 0.000000 -—0.044163
(50)
0.000000 0.000000 0.000000 0.000000
R2(1.1) = 0.000000 0.096198 —0.096198 0.000000
D= 0.000000 0.096198 —0.096198 0.000000
0.000000 0.000000 0.000000 0.000000
(51)

Note that unlike the matrices R™(0.5,0.5), all matrices
R™(1,1) with m=1 and 3 < m < smax are identically equal
to zero, in agreement with the general theoretical analysis
in Ref. [19]. The specific structure of the matrices R°(1,1)
and R%(1,1) is also consistent with the general results of
Ref. [19]. The matrix R°(0.5,0.5) illustrates the block-
diagonal structure mentioned in Section 4.5.

Finally, we repeated these radiative-transfer computa-
tions for an artificial model of scattering particles having
the same expansion coefficients af and f; listed in Table 1
but a different single-scattering albedo of @ = 0.99. In this
case the convergence of iterations for m=0 was consider-
ably slower and necessitated a much tighter accuracy
requirement EP=1D-8. The resulting number of iterations
was 145, as opposed to 48 in the case of conservative

scattering (ww = 1). Again, we have verified that the above
input parameters guaranteed the accuracy of the resulting
benchmark numbers given below:

0.767075 —0.004616 0.000000  0.000000
R%(0.5.0.5) — —0.004616  0.252512 0.000000  0.000000
©35.05= 0.000000 0.000000 0.141616  0.031497 |’
0.000000 0.000000 —0.031497 0.198323
(52)
0.038001 0.007563 —0.013515 —0.000032
RU05.05) — 0.007563 0.043512 0.033342 —0.018529
©3,05= 0.013515 —0.033342 0.157251 —0.031629 |’
—0.000032 —-0.018529 0.031629 0.110366
(53
0.084991 0.010966  —0.007946  0.000052
R2(0.5.0.5) — 0.010966 0.089781  —0.026216 —0.002973
©3.05= 0.007946  0.026216 0.014157 0.005363 |’
0.000052 —0.002973 —0.005363 0.042681
(5%
—0.000583  0.000034 0.000451 0.000016
R5(05.05) = 0.000034 0.001529 0.001800 —0.001819
©.5.09)= —0.000451 —0.001800 0.004153 0.009300 |’
0.000016  —0.001819 —0.009300 0.001130
(55)
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r0.717801 0.000000 0.000000 0.000000 17
RO(1.1) = 0.000000 0.000000 0.000000 0.000000 ,
0.000000 0.000000 0.000000 0.000000
L 0.000000 0.000000 0.000000 —0.047557 |
(56)
r0.000000 0.000000 0.000000 0.0000007
R2(1.1) = 0.000000 0.092979 —0.092979 0.000000 .
’ 0.000000 0.092979 —-0.092979 0.000000
L 0.000000 0.000000 0.000000 0.000000 |
(57)

All digits in Egs. (52)-(57) have been confirmed by using
the completely unrelated adding/doubling program
described in Refs. [18,33]. This makes the set of numbers
in Egs. (52)-(57) an objective program-independent
benchmark.

6. Concluding remarks

The research summarized in this paper was inspired by
Refs. [17,18,26-28,30,34-38] and serves to implement the
original ideas proposed therein in the form of an actual
publicly available numerical tool. Admittedly, the FOR-
TRAN program pbrf.f is not a universal solver of the vector
radiative transfer equation since it can be applied only to
optically very thick (semi-infinite) homogeneous layers
and does not yield the internal radiation field. However, it
is believed to be highly accurate and efficient as well as
user friendly. It can be used as a stand-alone tool or in
combination with other computer solvers of the vector
radiative transfer equation such as the adding/doubling
and invariant-imbedding techniques [18,29,32]. Given
the rapidly growing interest in polarimetric optical
characterization, it is expected that the numerical tool
described in this paper will find a good number of practical
applications.

For example, the program pbrf.f can be used to com-
pute the reflection matrix of the optically thick ocean
interior, and then this matrix can enter the adding solution
of the vector radiative transfer equation for the entire
ocean-atmosphere system (e.g., [39]). It can also be used
to compute the polarized reflectance of optically thick
natural or artificial particulate surfaces such as various
technical powders as well as snow, soil, and planetary
regolith surfaces (e.g., [40-45]). In this case the effects of
packing density, coherent backscattering, and macroscopic
surface roughness may need to be appropriately accounted
for, depending on the actual micro- and macro-physical
characteristics of the particulate surface (e.g., [3,13,46-
48]). The simplest first-order correction for the packing
density effects could be based on the static structure factor
approach [49,50]. In the case of an absorbing host medium
(e.g., water at near-infrared and infrared wavelengths), the
nonlinear integral equation (5) and the program pbrf.f
need to be modified according to the microphysical
approach developed in Refs. [51-53].

Although the public-domain computer programs men-
tioned in Section 4.2 are convenient direct sources of the
expansion coefficients entering Eqs. (6)-(11), they may be

inapplicable to certain particle morphologies and size
ranges. In some cases one should be able to use the
core-mantle and invariant-imbedding T-matrix programs
described in Refs. [54-57]. The elements of the scattering
matrix (2) can also be computed using alternative numer-
ical techniques such as, for example, the ray tracing (or
geometrical optics) approximation [58-66], the discrete-
dipole approximation [67-70], the finite-difference time-
domain method [71-73], and the pseudo-spectral time
domain method [74,75] (see also Refs. [76-83]). Then the
expansion coefficients can be calculated by evaluating
numerically the following integrals using a suitable quad-
rature formula:

ai= (s"‘l) / " 46 sin Oa,(O)d5y(O), (8)
2) Jo

a+os= (s+%) /” dO sin O [a,(O) +a3(0)]d>,(O),
0
(59)

1 4 . s
5 = (s+§> /0 d6 sin O [ax() — ax(O)d, (O,

(60)
1 ” . s
o = <s+7> / dO sin Oas(O)dyy(O), D
2) Jo
< 1 ” . s
p=— (s+—> / d@ sin Ob(O)dy,(O), 62)
2/ Jo
S 1 " i B
B =— (s+—> / dO sin Ob,(0)dy,(O) (63)
2/ Jo

(cf. Ref. [84]). Egs. (58)-(63) follow from Egs. (6)-(12) and
the orthogonality property of the Wigner d-functions
[3,16].
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